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THEORY AND CALCULATION OF 
ELECTRIC CIRCUITS 

SECTION I 

CHAPTER I 

ELECTRIC CONDUCTION. SOLID AND LIQUID 
CONDUCTORS 

1, When electric power flows through a circuit, we find phe- 
nomena taking place outside of the conductor which directs the 
flow of power, and also inside thereof. The phenomena outside 
of the conductor are conditions of stress in space which are called 
the electric field, the two main components of the electric field 
being the electromagnetic component, characterized by the cir- 
cuit constant inductance, L, and the electrostatic component, 
characterized by the electric circuit constant capacity, C. Inside 
of the conductor we find a conversion of energy into heat; that is, 
electric power is consumed in the conductor by what may be 
considered as a kind of resistance of the conductor to the flow of 
electric power, and so we speak of resistance of the conductor as 
an electric quantity, representing the power consumption in the 
conductor. 

Electric conductors have been classified and divided into dis- 
tinct groups. We must realize, however, that there are no dis- 
tinct classes in nature, but a gradual transition from type to type. 

Metallic Conductors 

2. The first class of conductors are the metallic conductors. 
They can best be characterized by a negative statement — that is, 
metallic conductors are those conductors in which the conduction 
of the electric current converts energy into no other form but heat. 
That is, a consumption of power takes place in the metallic con- 
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blectric 

•.« hito heat, and intt) lu'ut only. Indlrocdy, 

ductorsby conversio p,oduo(‘<l nds<-.H Mu- i.-miH-ralurc 

we may get radiation as in tin- im-andus.-.-nt lamp 

filament, but this 

the conversion of c n-gards tiu-ir .spumti.- resist- 

- 

range of less than 1 to 100. 

^ — I — I — — I — ;j— j-^^gTANCE -TEMPiR^URC^ CHARACU Hihllcl 

V r^'i PURE METAUS j I i i ! I • 

\,. 11 alloys i I t.ji i ; j 
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A characteristic of uiotallic wmdmdoi-i, w timi the irswlam-e 
is approximately constant, varying only HiiRhily with the tern™ 
perature, and this variation is a riw- of r.-HWlaime with merea -e 
of temperature— that is, they have a positive f.-mpeialme .o-- 
efficient. In the pure metals, the n-sislunee „,ppaienti,v is aje 
proximately proportion^ to the nhsolufe lem}«-ii»tMie that im, 
the temperature coefficient of resist itnee is e.m^tan! and 'iieli lltn 
the resistance plotted m function of the leinpenitniv i:. n • trimdd 
line which points toward the alwointe stem ot ti-mpeiatme, •>« 
in other words, which, prolongetl hiiekward loHuid Snlhny tem 
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perature, would reach zero at — 273°C., as illustrated by curves 
I on Fig. 1. Thus, the resistance may be expressed by 

r = roT (1) 

where T is the absolute temperature. 

In alloys of metals we generally find a much lower temperature 
coefficient, and find that the resistance curve is no longer a straight 
line, but curved more or less, as illustrated by curves II, Fig. 1, 
so that ranges of zero temperature coefficient, as at A in curve II, 
and even ranges of negative temperature coefficient, as at B in 
curve II, Fig. 1, may be found in metallic conductors which are 
alloys, but the general trend is upward. That is, if we extend the 
investigation over a very wide range of temperature, we find that 
even in those alloys which have a negative temperature coefficient 
for a limited temperature range, the average temperature co- 
efficient is positive for a very wide range of temperature — that is, 
the resistance is higher at very high and lower at very low tem- 
perature, and the zero or negative coefficient occurs at a local 
flexure in the resistance curve. 

3 . The metallic conductors are the most important ones in 
industrial electrical engineering, so much so, that when speak- 
ing of a ^^conductor,^’ practically always a metallic conductor is 
understood. The foremost reason is, that the resistivity or 
specific resist&nce of all other classes of conductors is so very 
much higher than that of metallic conductors that for directing 
the flow of current only metallic conductors can usually come 
into consideration. 

As, even with pure metals, the change of resistance of metallic 
conductors with change of temperature is small— about }i per 
cent, per degree centigrade — and the temperature of most ap- 
paratus during their use does not vary over a wide range of tem- 
perature, the resistance of metallic conductors, r, is usually 
assumed as constant, and the value corresponding to the operat- 
ing temperature chosen. However, for measuring temperature 
rise of electric currents, the increase of the conductor resistance 
is frequently employed. 

Where the temperature range is very large, as between room 
temperature and operating temperature of the incandescent lamp 
filament, the change of resistance is very considerable; the resist- 
ance of the tungsten filament at its operating temperature is about 
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nine times its cold resistance in the vucuuu. hua,., t w..Kv , laa. in 
le gas-filled lamp- , th(‘ luasi iini>ort;iiit. 'I'ln-.y 

Swle“di“c« 

secondary energy (.Ik-, pun* malnls, in (hat if. has 

„fl ® metals, and at red heat, winm upi'ran.-hing 

higher than other p magnatiwiltln, Cm 

the luKde*'- »'dil th.- t.-miH-niium 

temperature-coefficio - iiuprnaiic. At this puiut 

is reached where the that of oUht pniv nsetuk 

its Ja i„ hv.lwKcn t., k.-np it fnnii oxidi'/lng 
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■vacuum arc circuits, etc. 

Electrolytic Conductors 

1 The cohductor, ot the .■!,« are the eleelrelylie 

conductors. Their characteristic is tlmt- the euuducliun is ai- 
clnanied by chemical action. The sis'citu- resistance of ekv 
Sic conductors in general is about u niillkm tunes higher than 

thatofthemetallioconductors. They are either fused eoinpoimds, 

or solutions of compounds in soh'ents, ranging ‘Jl >• 

1.3 ohm-cm., in 30 per cent, mtne acal, and still Timi r m fusid 
salts, to about 10,000 ohm-cm. in pure river wa er. “j ‘j 

up to infini ty (distilled water, alcoliol, oils, etc .). I la > are all 

liquids, and when frozen become insulators. 

Varacteristicof the electrolytic conduelors w t he negat i ve em. 
perature cocfacient of rewstanco; the rcHistanee deer*-!M4.-s with in- 
leasing temperature—not iii a straight, hut m a curved line, iw 

illustrated by curves III in Fig. 1. 

When deaUng with elootriaa n*sistunces, in many .‘Hse.H it » 
more convenient and ^v(ss a lietter insight info ita* charaeter of 
the conductor, by not considering the resistance us a function of 
the temperature, but the voltage consumed hy t h** i-.mduct or as a 
function of the current under stationary cundit i«tn. 1 a I hin case, 
with moreasing current, and so increasing power cott; nmplioni 
the temperature also riaw, ami the curve of volt age for increiwinti 
current so illustrates tire ekictrical efli-i-t of iuereti:iiiig letnpera’ 
toe. The advantage of this method is f hat in tuau.v esmes we gd 
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a better view of the action of the conductor in an electric circuit 
by eliminating the temperature, and relating only electrical quan- 
tities with each other. Such volt-ampere characteristics of elec- 
tric conductors can easily and very aQCurately be determined, 
and, if desired, by the radiation law approximate values of the 
temperature be derived, and therefrom the temperature-resist- 
ance curve calculated, while a direct measurement of the resist- 



ance over a very wide range of temperature is extremely difficult, 

. and often no more accurate. _ 

In Fig. 2, therefore, are shown such volt-ampere characteristics 
of conductors. The dotted straight line is the curve of absolutely 
constant resistance, which does not exist. Curves I and II show 
characteristics of metalUc conductors, curve III of electrolytic 
conductors. As seen, for higher currents I and II rise faster, and 
III slower than for low currents. 
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EUiCTRIV CIRC I ITS 

It must bo realized, however, that the v..lt-ainpetv <'haract<-r- 
istic depends not only on the material ni the euiidmanr. as the 
temperature-resistivity eurv<‘, hut ttlsu un the st/e tm.l shap.. of 
the conductor, and its surroundings. For ti long auil thin eon- 
ductor in horizontal position in air, it would he nmlerially differ- 
ent numerically from that of a short tind thiek ennduetor in .af- 
ferent position at different surroumling tempenit ure. However, 
qualitatively it would Imvo the stune ehnraeteristies, the sunu^ 
characteristic deviation from straight line. etc., m.avly shifled in 
their numerical valu(«. Thus it ehnrael .wizes t he general nat ure 
of the conductor, but where eomparisons hetw.a-n .htyerent eon- 
ductor materials are requirwl, eitiu'r tln-y have to he used in the 
same shape and position, when detmanining their voit-amiten* 
characteristics, or the v<dt-amp<'re chumeterislies have to he re- 
duced to tho resistivity-temperature eharai-t.-ristirH. 'rim volt- 
ampere characteristics heeoine of special import niiee with those 
conductors, to which the term resistivity is not physieuUy appli- 
cable, and therefore tho “effective resistivity " is id little meaning, 
as in gas and vapor conduction (ares, (>l e,). 

6. The electrolytic conduettn' is elmmelerizml hy ehmniea! 
action accompanying tho contlneiiom This ehmnieid action 
follows Faraday’s law; 

The amount of chemical adioii is iimptnitmmt in thr mrirnt and 
to the chemical equivalent of thr. mtetinn. 

The product of tho reaction ajipi'iirs at llie terminals or "eli*c. 
trodes,” between tho eloctnilytiis ci»mhieti»r or •‘e!e*'tritlyle," 
and tho metallic conduchtrs. Appr<»ximHti*ly. (hOi mg. of hydr«i- 
gen, are produced per coulomb or nmj«*re-si‘ei»nd. Front this 
electrochemical equivalent of hydr«»gt‘». *d! i»lher ehemi*-iil reae- 
tions can easily bo calculattnl fri»m atomii! widght and valen«’y. 
For instance, copper, with ahnnio weight tid ami v alem-v has 
the equivalent 63/2 ■ 31.5 and copper thi'itdore is dep«niti-d at 
the negative terminal or “cathode,’* or diswtlvi'd at tie* pteafive 
terminal or “anode,” at the rate of tl.dlo «ng. pi*r ampm.* ieeoinl; 
aluminum, atomic weight 28 am! valency 3, at the rate of (t.tHtd 
mg. per ampere-second, etc. 

The chemical reaction at tho electrodes ri'prem-nSa an energy 
transformation between electrical and ehemieal eneigy, and a-s 
the rate of electrical energy aupply is given In enru nt tmies v .1- 
tage, it follows that a voltap t!rf»p m potential dili'«*r«‘nei- oeeiirs 
at the electrode in the electrolytt*. 'rhis !> in uppodiem to flie 
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current, or a counter e.mi., the “counter e.mi. of electrochem- 
ical polarization,” and thus consumes energy, if the chemical 
reaction requires energy — as the deposition of copper from a solu- 
tion of a copper salt. It is in the same direction as the current, 
thus producing electric energy, if the chemical reaction produces 
energy, as the dissolution of copper from the anode. 

As the chemical reaction, and therefore the energy required for 
it, is proportional to the current, the potential drop at the elec- 
trodes is independent of the current density, or constant for the 
same chemical reaction and temperature, except in so far as sec- 
ondary reactions interfere. It can be calculated from the chem- 
ical energy of the reaction, and the amount of chemical reaction 
as given by Faraday^s law. For instances 1 amp.-sec. deposits 
0.315 mg. copper. The voltage drop, e, or polarization voltage, 
thus must be such that c volts times 1 amp.-sec., or 6 watt-sec. or 
joules, equals the chemical reaction energy of 0.315 mg. copper in 
combining to the compound from which it is deposited in the 
electrolyte. 

If the two electrodes are the same and in the same electrolyte 
at the same temperature, and no secondary reaction occurs, the 
reactions are the same but in opposite direction at the two elec- 
trodes, as deposition of copper from a copper sulphate solution 
at the cathode, solution of copper at the anode. In this case, the 
two potential differences are equal and opposite, their resultant 
thus zero, and it is said that “no polarization occurs.” _ 

If the two reactions at the anode and cathode are different, as 
the dissolution of zinc at the anode, the deposition of copper at 
the cathode, or the production of oxygen at the (carbon) anode, 
and the deposition of zinc at the cathode, then the two potential 
differences are unequal and a resultant remains. This may be 
in the same direction as the current, producing electric energy, or 
in the opposite direction, consuming electric energy . In the first 
case, copper deposition and zinc dissolution, the chemical energy 
set free by the dissolution of the zinc and the voltage produced by 
it, is greater than the chemical energy consumed in the deposition 
of the copper, and the voltage consumed by it, and the resultant 
of the two potential differences at the electrodes thus is in the 
same direction as the current, hence may produce this current. 
Such a device, then, transforms chemical energy into electrical 
energy, and is called a primary cell and a number of them, a 
battery. In the second case, zinc deposition and oxygen produc- 
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I at the anode, the reaultaut of th<‘ two potcniinl diffcn-nc^g at 
the electrodes is in opposition to tho .ninvii! ; t ha! is, ili,> ,i,-vic(- 
consumes electric energy and converts it into ch.nnteal ,.u,>rgy, as 

electrolytic cell." , .i . r 

Both arrangements are extensively us<*d: tlie battery for pro- 
ducing electric power, especially in small amounts, as for Im.ul 
lamps, the operation of house hells, vU‘. Thv eleetn.Iyfie cell is 

used extensively in the industries for the product ton ..f nu'lals 

aluminum, magnesium, calcium, etc., for relining of metals as 
copper, etc., and constitutes one of the most important industrial 
applications of electric power. 

A device which can cfiieiently he used, alternately as hattery 
and as electrolytic cell, is the wcomlitrii trU or .s'/ona/e battvni. 
Thus in the lead storage battery, wh<>u disehargiug, the ehemical 
reaction at the anode is conversion of lea«l peroxide into lead oxide, 
at the cathode the conversion of lead into lead oxiile; in charging, 
the reverse reaction occurs. 

6. Specifically, as “polarization eell" ia imdersiood a combina- 
tion of electrolytic conductor witli two elecH'o,les. of such char- 
acter that no permanent change occurs during the passage f»f the 
Such, for instance, consists of twt* phiiinum idectOKles 
in diluted sulphuric acid. During the passage of tlm current, 
hydrogen is given off at the cathish^ and oxygen at I he anod>*, hut 
terminals and electrolyte remain the same (assuming that the 
Hma.11 amount of dissociated water is n-phiced). 

In such a polarization cell, if <*0 “ eotmlere.m.f. f*f pohiriwifhm 
(corresponding to the ehcmi<‘.al energy c*f dissiwiatiiin of water, 
and approximately 1.6 volts) at constant t«‘iuperature and thus 
constant resistance of the csloctrolyie, tluuatrrent, i, is proportional 
to the voltage, e, minms the counter o.m.f. of polarization, »■„; 


In such a case the curve III of Fig. 2 w*mld with decreasing 
current not go down to zero volts, hut would reur-h /.ero amperes 
at a voltage e » and ifa lower part would have the shape as 
shown in Fig. 3. That ia, the current begins .at voltage, .and 
bdow this voltage, only a very small “dilTttsion" etuTeiil flows. 

'Wh.ea dealing with ^ectrolytio conduepirs, as wijet* tneasuring 
their resistance, the counter e.m.f. of js4ari«itiot» thus must !* 
considered, and withhoapjeawal voUagiv less f lian the jsdstrization 
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voltage, no permanent current flows through the electrolyte, or 
rather only a very small “leakage” current or “diffusion cur- 
rent, as shown in Fig. 3. Wken closing the circuit, however, a 
transient current flows. At the moment of circuit closing, no 
counter e.m.f. exists, and current flows under the full impressed 
voltage. This current, however, electrolytically produces a hy- 
drogen and an oxygen film at the electrodes, and with their grad- 
ual formation, the counter e.m.f. of polarization increases and de- 
creases the current, until it finally stops it. The duration of this 
transient depends on the resistance of the electrolyte and on the 
surface of the electrodes, but usually is fairly short. 

7. This transient becomes a permanent with alternating im- 
pressed voltage. Thus, when an alternating voltage, of a maxi- 



mum value lower than the polarization voltage, is impressed 
upon an electrolytic cell, an alternating current flows through the 
cell, which produces the hydrogen and oxygen films which hold 
back the current flow by their counter e.m.f. The current thus 
flows ahead of the voltage or counter e.m.f. which it produces, 
as a leading current, and the polarization cell thus acts like a 
condenser, and is called an “ electrolytic condenser. ^ It has an 
enormous electrostatic capacity, or “effective capacity, but can 
stand low voltage only— 1 volt or less— and therefore is of 
limited industrial value. As chemical action requires appreciable 
time, such electrolytic condensers show at commercial frequencies 
high losses of power by what may be called “ chemical hysteresis,” 
and therefore low efficiences, but they are alleged to become 
efficient at very low frequencies. For this reason, they have 
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been proposed in the secondaries of indu<-tioii motniN. f.ir p(nv(‘r- 
factor compensation. Iron plates in alkaline saint ion. ;is .-^utlium 
carbonate, are often considered for this pnr!Hi.-;e. 

Note.— T he aluminum cell, eonsistinp: of two almnmuta plates 
with an electrolyte which does not attack aluminum, ofUm is 
called an electrolytic condens<'r, as its current is leadin«: that is, 
it acts as capacity. It is, however, not art eleetnd.vtie eomhmser, 
and the counter e.m.f., wlueh give.H the eapaeity elTcel. is nut 
electrolytic polarization, Tht^ aluminum e.'ll i.s a dm- electro- 
static condenser, in which the lilm of alumina, forme.l on the 
positive aluminum plates, is the dielectric. Its chamet eristic is, 
that the condenser is self-healing; (hat is. a pimeture(d the alum- 
ina film causes a current to flow, which eleetr.ilytieally produecs 
alumina at the puncture hole, and so closes it , The .•npucily is 
very high, due to the great thinness o! tlm film, hut the energy 
losses arc considerahle, due to the eontimial puneture and repair 
of the dielectric film. 

Pyroelectric Conductors 

8. A third class of conductors an* the pyrnrlnirit' muiinrRm or 
‘pyroeleclwlyles. In some features they are iniermediate het\v«<en 
the metallic conductors and t!»e elect rol> ti-.M, hut in their e.ssen- 
tial characteristics they ans outside of the range of eitlier. '!'ho 
metallic conductors as well as the eleetrolylie eomluetorK give a 
volt-ampere characteristic in which, wit h iiierense of eurretit , tlie 
voltage rises, faster than the current, in the na-tidlie eondiielors, 
due to their positive. temjH'rature eis'dieii-nf , slower than tlie 
current in the elootnilytes, »iue to their tiegalive fein|»eralure 
coefiicient. 

The characteristic of the pyroeleef rie rnnduetors. however, 
is such a very high negative tomiHTiilnre eiietlieieni of n^isfanei*, 
that is, such rapid decrease of resistanee with ineroa-e of tempera- 
ture, that ovora wide range of current the voltage ti.-ereH!;e?. with 
increase of current. Their volt-amiM-re elnH-aelerislit* thus has a 
shape as shown diagmmmatically in Fig. -I (hough not jd! ;:ue!i 
conductors may show the coinpleto curve, or paim of the eurvi* 
may be physically unattainahic; for siimll l•urre!lr^., rfinge fit, 
the voltage increases approximately propiuiioiuil to she euirent, 
and sometimes slightly faster, showing the posiiivi* tt*mpernfufe 
coefficient of metallic conduction. At o tiie teiiuieiatme euetli- 
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dent changes from positive to negative, and the voltage begins 
to increase slower than the current, similar as in electrolytes, 
range (2) . The negative temperature coefficient rapidly increases, 
and the voltage rise become slower, until at point b the negative 
temperature coefficient has become so large, that the voltage be- 
gins to decrease again with increasing current, range^ (3). The 
maximum voltage point b thus divides the range of rising charac- 
teristic (1) and (2), from that of decreasing characteristic, (3). 
The negative temperature coefficient reaches a maximum and then 
decreases again, until at point c the negative temperature coeffi- 
cient has fallen so that beyond this minimum voltage point c 
the voltage again increases with increasing current, range (4), 
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Fig. 4. 


though the temperature coefficient remains negative, like in 

electrolytic conductors. _ /a\ 

In range (1) the conduction is purely metallic, in range (4j 
becomes purely electrolytic, and is usually accompanied by 

chemical action. , 

Range (1) and point a often are absent and the conduction 

begins already with a slight negative temperature coefficient. 

The complete curve. Fig. 4, can be observed only in few sub- 
stances, such as magnetite. Minimum voltage point c and range 
(4) often is unattainable by the conductor material melting or 
being otherwise destroyed by heat before it is reached. Such, 
for instance, is the case with cast silicon. The maximum 
voltage point b often is unattainable, and the passage from range 
(2) to range (3) by increasing the current therefore not feasible, 
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touse the matdmum voltage poial 6 is » high, that .lisn.pliv, 
Saige occurs before it is reached, bueh lor ...stauee ..a the 

case in glass, the Nernst lamp coiuluct.or, 
q The curve Fig. 3 , is drawn only (luigrainmatically, and tin 
lower current range exaggerated, to show tlu‘ characlt'nsl.ica 
Usually the current at point b is very small compared wdl, find 
at point c; rarely more than one-lumdrcdth ()f i(, and the .actun 
proportions more nearly represented Ky Ing. 5 . W.th pyro- 
Lctric conductors of very high value ot tlu' \ultag(‘ /), the (ui- 
rents in the range (1) and (2) may not excecn one-milhmdh o, 
that at ( 3 ). Therefore, such volt-ampm-c' eharaidi'nsties an 


often plotted with Vi as abscissie, to show the nmgert in l»etler 
proportions. 

Pyroelectric conductors are metallic Hilieon, heron, some 
forms of carbon as anthracite, many intdallic oxiiles, esiieeially 
those of the formula O4, where M*-’* is a t.i valent, 

a trivalent metal (magnetite, chromite), met.-dlie .nulpliides. 
silicates such as glasg, many salts, etc. 

Intimate mixtures of conductors, as graphite, coke, powflered 
metal, with non-conductors as clay, carhonmdnm, eement, 
have pyroelectric conduction. Such are used, for in-ianeo, a.i 
“resistance rods” in lightning arrestera, in sofue rlteoalats, as 
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cement resistances for high-frequency power dissipation m re- 
actances, etc. Many, if not all so-called probably 

are in reality pyroelectric conductors, in which the maximum 
voltage point h is so high, that the range (3) of decreasing charac- 
teristic can be reached only by the application nf external heat, 
as in the Nernst lamp conductor, or can not be reached at a , 
because chemical dissociation begins below its temperature, as 

in orsnnic insulators. ^ ^ j 

Fig 6 shows the volt-ampere characteristics of two rods of 

cast silicon, 10 in. long and 0.22 in. in diameter, with Vt as ab- 



scissa! and Fig. 7 their approximate temperature-res^tance 
characteristics. The curve II of Fig. 7 is replotted in Fig. 8, 
SthTog rls ordinates. Where the resistivity varies over a very 
wide rige, it often is preferable to ^°sarrth“ ^ 

resistivity. It is interesting to note that the range (3) of cu 
II, betwera 700° and 1400°, is within the errors of observatio 

represented by the expression 

9080 

r == 0.01JS7 ^ 

where T is the absolute temperature (-273°C. as sero pomt). 

Tht ieerence betweeu the two siheou rods .s, that the one con- 
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tains 1.4 per cent., the other only 0.1 per ccm. <-.arl>..n; 
this, the impurities are less than 1 i)or lum t. 

As seen, in these silicon rods the (4) is not yi't n-achc<l at, 

the melting point. , . -n /• i ■ 

Fig. 9 shows the volt-ampere charactenst u-, wit li \/ ; as al)s<ns- 
s® and Fig. 10 the approximate resistance teiiipm-ature cliar- 


NCE-TEMlfERATURE 
5TIC OF CAST SILICON 
llN OHM-CENTIMETER 
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CHARACTERI 
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acteristic derived therefrom, with log r as tirdiiiates, of a iiiagtiiHie 
rod 6 in. long and % in. in diameter, consist ins of t)l) per cent, 
magnetite (FeaO^), 9 per cent, chromite (l‘'tit'r4>j) ami 1 p»'r rent, 
sodium silicate, sintered together. 

10 . As result of these volt-ampere characteristics, Figs. 4 to 
10, pyroelectric conductors as structural elciuenl.-; of an ch ctric 
circuit show some very interesting effects, which may he illiK- 
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trated on the magnetite rod, Pig. 9. The maximum terminal vol- 
tage, which can exist across this rod in stationary conditions, is 
25 volts at 1 amp. With increasing terminal voltage, the current 
thus gradually increases, until 25 volts is reached, and then with- 
out further increase of the impressed voltage the current rapidly 
rises to short-circuit values. Thus, such resistances can be used 
as excess- voltage cutout, or, when connected between circuit and 
ground, as excess-voltage grounding device: below 24 volts, it 
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bypasses a negligible current only, but if the voltage rises above 
25 volts, it short-circuits the voltage and so stops a further rise, or 
operates the circuit-breaker, etc. As the decrease of resistance is 
the result of temperature rise, it is not instantaneous ; thus the rod 
does not react on transient voltage rises, but only on lasting ones. 

Within a considerable voltage range- — between 16 and 25 volts 
— three values of current exist for the same terminal voltage. 
Thus at 20 volts between the terminals of the rod in Fig. 9, the 
current may be 0.02 amp., or 4.1 amp., or 36 amp. That is, in 





electric circuits 

in a constanVcarrcnt circuit of -l.l o>u|«. Hu- ro.l w.ml.i 
Cthe same terminal Wtasc aa m a (U)2-a.u|-. or o 

niirreat circuit, 20 volts. On const luil-poloai ml supply, 

She range (3) is unstable, and hero we hav.> a eomluetor. wlaeh 
b Liable in a certmn range of currc.lH, from ,.»nl /. al 1 am,, 
to point c at 20 amp. At 20 vo Ito .m,,n;aa..,l ,„.on ' ".I, I IU 

amp. may p.^ througb it, amt tl.o <»... I. io» nr.; nl. I. 1 Imt 
M tendLcy to incca* of curmut woul.l clnak .In,. II by r,..,u,r- 

ng an increase. of voltage beyond that supplied, and a de< tease ol 


amperes 


VOLT- AMPERE CHARACTERIS11C 
OF 

magnetite resistance 


current would reduce the voltage eonHiunptiou below that em- 
ployed, and thus be checked. At the Hanie iiupre.-M'tl L'li volt,;, 
36 amp. may pass through the rod —or IKtM) tiiiir'; as mueh a.s 
before — and the conditions again are sltible. A furn-ni ol 1.1 
amp. also would consume a termintil volltige of 2l>, but the eimili- 
tion now is unstable; if the current inereas(>s ever mi little, by a 
momentary voltage rise, then the voltage eon.'*umeil b,v the roil 
decreases, becomes less than the terminal vititage of 2ii, and 
the current thus increases by the supply voltage eveeedmg tie 
consumed voltage. This, however, still further deeiea !•> fin 
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consumed voltage and thereby increases the current, and the cur- 
rent rapidly rises, until conditions become stable at 36 amp. In- 
versely, a momentary decrease of the current below 4.1 amp. in- 
creases the voltage required by the rod, and this higher voltage not 
being available at constant supply voltage, the current decreases. 
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Fig. 10. 


This, however, still further increases the required voltage and 
decreases the current, until conditions become stable at 0.02 amp. 

With the silicon rod II of Fig. 6, on constant-potential supply, 
with increasing voltage the current and the temperature increases 
gradually, until 57.5 volts are reached at about 450“C. ; then, 
without further voltage increase, current and temperature rapidly 
increase until the rod melts. Thus: 
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Condition of stability of a condudor on constiuii-voItaKt' sup- 
ply is, that the volt-ampere characteristic is rising, that is, ;ui in- 
crease of current requires an increase of terminal volfaf-;*'. 

A conductor with falling volt-ampere eharaef eristic, that is, a 
conductor in which with increase of current the terminal voltage 
decreases, is unstable on constant-potential supply- 

11. An important application of pyroelectric conduct mn has 
been' the glower of the Nernst lamp, which beft»re the develop- 
ment of the tungsten lamp was extensively useil for itluminaf ion. 

Pyroelectrolytes cover the widest range of eonductivitii-s; fix- 
alloys of silicon with iron and other metals giv<s depemling on 
their composition, resistivities from those of the pure* metals up to 
the lower resistivities of electrolytes; 1 ohm p(‘r cm.-"'; borides, 
carbides, nitrides, oxides, etc., gave values from 1 ohm per erne' 
or less, up to megohms per cm.®, ami gradu.ally merge into flu; 
materials which usually are cliusscd as “insulators.” 

The pyroelectric conductors thus are almost the only om-s 
available in the resistivity range between th(; metals, tKtMKtl ohm- 
cm. and the electrolytes, 1 ohm-cm. 

Pyroelectric conductors are industrially used to a ronsideralih; 
extent, since they are the only solid conductoiv, which have n*- 
sistivities much higher than metallic conductors. In most of the. 
industrial uses, however, the dropping volt-!«nix;re chamcterislicj 
is not of advantage, is often objectionable, and tin; fjse is limit c-d 
to the range (1) and (2) of Pig. 3. It, therefore, is of impfirtanw* 
to realize their pyroelectric characteristics and the; which 
they have when overlooked beyond the maximum voltage ptnnf. 
Thus so-called “grhphite resistances” or "earlKirumlnm resist - 
, ances,’ ’ used in series to lightning arrestem to limit, t he «lis<'h.'trgi% 
when exposed' to a continual discharge for a sufliei(*nt titne to 
reach high temperature, may practically sliort-cireuiit and there- 
by fail to limit the current. 

12. From the dropping volt-ampere charae.teristif; in some 
pyroelectric conductors, especially those of high re.sislaiu'e, of 
very high negative temperature coeflie.ient ami of <-oiisid4-i'nble 
cross-section, results the tendency to un(;(iual efirrcmt, distribution 
and the formation of a “luminous streak,” at a suddt-n appHe.-i- 
tion of high voltage. Thus, if the current passing tlmmgh Jt 
graphite-clay rod of a few hundred ohms rc'sistaiiee is gnidu;dly 
increased, the temperature rises, the voltage fiwt imtreswes and 
then decreases, while the rod passes from range (2) into the 
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range (3) of the volt-ampere characteristic, but the temperature 
and thus the current density throughout the section of the rod is 
fairly uniform. If, however, the full voltage is suddenly applied, 
such as by a lightning discharge throwing line voltage on the 
series resistances of a lightning arrester, the rod heats up very 
rapidly , too rapidly for the temperature to equalize throughout the 
rod section, and a part of the section passes the maximum voltage 
point b of Fig. 4 into the range (3) and (4) of low resistance, high 
current and high temperature, while most of the section is still in 
the high-resistance range (2) and never passes beyond this range, 
as it is practically short-circuited. Thus, practically all the cur- 
rent pass(,\s l)y an irregular luminous streak through a small sec- 
tion of the rod, while most of the section is relatively cold and 
practically does not participate in the conduction. Gradually, 
by heat conduction the temperature and the current density may 
become more uniform, if before this the rod has not been de- 
stroyed by temperature stresses. Thus, tests made on such con- 
ductors by gradual application of voltage give no information on 
their behavior under sudden voltage application. The liability to 
the formation of such luminous streaks naturally increases with 
decreasing heat conductivity of the material, and with increasing 
resistance and temperature coefficient of resistance, and with con- 
ductors of extremely high temperature coefficient, such as silicates, 
oxides of high resistivity, etc., it is practically impossible to get 
current to flow through any appreciable conductor section, but 
the conduction is always streak conduction. 

Some pyroelectric conductors have the characteristic that their 
resistance increases permanently, often by many hundred per 
cent, when the conductor is for some time exposed to high-fre- 
quency electrostatic discharges. 

Coherer action, that is, an abrupt change of conductivity by an 
electrostatic spark, a wireless wave, etc., also is exhibited by some 
pyroelectric conductors. 

13 . Operation of pyroelectric conductors on a constant-voltage 
circuit, and in the unstable branch (3), is possible by the insertion 
of a series resistance (or reactance, in alternating-current circuits) 
of such value, that the resultant volt-ampere characteristic is 
stable, that is, rises with increase of current. Thus, the con- 
ductor in Fig. 4, shown as I in Fig. 11, in series with the metallic 
resistance giving characteristic A, gives the resultant characteris- 
tic II in Fig. 11, which is stable over the entire range. I in series 
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In this class probably belong silicon and its alloys, boron, mag- 
netite and other metallic oxides, sulphides, carbides, etc. 

2. Conductors which are mixtures of materials of high conduc- 
tivity, and of non-conductors, and derive their resistance from 
the contact resistance between the conducting particles which 
are separated by non-conductors. . As contact resistance shares 
with arc conduction the dropping volt-ampere characteristic, 
such mixtures thereby imitate pyroelectric conduction. In this 
class probably belong the graphite-clay rods industrially used. 
Powders of metals, graphite and other good conductors also 
belong in this class. 

The very great increase of resistance of some conductors under 
electrostatic discharges probably is limited to this class, and is 
the result of the high current density of the condenser discharge 
burning off the contact points. 

Coherer action probably is limited also to those conductors, and 
is the -result of the minute spark at the contact points initiating 
conduction. 

Carbon. 

16. In some respects outside of the three classes of conductors 
thus far discussed, in others intermediate between them, is one of 



the industrially most important conductors, carbon. It exists in a 
large variety of modifications of different resistance characteris- 
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ticity, metallic luster, etc., and I'li'ctrieally i« hnj* a n-lativul.v 
low resistance approaching that «tf iitfiallic ntntini tou, juhI j) 
positive temperature ooefflicient of rmstaoci*. <4 M,1 }«*t 

cent, per degree C. — ^that is, of the Haiiu* unuginJinir n--. iij»-n nrv 
or cast iron. 

The coating of the “Qera” fdannHit iiinunh-'x-nii huujt fMic 
sists of this modification of oiurbon. 
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2. Amorphous carbon, as produced by the carbonization of 
cellulose. In its purest form, as produced by exposure to the 
highest temperatures of the electric furnace, it is characterized by 
a relatively high resistance, and a negative temperature coeffi- 
cient of resistance, its conductivity increasing by about 0.1 per 
cent, per degree C. 

3. Anthracite. — It has an extremely high resistance, is prac- 
tically an insulator, but has a very high negative temperature 
coefficient of resistance, and thus becomes a fairly good conductor 
at high temperature, but its heat conductivity is so low, and the 
negative temperature coefficient of resistance so high, that the 
conduction is practically always streak conduction, and at the 
high temperature of the conducting luminous streak, conversion 
to graphite occurs, with a permanent decrease of resistance. 

(1) thus shows the characteristics of metallic conduction, (2) 
those of electrolytic conduction, and (3) those of pyroelectric 
conduction. 

Pig. 12 shows the volt-ampere characteristics, and Fig. 13 the 
resistance-temperature characteristics of amorphous carbon — 
curve I — and metallic carbon — curve II. 

Insulators 

16. As a fourth class of conductors may be considered the so- 
called “insulators,” that is, conductors which have such a high 
specific resistance, that they can not industrially be used for con- 
veying electric power, but on the contrary are used for restraining 
the flow of electric power to the conductor, or path, by separating 
the conductor from the surrounding space by such an insulator. 
The insulators also have a conductivity, but their specific resist- 
ance is extremely high. For instance, the specific resistance of 
fiber is about 10^*, of mica 10‘‘, of rubber 10“ ohm-cm., etc. 

As, therefore, the distinction between conductor and insulator 
is only qualitative, depending on the application, and more par- 
ticularly on the ratio of voltage to current given by the source of 
pow(br, sometimes a material may be considered either as insulator 
or as coiuhuitor. Thus, when dealing with electrostatic machines, 
which give high voltages, but extremely small currents, wood, 
paper, e(;c., arc usually considered as conductors, while for the 
low-voltag(i high-current electric lighting circuits they are insula- 
tors, and for the high-power very high-voltage transmission cir- 
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and the voltage at the maximum point b are so high, that the 
change from the range (2) of the pyroelectrolyte, Fig. 4, to the 
range (3) can not be produced by increase of voltage. That is, 
the distinction between pyroelectric conductor and insulator 
would be the quantitative one, that in the former the maximum 



voltage point of the volt-ampere characteristic is within experi- 
mental reach, while with the latter it is beyond reach. 

Whether this applies to all insulators, or whether among or- 
ganic compounds as oils, there are true insulators, which are not 
pyroelectric conductors, is uncertain. 
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and the apparent positive temperature eocdlunefil wan lu the 
expulsion of moisture absorbed by the niai(*ri:iL Wit h in inlat 
of very high resistivity, extremely Bruall tra(u*H uf inniNlur** nniy 
decrease the resistivity many thousandfold, ami tin* nuinhift ivity 
of insulating materials very often is almost euliroly iuui;durt* ntui- 
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duction, that is, not due to the material proper, but due to the 
moisture absorbed by it. In such a case, prolonged drying may 
increase the resistivity enormously, and when dry, the material 
then shows the negative temperature coefficient of resistance, 
incident to pyroelectric conduction. 



Such conduction may be dividwl into thn*<' dwtiiirt tyiKnc 
spark conduction, arc conduction, and true oii<rt r.um- 
In spark conduction, th« m ‘f*" 

tween the olectrodca is the comluclor. 'Ilin Kivon by flu^ 
gaseous conductor thus shows the of tho gaa or vajM.r 

which fills the space, but tho materia! of tlie ol.H-iro.h'a «« unma- 

tcrial, that is, affects neither the light n«ir the ehn-tr»- !.ehavior of 
the gaseous conductor, except indinaUly, in wi far iw thi‘ wrti.ut 
of the conductor at the terminals de|M*wi« ujxm flm terminal sur- 
face. . , , 

In arc conduction, the conductor is a va|H.r sf ream is^tung from 
the negative terminal or cathotle, am! moving l.ovtuat the immie 
at high velocity. The light of the ant thus shows the sjarfrtim 
of the negative terminal material, hut not that of the ga.- in the 
surrounding space, nor that of the }Kisitivi* lermimd. ev.’i i.l indi- 
rectly, by heat luminescence of material entering the me con- 
ductor from the anode or from surnmnding 
In true electronic conduction, electrons esisfmg in the 
or produced at the terminals (hot cathoile), nre the (■•nidnetorr. 
Such conduction thus ^dsts also in a }«i feef vai uuin, nml may to 
accompanied by practicsJly no lumincsrenec. 
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Disruptive Conduction 

19. Spark conduction at atmospheric pressure is the disruptive 
spark, streamers, and corona. In a partial vacuum, it is the 
Geissler discharge or glow discharge. Spark conduction is dis- 
continuous, tliat is, up to a certain voltage, the “disruptive 
voltage,” no conduction exists, except perhaps the extremely 
small true electronic conduction. At this voltage conduction 
begins and continues as long as the voltage persists, or, if the 
source of power is capable of maintaining considerable current, 
the spark conduction changes to arc conduction, by the heat de- 
veloped at the negative terminal supplying the conducting arc 
vapor stream. The current usually is small and the voltage 
high. Especially at atmospheric pressure, the drop of the volt- 
ampere characteristic is extremely steep, so that it is practically 
impossible to secure stability by series resistance, but the con- 
duction changes to are conduction, if sufficient current is avail- 
able, as from power generators, or the conduction ceases by the' 
voltage drop of the supply source, and then starts again by the 
recovery of voltage, as with an electrostatic machine. Thus 
spark conduction also is called disruptive conduction and discon- 
tinuous conduction. 

Apparently continuous — though still intermittent — spark con- 
duction is produced at atmospheric pressure by capacity in series 
to tho gaseous conductor, on an alternating-voltage supply, as 
corona, and as Geissler tube conduction at a partial vacuum, by 
an alternating-supply voltage with considerable reactance or 
resistance in series, or from a direct-current source of very high 
voltage and very limited current, as an electrostatic machine. 

In the Geissler tube or vacuum tube, on alternating-voltage 
supply, the effective voltage consumed by the tube, at constant 
temperature and constant gas pressure, is approximately con- 
stant and independent of the effective current, that is, the volt- 
ampere characteristic a straight horizontal line. The Geissler 
tube thus requires constant current or a steadying resistance or 
reactance for its operation. The voltage consumed by the Geiss- 
ler tube consists of a potential drop at the terminals, the “termi- 
nal drop,” and a voltage consumed in the luminous stream, the 
“stream voltage.” Both greatly depend on the gas pressure, 
and vary, with changing gas pressure, in opposite directions . thO 
terminal drop decreases and the stream voltage increases with 
increasing gas pressure, and the total voltage consumed by the 
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Fig. 16 shows the voltage-pressure characteristic, at constant 
curient of 0.1 amp. and 0.05 amp., of a Geissler tube of 1.3 cm. 
intei nal diameter and 200 cm. length, using air as conductor, and 
Fi' I'll® characteristic of the same tube with mercury vapor as 
conductor. Figs. 16 and 17 also show the two component voltages, 
the teiminal drop and the stream voltage, separately. As ab- 
scissae are used the log of the gas pressure, in millimeter mercury 
column. As seen, the terminal drop decreases with increasing 
gas pressure, and becomes negligible compared with the stream 
voltage, at atmospheric pressure. 

The voltage gradient, per centimeter length of stream, varies 
fronx 5 to 20 volts, at gas or vapor pressure from 0.06 to 0.9 
mm.^ At atmospheric pressure (760 mm.) the disruptive voltage 
gradient, which produces corona, is 21,000 volts effective per 
centimeter. The specific resistance of the luminous stream is from 
65 to 500 ohms per cm.® in the Geissler tube conduction of Figs. 
16 and 17 though this term has little meaning in gas conduction. 
Ihe specific resistance of the corona in air, as it appears on trans- 
mission lines at very high voltages, is still very much higher. 


Arc Conduction 

20. In the electric arc, the current is carried across the space 
between the electrodes or arc terminals by a stream of electrode 
vapor, which issues from a spot on the negative terminal, the 
so-called cathode spot, as a high-velocity blast (probably of a 
velocity of several thousand feet per second). If the negative 
terminal is fluid, the cathode spot causes a depression, by the 
reaction of the vapor blast, and is in a more or less rapid motion, 
depending on the fluidity. 

As the arc conductor is a vapor stream of electrode material, 
this vapor stream must first be produced, that is, energy must be 
cxpeudcKl Ixiforc arc conduction can take place. The arc, there- 
fore, (loos not start spontaneously between the arc terminals, if 
sufliciemt voltage is supplied to maintain the arc (as is the case 
with spark conduction) but the arc has first to be started, that 
is, the conducting vapor bridge be produced. This can be done 
by bringing the (dectrodes into contact and separating them, or 
by a high-voltage spark or Geissler discharge, or by the vapor 
strciam of anotluir arc, or by producing electronic conduction, as 
by an incandescent filament. Inversely, if the current in the arc 
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require a lower voltage for restarting than for maintaining the 
arc, that is, the voltage required to maintain the arc restarts it 
at every half-wave of alternating current, and such materials thus 
give a steady alternating arc. Even materials of a somewhat 
lower boiling point, in which the starting voltage is not much 
above the running voltage of the arc, maintain a steady alter- 
nating arc, as in starting the voltage consumed by the steadying 
resistance or reactance is available. Electrode materials of low 



l)()iling point., however, can not maintain steady alternating arcs 
at ino<leral.e voltage. 

Th(i range in Fig. 18, above the curve I, thus is that in which 
alt(n-nat.ing anss can exist; in the range between I and 11, an alter- 
nating voltage can not maintain the arc, but, unidirectional cur- 
r(nit is in-odiuiod from an alternating voltage, if the arc conductor 
is maint,ain(Hl by excitation of its negative terminals, as by an 
auxiliiiry arc., 'i’his, therefore, is the rectifying range of arc con- 
duct ion. lh^low curve II any conduction ceases, as the voltage is 
insutlicicmt t.o maintain the conducting vapor stream. 

Fig. 18 is only approximate. As ordinates are used the loga- 
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the arc. Such characteristics are shown in Fig. 19 for the mag- 
netite arcs of 0.3; 1.25; 2.5 and 3.75 cm. length. 

These curves can be represented with good approximation by 


the equation 


e = a + 


c{l 4 “ 5 ) 
\/ i 


(4) 


This equation, which originally was derived empirically, can 
also be derived by theoretical reasoning: 

Assuming the amount of arc vapor, that is, the section of the 
conducting vapor stream, as proportional to the current, and the 
heat produced at the positive terminal as proportional to the 
vapor stream and thus the current, the power consumed at the 
terminals is proportional to the current. As the power equals 
the current times the terminal drop of voltage, it follows that this 
terminal drop, a, is constant and independent of current or arc 
length— similar as the terminal drop at the electrodes in electro- 
lytic conduction is independent of the current. 

The power consumed in the arc stream, = eii, is given off 
from the surface of the stream, by radiation, conduction and con- 
vection of heat. The temperature of the arc stream is constant, 
as that of the boiling point of the electrode material. The power, 
therefore, is proportional to the surface of the arc stream, that 
is, proportional to the square root of its section, and therefore 
the square root of the current, and proportional to the arc length, 
I, plus a small quantity, a, which corrects for the cooling effect 
of the electrodes. This gives 



as the voltage consumed in the arc stream. 

Since a represents the coefficient of power consumed in produc- 
ing the vapor stream and heating the positive terminal, and c the 
coefficient of power dissipated from the vapor stream, a and c 
are different for different mater.’als, and in general higher for 
materials of higher boiling point and thus higher arc tenapera- 
ture. Cj however, depends greatly on the gas pressure in the 
space in which the arc occurs, and decreases with decreasing gas 
pressure. It is, approximately, when I is given in centimeter at 
atmospheric pressure, 



0 = 13 volts for mercury, 

= 16 volts for zinc ami cntliuium (iiiiproxiiuatcly), 

= 30 volts for magnetite, 

= 36 volts for carlion; 
c = 31 for magnetite, 

» 35 for carbon ; 

S = 0.126 cm. for magnetite, 

= 0.8 cm. for carlK)ii. 

The least agrecnuuit with tlie equation (•}) is Hhnwn hy (he enr- 
m arc. Itagrw'H fairly well for are lengtfis above (>.7r> ein,, but 
r shorter arc haigths, the observed voltagt* is lower ihun given 
r equation (4), and approaelu's for I (1 f he value r voIf.s. 

It seems as if the terminal dmp, n - 30 vidts with esu-bon, e«in- 
its of an actual terminal drop, «« - 2.S volts, and a terminal 


Stability Curves of the Arc 

23. As the volt-amjMW eharaeteristies r»f the are show a de- 
croase of voltage with inerejiKi* of enmmf , ov»*r tin' entire range of 
current, the are is unMtable on cotmfaiit voltage suijplied to its 
terminals, at every current. 

Inserting in seriw to a magnetite are of 1 .K rm. h'ljgl h, shown m 
curvelinFig. 20, a constant rtwstama' of r « 1(1 ohms, the vol- 
tage consumed by this reaistanee is pro|s»rtioitjd to the eurnutf, 
and thus given by the straight line 11 in Fig. 2t). Aihhiig this 
voltage 11 to the are-voltage curve I, givi's (lie tot id voltage eon- 
sumed by the arc and iUf Mt*rie« na*istanee. shown as eurve HI. 
In curve in, the voltage tIecn'aM’H with inereatw of eurrent , up to 
to = 2.9 amp. and the arc thus is unstidde f«»r eurrents below 
2.9 amp. For currents larger than 2.0 amp. t he volt ag*- iniTe.ves 
with increase of eurrent, and tho are lims is stable. The point 
to = 2.9 amp. thus sepanttoa Urn unstable lower p.ari of curve 
III, from the stable upper jjart. 

With a larger s6riMre8»tan<!e,r' ■ 20 ohms, thi'stabihtv range 
is increased down to IJ amp., as seen from curve HI. btit lugher 
voltages arc required for tho opomtiem of the are. 

With a smaller sorios rtswtance, F' « olmis. tb.- '.tabildy 
range is reduced to cmwtta above '1.8 amp., but h.wrr voltages 
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At the stability limit, io, in curve III of Fig. 20, the resultant 
characteristic is horizontal, that is, the slope of the resistance 

curve II: r = -j> is equal but opposite to that of the arc charac- 
0 



Pro. 20. 


teristic I; The resistance, r, required to give the stability 
limit at current, i, thus is found by the condition 



Substituting equation (4) into (6) gives 


( 6 ) 
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as tho minimum re,Hist.iuuH* to prodtmi* .slaluliiy, h.-m-c. 


. cO 4- S) 

ri * 

2^/i 

where €% « are stream v«>ltagt% ait<l 

p; m e -jr ri 


D.’m' 


a 4- l.r» 


(■a h 


(H) 


(5*) 


is the minimum voltagu rtHpiiml iiy nrr im«l scries rcHiMliuicc, 
to just roach stahilit j'. 

(9) is plotUul ns curve IV in Fig. 20, nml is rntlcii the ulithitiln 
curve of the arc. It is (tf fhe satin* form as iln* jirc chnnmtcristie 
I, and derived fhen'from S»y ntlding .'‘lU iicr I’l-ni. of tin* vullage, 
Cl, consumed Ity the arc stream. 

The stability limit of tut are, on cimsl ant jiolmfinl, thus lies 
at an excess of the supply voltage over the are voltage r •>- it -f rj, 
by 50 per cent, of the voltage, ct. consumed in the arc strt«am. 
In general, to get reasoimble steadiness and absence of drifting 
of current, a somewhat higher supply voltage and larger series 
resistance, than given by the stahilily I'urve IV, is desirable. 

24. The preceding applies only to thosi* ares in which the gas 
pressure an the sptiee surrounding the are, and thereby the are 
vapor presaurtj and tempc'miure, are e«insliint and iiidi*js*ndeiit 
of the current, as is the ease witli ares in air, at "atmospheric 
proasuro.” 

With ares in which the vajsir presstm* and ti*mj«Triture vary 
with tho current, tw in vaeuuin ares like the niereniy are, ddfeient 
considerations apply. Thus, in a inerenry are in a gbw tube, 
i tho current is sufficiently large to fill tin* entire inbe, but not, 
BO large that condensation of the tnerniry \ a|sir can not freely 
occur in a condensing chainlH*r, the jstwer diHsipated }»v radnition, 
etc., may b<i assumed as projHirtiomd to the length of the tube, 
and to the current 

p - C|» - di 

thus, 

ti » d i Itn 

that is, the strmm voltage of tho IuImi, or voftitgi* foie.innefl by 
toic arc stream (excluaivo terminiU drop) ia iiiili'jwiiiiiiit nf lliit 
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current. Adding herc'.to the terminal drop, a, gives as the total 
voltage consumed by the mercury tube 


e = Cl cl (11) 

for a mercury arc in a vacuum, it is approximately 


1.4 


( 12 ) 


where d = diameter of the tube, since the diameter of the tube 
is pi'oportional to the surface and therefore to the radiation 
coeflicieut. 

Thus, 


c = 13 + 


1.4 Z 


d 


(13) 


At high currents, the vapor pressure rises abnormally, due to 
incomph^te condensation, and the voltage therefore rises, and 



at low (!urr(mts the voltage rises again, due to the arc not filling 
the, enl.in^ tube. Such a volt-ampere characteristic is given in 
Fig. 21. 

25. Hcu-efrom then follows, that the voltage gradient in the 
mercury arc, for a tube diameter of 2 cm., is about % volts per 
centimeter or about one-twentieth of what it is in the Geissler 
tub(i, and the specific resistance of the stream, at 4 amp., is 
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about 0.2 ohms per cm.*, oi* of Hit* nmKniimir nf nuc otuv 
thousandth of what it is in tl«> (IcksliT tutir. 

At higher currents, the uiemiry are in a vnciniin gives u rising 
volt-ampere characteristic. Neverlheh‘s.s it is net stal.le on 
constant-potential supply, a.s the rising elmraeteristie ufiplies only 
to stationary conditions; the insfaninneons ehar.-ieterist ie is 
ping. That is, if the current is Huddenly im-reaseii, the voliiign 
drops, regardless of the current value, ami then gradually, with 
the increasing temperature ami vapor pre.ssure. ita'rease.s again, to 
the permanent value, a lower value or a higlnT value, whieli- 
ever may be given by the {M'niuiuent v<tlt-ntnpere einiracli-ristic. 

In an arc at atmospheric pressure, as the nmgtjetit** tin-, the 
voltage gradient dciumdson the eurreut. ity equation (I), and at 
4 amp. is about Ift to IH volts per cenfiitieler. ’t‘he speeifu- nv 
sistance of the arc stream is of the luagnilmle of 1 ohiu jut eni.*, 
and less with larger current ares, thus tif the same imigiiitude as 
in vacuum ares. 

Electronic Conduction 

26. Cionduction occurs at moderate vo!(agi*s Imtween terminals 
in a partial vacuum as well as in a jHM'feel vaeuum. if the tmuiiuds 
are incandescent. If only one terminal is ineandeseent , the ran- 
duction is unidirectional, that is, can c«’cur »>nly in that dircetion, 
which makes the incamkwent terniitin! the emtluale. or negative. 
Such a vacuum tulxs then nsetifies an atternatiiig voliage am! may 
be used as rectifier. If a jairfecl vacuum i'lcisls in l lie eonduet ing 
space between the olectrodw of sueh a htit enllmde iiifM-, the eon- 
duction is considered as true eleetmitde eomhni ion. Thi* volt ago 
consumed by the tul>o is deiamding on the high lemjH iatme of 
the cathode, and k of the inagnittule of are volttigi-s, hem-e wry 
much lower than in thoOcissler tuls’, and the l unoui .4 tlie mag- 
nitudeof arc currents, hence much higher t him ini he < o-i*!,.* tu!»*. 

27. The oomplefo volt-ampere chnraeieristie of gas and viq«»r 
conduction thus would givo a curve of the shiijs' m i'ig, It 
consists of three branch^ aepirated by rangi's of mufabduv or 
discontinuity. The branch a, at very low current , r|rrt fiiiiir I’liih 
duction; the branch b, dkeontinuous or t Seii«»jer tiibt- • ..ndm f ion; 
and the branch c, are oonductloa. The chsmgr fj„m u to f, oc 

curs suddenly and abruptly, aeeomimnied l»y a iug n-e »4 i uj u i»t, 

as soon as the dmrupttve voltage w roached, 'llm . himge b u> e 
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occurs suddenly and abruptly, by the formation of a cathode spot, 
anywhere in a wide range of current, and is accompanied by a 
sudden drop of voltage. To show the entire range, as abscissae 
are used -^i and as ordinates Ve- 


APPROXIMATE VOLT AMPERE 
CHARACTERISTIC OF 
GASEOUS CONDUCTION 


Fia. 22. 


Review 


28. The various classes of conduction: metallic conduction, 
electrolytic conduction, pyroelectric conduction, insulation, gas 
vapor and electronic conduction, are only characteristic types, 
but nunu'.rouH into.rmediaries exist, and transitions from one type 
to another by change of electrical conditions, of temperature, 
etc. 

As regards to the magnitude of the specific resistance or resist- 
ivity, the different types pf conductors are characterized about as 
follows: 






ELECTRIC CIRC CITS 


The resistivity of metallic cotulucfurs is mrasttrtHl in tiiu’rohm- 
centimeters. 

The resistivity of electrolytic cmiductors in imaisiinMl in tduu- 
centimeters. 

The resistivity of insulators ia meaauna! in megi>lmi-cH‘nliiiu>t(‘rH 
and millions of megohm-cen timed era. 

The resistivity of typical pyroetlectric eoiuluctnra is of the mag- 
nitude of that of electrolytes, ohnw'eutiimders, Imt extemis from 
this down toward the resistivities of metallic c<imiuctois, ami ui» 
toward that of insulators. 

The resistivity of gas ami vapor e<mtiucti»m is of the magtiitmie 
of electrolytic conduction; are eomluetion of the iimgnitutie of 
lower resistance electrolytes, ( leiasler t iihe eomiindion anti mrona 
conduction of the magnitude of higher-resist uitee elect rolytes. 

Electronic conduction at atmospheric tempernture is of the 
magnitude of that of insulators; with ineumleseeiit terminals, it 
reaches the magnitude of electrolytic <'ondmdi«m. 

While the resistivities of pyroelectric comiucl«irs extend over 
the entire range, from those of metals to tlwise of insulators, 
typical are those pyroelectric conductors having a resistivity of 
dectrolytio conductors. In those with lower resistivity, the 
drop of the volt-amiK!rc chiiraeUwistic deereases and the insta- 
bility characteristic Imcomes less pnuitnnn'ed: in tlatse of higher 
resistivity, the negative slojx; iKwomes Btee|M*r, the insfahility in- 
creases, and streak conduction or tinally disruptive eimiim-tion 
appears. The streak conduction, jhwrils’d on the pyroehairic 
conductor, probably is the same pheiiomiuitm as the disruptive 
conduction or breakdown of insulators. Just as streak conduc- 
tion appears most’ under audilen application of voltage, imt less 
under gradual voltage rise and thus graiiua! heating, so msnlatois 
of high disruptive strength, when of low resistivity hy iiii«oilrt*d 
moisture, etc., may stand indefinitidy voltages npphed inferimt- 
tently— so as to allow time for temiH'rature ei|u»h/,Htii<n w hile 
quickly breaking down under very much Igwi-i tmstfuin-d u Jitige. 
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MAGNETISM 

Reluctivity 

29. Considoring magnetism as the phenomena of a “magnetic 
circuit,” the foremost differences between the characteristics 

of the magnetic circuit and the electric circuit are: 

(a) The maintenance of an electric circuit requires the ex- 
penditure of energy, while the maintenance of a magnetic circuit 
does not require the expenditure of energy, though the starting 
of a magnetic circuit requires energy. A magnetic circuit, there- 
fore, can remain “remanent” or “permanent.” 

(?)) All materials arc fairly good carriers of magnetic flux, 
aiul the range of magnetic permeabilities is, therefore, narrow, 
from 1 to a few thousands, while the range of electric conductivi- 
ties covers a range of 1 to 10^®. The magnetic circuit thus is 
analogous to an uninsulated electric circuit immersed in a fairly 
good conductor, as salt water: the current or flux can not be 
carric'd to any distance, or constrained in a “conductor,” but 
divides, “leaks” or “strays.” 

(c) In thc! elcsitric circuit, current and e.m.f. are proportional, 
in most cases; that is, the resistance is constant, and the circuit 
tluwcffore can be calculated theoretically. In the magnetic 
circuit., in the matcwials of high permeability, which are the most 
import.ant carri(u-s of the magnetic flux, the relation between flux, 
m.m.f. and (uiergy is merely empirical, the “reluctance” or mag- 
n(^t,ic resistance Is not constant, but varies with the flux density, 
th(^ previous history, etc. In the absence of rational laws, most 
of the magn(^tic calculations thus have to be made by ta;king 
numerical vahms from curves or tables. 

Th(^ only rational law of magnetic relation, which has not been 

<lisproven, is Friihlich’s (1882): 

“The premeahiUty is- proportional to the magnehzamhty 
p = a{S — B) 

where B is the magnetic flux density, S the saturation density, 

43 
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and S - 5 therefore the magnet iziihility. that is, ttu* sfill avail- 
able increase of flux dennity, over that existing. 

From (1) follows, by substituting, 


and rearranging, 


4 = saturation m-fficknt, that i.s, the reriitnteal of the 
b 

saturation value, 8, of flux density. li, atid 


for B = 0, equation (1) gives 


go - n8 - ^ ; tt « ^ (4) 

that is, a is the reeiproeal of the magnet ie {M'rini'nhtlily iit xero 
flux density. 

A very convenient form of this law has been found l»y Kennelly 
(1893) by introduciiif the reeiprwiil i»f the jM-rmeiihility, as 
reluctivity p, 

I // 

in the form, which can Is' derived fmm (It) hv fnms|«osiiion. 

p «■ « + oif (?») 

As a dominatcfl the reluctivity at lower ningni tiriiiR hirres, 
and thereby the initial rata of rw»» of flu* in(igiiettr.i»iioii curve, 
which is characteristic of the “magnetic hnril«e»#t" of the uiineriitl, 
it is called the mffiderd of magnrtic hartlnmH, 

30. When investigating flux dcnsilkw, tt, at very lugh !i» !4 
intensities, H, it was found that B dm»s not nun h a finite !«atiua* 
tion value, but increases indefinitely; that, howmer, 

(II) 

reaches a finite saturation value 8, which with irojt n lotllv i - not 
far from 20 kilolihes per cm.*, and that (herefoji’ I'lohin h' i ;u»l 
Kcnnclly’s laws apply not to B, but to li.. 11»i- latter, fh. n, 
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is usually called the fmtallic rnagnetic density or ferromagnetic 

density. 

Bo may be considered as the magnetic flux carried by the mole- 
cules of the iron or other magnetic material, in addition to the 




space //, or flux <;arried by space independent of the material 
in H])ac(‘.. 

T\u) b(^st. evidence seemB to corroborate, that with the excep- 

1,1011 of vory low Hold intensities (where the customary magneti- 
zat iori (iurvo uHually h;w an inward bend, which will be discussed 
later) in perfectly pure magnetic materials, iron, nickel, cobalt. 
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etc., the linear law of reluctivity (6) nml (31 ri>;iaiy (tlu-yct! hy 

the metallic induction Ih. i , 

In the more or less impure eominercwl mutmals, h<nvev<‘r, tlie 
p - H relation, while a stniiKht line, tifteii has one. him! uccasum- 
ally two points, where its slope, and Huts tin- values uf ,« and ,r 

*^'^rig.°23 shows an average magnet isiat ion curve, of gfxul standard 
iron with field intensity, //,a.sal>seiss!e. anti tnagnelir induet ion, 
B as ordinates. The total induetion is shown in drawn lines, Iho 
metallic induction in dotte*! lines, 'rite ttnUnatoH are giveti in 
kilolines per cm.^ the abscissse in units for //„ in tens for i/j, nial 
in hundreds for Ih- 

The reluctivity curves, for the threi* settles td ahseissie, are 
plotted as p), pa, Pa, in tenths of milli-nnits, in mtlli-units and in 
tens of milli-units. 

BelowH = 3, pis notastnught linejatt eurved, due to llte in- 
ward bend of the magnetization enrvt-, H, in this rjingt-. 'I’he 
straight-line law is reached at the iMiint at H ' 3, and the re- 
luctivity is then expressed by thi- Htn-ar law 

p, - 0.102 4- 0.tl.WI/ (7) 

for 

3 < // < IH. 


giving an apparent ssituratioii value, 

Bx - 

At H = 18, a bend occurs in the rehietivity line, marked by 
point Cj, and above this {joint the rehietivity follows the etiunttiui 
PS - 0.18 4- O.OMH II (H) 


for 


18 < 1 / < 80 , 

giving an apparent satitration value 

St - lH.2riO. 

At iff <=■ 80, another lamd omtrs in the rehtelivit v hin-. marked 
by point Cs, and above th» {joint, U|i tosatufaltoii, the trlucfivify 
follows the cquatioti 

p, - 0.70 4- 0.(M77 II (9) 


for 


H>m 

giving the true saturation value, 
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Point C 2 is frequently absent. 

Fig. 24 gives once more the magnetization curve (metallic in- 
duction) as B, and gives as dotted curves Bi, B^ and Bz the mag- 
netization curves calculated from the three linear reluctivity equa- 
tions (7), (8), (9). As seen, neither of the equations represents 



H e.v('n approximately over the entire range, but each represents 
it v(!ry a(!(!urat.(4y witlun its range. The first, equation (7), prob- 
ably ('.overs pract.ic.ally the entire industrially important range. 

37. As tluise cril.ic.al points c* and d do not seem to exist in per- 
fectly pure materials, and as the change of direction of the re- 
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luctivitylincisin general the grenf.T, the iu.hv in.imtv tii,. mat('- 
rial the cause seems to bo lack <»f hot.H.gcncity ut the material; 
that is the presence, either on tlu^ surfuct* an wale, nr la t Im hu.ly, 
as inglomcrate, of materials of tliffcivnt ningiiHic .•harncfcriHiirs; 
magnetite, cementito, silickle. Hnch uuii.-riuls liav.* a timeh 
greater hardness, that is, higher value af .t, nml (i.erehy wauhl 
give the observed effect. At low fudd inteiwities, //, the harder 
material carries practically no flux, ami all the flux is earrie.i hy 
the soft material. The flux density t!i<«ia‘f<uH> riw's rnpidly, giving 
low a, but tends toward an apjmrent hiw s.nt unit ion value, as 
the flux-carrying material fills only jmrt of t he spai-e. At higher 
field intensities, the harder material begins to earry flux, umi 
while in the softer material the flux increases less, lh«* inerense of 
flux in the harder material gives a greater increase of total flux 
density and a greater saturation value, hut also a greater hard- 
ness, as the resultant of both materials. 

Thus, if the magnetic materia! is a eonglomi'nite of fraetion p 
of soft material of reluctivity gi (ferrite) and </ - I - of hard 

material of reluctivity, pi (cement ite, silicide, magnetite), 

pi - oi T ffi// \ 

Pi « tit + «iil I 

at low values of II, the part p of the seel ion carries flux hy pi, the 
part q carries flux by pi, but iw pi is very high cmiijairetl with pi, 
the latter flux is negligible, and it is 


At high values of J/,tho flux gtH‘S through Ia»l h malei uils, more or 
less in series, and it thus is 

pi „ ppj ^ m (pa, + qat) + f/Wi I i/sjl// (12) 

if we assume the same satumt ton value,®, for Istfh maii rifds. and 
neglect on compared with aj, it is 

p'' » f oi -H ffW (Ifl) 

Substituting, M instance, (7) am! (fl) info ttJj aw! (Ifl) 
respectively, gives 

-« 0 . 102 , 
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qa2 = 0.70, 

<r = 0.0477, 

hence, 

p = 0.80 : Pi = 0.082 + 0.0477 H, 
q = 0.20 : pa = 3.5 + 0.0477 H. 

However, the saturation coefficients, cr, of the two materials 
probably are usually not equal. 

The deviation of the reluctivity equation from a straight line, 
by the change of slope at the critical points, cj and Cs, thus probably 
is only apparent, and is the outward appearance of a change of 
the flux carrier in an unhomogencous material, that is, the result 
of a second and magnetically harder material beginning to carry 
flux. 

Such bonds in the reluctivity line have been artificially produced 
by Mr. John D. Ball in combining by superposition two different 
materials, which separately gave straight-line, p, curves, while 
combined they gave a curve showing the characteristic bend. 

Very impure materials, like cast iron, may give throughout a 
curved reluctivity line. 

32. For very low values of field intensity, H < 3, however, the 
straight-line law of reluctivity apparently fails, and the mag- 
netization curve in Fig. 23 has an inward bend, which gives rise , 
of p with decrea.siug H. 

This curve is taken by ballistic galvanometer, by the step-by- 
step method, that is, H is increased in successive §teps, and the 
increase of B observed by the throw of the galvanometer needle. 
It thus is a “rising magnetization curve.” 

The first part of this curve is in Fig. 26 reproduce^, as Bj, 
in twice the absciss® and half the ordinates, so as to give it an 
average slope of 45°, as with this slope curve shapes such as the 
inward bend of Bi below H = 2, are best' shown (“Engineering 

Mathematics,” p. 286). _ 

Suppose now, at some point. Bo = 13.15, we stop the increase 
of E, and decrease again, down to 0. We do not return on the 
same magnetization curve, Bi, but on another curve, B i, the 
“decreasing magnetic characteristic,” and at H == 0, we are not 
back to JS ■= 0, but a residual or remanent flux is left, in Fig. 25: 
R = 7.4. 

Where the magnetic circuit contains an air-gap, as the held 
circuits of electrical machinery, the decreasing magnetic charac- 
teristic, B^i, is very much nearer to the increasing one, Bi, than m 
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the cloKed tnaKiU'Uf eimtit. Fig. ‘i.'i, ami j)nui(i‘!i!ly rtnufidrjt for 
liighcr vahuw uf // . 

Then* ajijH'arn no thi'oretiml re.'i.Hon why tlif clinrnrter- 

intie, /fi,nhouk! be wdwlod iw the rejm-wntattvi* iit.'igttetii'ntitin 
curve, and not the deereiwing cdisirueteriatif, It'u e'crcju tiieiuri. 
dent, that Ih patwn tlirotigh tvru. In inatty fitKineering stpidira- 
tions, for in»tfinee,the eaUnilathm of tlie regiihitioo of a Kt ii.THtor, 
that is, the tleeream^ of voltage tuiil«<r jnere»«i* of lojHl, it inoh- 
vioualy the tiiH'nwing eharneteritttie, //'i, which is determining. 

Hupixme woccnttiniH* H'i into negative valocM of //, i<, tin* jH»iiit 
jli, at U - - /f • -d, nini then again n-v erne, we get a rin- 
ing magnet ijsat ion curve, /#", which jwiwe« U «i at a negative 
remanent nuignetiain. Hit{»jK»«e we atop at poini .Ij, at 11 m 
/f » —1.0: theri.Hiiig tntigneti/alion curve /#' ' then pnaww 
jff »■ 0 at ft ptwifive remanent magnetism. 'I'licje tnuat thiw !w 
a point, Att, hetwwn Aj and .Ij, amdi that the lining inagnetiiui- 
tion curve, if, starting from .t», paawn through the sn-ru {«»int 
//*» 0, B ■» 0, and thereby ruim into the curve, ff|. 

The rising magnet b.atiun eurve, or slandnrd mngnelie chamc- 
toristio deti*rininetl by the step-by*step method, /f,, thus is noth- 
ing but the rising bmtieh of an unsynunetfiea! Siyi^teresis cycle, 
traversed lietween such limits d Ha amt — .U, that the rising 
branch of the hystiTiKis cycle pnssi's through the *er« jsiinf. 

38. The charaeteristic sha|a* of a hysteresis cycle is that it is a 
loop, pointed at cither emi and thereby having an inflexion jsiint 
about the mkkllo of either branch. In the unsy inmriririi! hstp 
■fifi, — Ao of Fig, 28, the sw‘ro point is fairly close to one extri'ine, 
A», and the inflesion jxiint, charaeteristic *4 th»' hystenwis loop, 
thus lies botwcfitt 0 and /f#, that is, on that part of the rising 
branch, which is u«hJ as the "magnet in eharacleristic," Hi, 
and thereby prodmtea the inward lamd in the magnet iisnl ion curve 
at low fields, which has always Uam so puauhng. 

IE, however, w« would stop the Inemise of H at H”t>, we would 
got tho decroaulng niagnetlaatioii curve, toel sitll other 
curves for other starting {winta of the decreasing chai actcri ific. 

Thus, tho relation lastwwm magnetic flint deiif.iiv. H, nod mag- 
motic field intoisity, //, is not definiu*, but any point betw. cn the 
various rising and deerewung characteristics H'\ Hi, /»“'*, /f'l, 
B'l, and for some dutaaiss outaide thereof, is a p«,i>'-,il.ie H4i 
, relation, Bi has the characteristic that it piocir* through the 
wo point. But it is not the only cliarectcri.'<iic which does this: 
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if we traverse the hysteresis cycle between the unsymmetrical 
limits +Ao and —Bo, as shown in Fig. 26, its decreasing branch 
B 3 passes through the zero point, that is, has the same feature 
as Bi. It is interesting to note, that Bz does not show an inv/ard 
bend, and the reluctivity curve of B3, given as ps in Fig. 28, 
apparently is a straight line. 

Magnetic characteristics are frequently determined by the 
method of reversals, by reversing the field intensity, H, and ob- 
serving the voltage induced thereby by ballistic galvanometer. 



or using an alternating current for field excitation, and observing 
the induced alternating voltage, preferably by oscillograph to 

eliminate wave-shape error. 

This ^^alternating magnetic characteristic’’ is the one which is 
of consequence in the design of alternating-current apparatus. 
It differs from the ^'rising magnetic characteristic,” Bi by giving 
lower values of B, for the same iJ, materially so at low values of H, 
It shows the inward bend at low fields still more pronounced than 
Bi does. It is shown as curve B 2 in Fig. 27, and its reluctivity 
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line given as Pi m -i-' 

ward, Bi and both coincide \v 

straight-line reluctivity law. 


The alternating characteristic, B|, is ti(ital»n»iirh«»f »ny li> 
sis cycle. It is roprdduwMe arul uuie|K*ndeiit of I In- jireviou'i 
history of the magnetic cimit, except js-rhaps m t-Mromriv low 
values of II, and in view of its enginiswing ijnjmriiujrr a . ropre- 
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senting the conditions in the alternating magnetic field, it would 
appear the most representative magnetic characteristic, and is 
commonly used as suc,h. 

It has, however, the disadvantage that it represents an un- 
stable condition. 

Thus in Fig. 27, an alternating field H = 1 gives an alternating 
flux density, = 2.6. If, however, this field strength H = 1 
is left on the magnetic circuit, the flux does not remain at jB 2 = 
2.6, but gradually creeps up to higher values, especially in the 
presence of mechanical vibrations or slight pulsations of the 
magnetizing current. To a lesser extent, the same occurs with 
the values of curve, J?i, to a greater extent with Bs. At very low 
densities, this creepage due to instability of the B-H relation may 
amount to hundreds of per cent, and continue to an appreciable 
extent for minutes, and with magnetically hard materials for 
many years. Thus steel structures in the terrestrial magnetic 
field show immediately after erection only a small part of the 
magnetization, which they finally assume, after many years. 

Thus the alternating characteristic, B^, however important in 
electrical engineering, can, due to its instability, not be considered 
as representing the true physical relation between B and H any 
more than the branches of hysteresis cycles JSi and Bz. 

34. Correctly, the relation between B and H thus can not be 
expressed by a curve, but by an area. 

Suppose a hysteresis cycle is performed between infinite values 
of field intensity: H=±^, that is, practically, between very 
high values such as are given for instance by the isthmus method 
of magnetic testing (where values of H of over 40,000 have been 
reached. Very much lower values probably give practically the 
same curve). This gives a magnetic cycle shown in Fig. 5 as 
B', B". Any point, H, B, within the area of this loop between B' 
and B" of Fig. 27 then represents a possible condition of the 
magnetic circuit, and can be reached by starting from any other 
• point. Ho, Bo, such as the zero point, by gradual change of H. 
Thus, for instance, from point Po, the points Pi, P%,Pz, etc., are 
reached on the curves shown in the dotted lines in Fig. 27. 

As seen from Fig. 27, a given value of field intensity, such as 
E - I, may give any value of flux density between B = —4.6 
and B = -+-13.6, and a given value of flux density, such as B = 
10, may result from any value of field intensity, between ff = 
- 0.25 to H = -h 3.4 
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The diiereri values of B. corrwon.lhw to the simo vuhi,. of „ 
h. the Ignette area, Fig. 27, ate not e.iuulir elaWe, hut th.. val- 
the limit. B' and B" ore vety uneta e, a... l«'t.m.,; 

Se toward the interior of the ar«. line. Ihe r..l.a,o„ ol 
•ip TTiV 27- H = 2, B = 13, rapidly cliaiiK'c, liy tha 

te derii^ decrmmng, toP., .lowr to /•, an.l ll«.„ Htill elowor, 
Se from point P. the fiur denaity would gradua ly er,-,.,, 

B the. follows, that somewhere Imlwe™ the eMre.nes I and 
B'' which ate most unstable, there must be a value of /, whub .s 

Ible that is, represents the Htatioiiary aiui permaneal ivlntien 

betweU B and II, and toward this stable vah»N R«, all ot la-r val- 
ues would gradually approach. This then w<mhl give he true 
magnetic characteristic: the stable jiliysical n-latiuu between H 

At higher field intensitieB, beyoiul thr iirnt nitii’ii! point, fi, 
this stable condition is rapidly reacliial, aiul therefun; is given by 
all the methods of determining magnet ic cliaract erist ics. I Icnce, 
the curves B^, Bo coincide there, ami the linear law of nv 
luctivity applies. Below Ci, however, the range of powible, H, 
values is so largo, and the final approach to thi- stable valrn* Ro 
slow, as to make it difficult of detc'rminat ion. 

36 . FotH = 0 , the magnetic, range is from - Rn " -11.2 to 
4-fio = 11-2; the permanent value is zero. The met hod of reach- 
ing the permanent value, whatever may he tiie remanent mag- 
netism, is well known; it is by “demapietbing" that is, placing 
the material into a powerful alternating field, a demagnetising 
coil, and gradually reducing this field to zero. 'I'hai is, fle.serib- 
ing a large number of cycles with gradually ilecreaHinganiftlit tide. 

The same can be applied to any other point of the magnetiza- 
tion curve. Thus for H » l,to roach jaTinanent eondilitm, an 
alternating m.m.f. is superimi>ow«I Ujam // I, and gratlnally 
decreased to zero, and during theno successive eyelesof ths-reiw- 
ing amplitude, with If =« 1, fw moan value, the flux density grmlu- 
aUy approaches its permanent or Rtabk* value, {'I'he only re- 
' quirement is, that the initial alternating f«*hl must !te higher thiiii 
any unidirectional field to which the magnetic cirenit had hecn 
exposed.) 

This seems to bo the value given by curve! It,,, that is, by the 
straight-line law of reluctivity. In other wurils, it is prtibnhle 
that: 

Frohlich’s equation, or Kennelly’s linear law <tf reluctivity 
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rcprcsGiiij ijliG pcrmstiiGiit or st&blo rolsttion between E snd Hj 
that is, the true magnetic characteristic of the material, over the 
entire range down to H = 0, and the inward bend of the magnetic 
characteristic for low field intensities, and corresponding increase 
of reluctivity p, is the persistence of a condition of magnetic 
instability, just as remanent and permanent magnetism are. 

In approaching stable conditions by the superposition of an 
alternating field, this field can be applied at right angles to the 
unidirectional field, as by passing an alternating current length- 
wise, that is, in the direction of the lines of magnetic force, through 
the material of the magnetic circuit. This superimposes a cir- 
cular alternating flux upon the continuous-length flux, and per- 
mits ol)servations while the circular alternating flux exists, since 
the latter does not induce in the exploring circuit of the former. 
Some 20 years ago Ewing has already shown, that under these 
conditions the hysteresis loop collapses, the inward bend of the 
magnetic characteristic practically vanishes, and the magnetic 
characteristic assumes a shape like curve Ba- 

To conclude, then, it is probable that: 

In pure homogeneous magnetic materials, the stable relation 
between field intensity, H, and flux density, B, is expressed, over 
the entire range from zero to infinity, by the linear equation 
of reluctivity 

p = a + (tH, 

where p applies to the metallic magnetic induction, B - H. 

In unhomogencous materials, the slope of the reluctivity line 
changes at one or more critical points, at which the flux path 
changes, by a material of greater magnetic hardness beginning 

"fco fli-xxx 

At low field intensities, the range of unstable values of B is 
very great, and the approach to stability so slow, that considerable 
deviation of B from its stable value can persist, sometimes lor 
years,- in the form of remanent or permanent magnetism, the 
inward bend of the magnetic characteristic, etc. 


CHAPTER IV 
MAGNETISM 
Hysteresis 

• 36 . Unlike the electric current, wliifh n'quires pewer for Uh 
maintenance, the maintenance of a inugncl if Ilux not r.-tiuirf 
energy expenditure (the energy eonsuinetl l>y the iniigiu-tiziug 
current in the ohmic resistance of the mugneiizinK wintiiitK ln-ing 
• an electrical and not a magnetic etTecO, Init fiu-rgy is rfqtiircd 
to produce a magnetic flux, is then stored as potential energy in 
the magnetic flux, and is returned at tlui decrease or disapjteur* 
ance of the magnetic flux. However, the aniount of energy ns. 
. turned at the decrease of magnetic flux is less than flu* laiergy 
consumed at the same increase of magnet ie tiux, .and energy is 
therefore dissipated by the magnetie cliange, Iiy i-onversion iiifo 
heat, by what may be called molmilnr mimmlic frirtitm, at h-nst. 
in those materials, which have jwniuaihilitit's materially higher 
than unity. 

Thus, if a magnetic flux is pr'riodieally ehatigrai. lirUween 
+ B and — B, or between Bi and Ba, by an alternating nr pul- 
sating current, a dissipation of energy by niohaailnr friiUitm 
occurs during each magnetic cycle. ExfK'riment shows tlml the 
energy consumed per cycle and cm.* of mngnetie material dejimids 
only on the limits of the cycle, Jh and /ig, but not on the speed or 
wave shape of the change. 

If the energy which is consumed by molctnilar frielion is nui>- 
plied by an electric current as itmgnetizing fcjrce, it has the eflee t 
that the relations betwotm the magnotizing <*urrinit , /, or miiRnel ic 
field intensity, H, and the magnetic flux density, H, is not rt*vers- 
ible, but for rising, H, the density, B, is lower than for dei-reasing 
Hjthat is, the magnetism lap behind the tiiuguetiziHg foree, and 
the phenomenon thus is called hyaterem, and gives ri«e to the 
hysteresis loop. 

However, hysteresis and molecular mtignetic frit-tirm are not 
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the same thing, but the hysteresis loop is the measure of the mo- 
lecular magnetic friction only in that case, when energy is supplied 
to or abstracted from the magnetic circuit only by the magnetiz- 
ing current, but not otherwise. Thus, if mechanical work is done 
by the magnetic cycle — as when attracting and dropping an arma- 
ture — the hysteresis loops enlarge, representing not only the 
energy dissipated by molecular magnetic friction, but also that 
converted into mechanical work, Inversely, if mechanical en- 
ergy is supplied to the magnetic circuit as by vibrating it mechan- 
ically, the hysteresis loop collapses or overturns, and its area 
becomes equal to the molecular magnetic friction minus the 
mechanical energy absorbed. The reaction machine, as synchron- 
ous motor and as generator, is based on this feature. See 
“Reaction Machine,” “Theory and Calculation of Electrical 
Apparatus.” 

In general, when spcaldng of hysteresis, molecular magnetic 
friction is meant, and the hysteresis cycle assumed under the con- 
dition of no other energy conversion, and this assumption will be 
made in the following, except where expressly stated otherwise. 

The hysteresis cycle is independent of the frequency within 
commercial frequencies and far beyond this' range. Even at 
frequencies of hundred thousand cycles, experimental evidence 
seems to show that the hysteresis cycle is not materially changed, 
except in so far as eddy currents exert a demagnetizing action and 
thereby require a change of the impressed m.m.f., to get the same 
resultant m.m.f., and cause a change of the magnetic flux dis- 
tribution by their screening effect. 

A change of the hysteresis cycle occurs only at very slow cycles 
— cycles of a duration from several minutes to years and even 
then to an appreciable extent only at very low magnetic densities. 
Thus at low values of R— -below 1000— -hysteresis cycles taken by 
ballistic galvanometer are liable to become irregular and erratic, 
by “ magiudic creu^page. ” For most practical purposes, however, 
this may be negUicted. 

37. As the industrially most important varying magnetic fields 
are the alttwnating magnetic fields, the hysteresis loss in alternat- 
ing magnetic fields, that is, in symmetrical cycles, is of most 

interest- 

In general, if a magnetic flux changes from the condition Hi, 
Bi: point Pi of Fig. 29, to the copdition Hi, Bi. point P 2 , and we 
assume this magnetic circuit surrounded by an electric circuit of 



electric circuits 

! of magnetic flux 
absolute units, 


n turns, the cnangt 
cuit the voltage, in 


it is, however, 


section of magnetic turcuit. 1 lence 


current in 


and the magnetizing force 


where I = length of the magnetic circuit 
And the field intensity 


hence, substituting (5) into (6) anil traiiHixwing 


is the magnetizing current in the electric circuit, wliicli producM 
the fiux density, B. 

The power consumed by the voltages induced in the electric 
circuit thus is 

. MldH 

CH) 

or, per cmA of the magnetic circuit, that is, f<tr n » I and / » 1/, 

^ 4t dt 

and the energy consumed by the change from II i, Bt to //a, Ba, 
which is transferred from the electric into the mngJietic cin-uif, 
or inversely, 
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where Jli, 2 is the area shown shaded in Fig. 29. 

The energy consumed during a cycle, from Ho, Bo to — Ho, — Bo 
and back to Ho, Bo, thus is 


1 

w — T- \ HdB ergs 

(11) 

A 

- 4^ 

(12) 


where 

= A is the area of the hysteresis loop, shown shaded 

in Fig. 30. . 

Ab the magnetic condition at the end of the cycle is the same as 



at the beginning, all this energy, w, is dissipated as heat, that is, 
is the hysteresis energy which measures the molecular magnetic 

friction. , , , • i 

38. If in Fig. 30 the shaded area represents the hysteresis loop 
between + H, + B, and - H, - B, giving with a sinusoidal 
alternating flux the voltage and current waves. Fig. 31, the maxi- 
mum area, which the hysteresis loop could theoretically assume, 
is given by the rectangle between + H, + B-, - H, + B; ti, 
~ B; + H, - B. This would mean, that the magnetic flux does 
not appreciably decrease with decreasing field intensity, until 
the field has reversed to full value. It would give the theore ica 
wave shape shown as Fig. 32. As seen, this is the extreme ex- 
aggeration of wave shape, Fig. 31. 
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or maxnmiiu av 


The total energy 
magnetic energy, is 


permeability, thus II 


the maximum possible hystcrMis loas. 

The inefficiency of the inagneti<5 eyr 
energy in the magnetic cycle, thus is 


39. Experiment shows that for medium ibis ch-twily, fimi is 
theses values of B which are of the most imjKtrf ama* imiustrially 










32 ELECTRIC CIRCUITS 

In Pk 33 is shown, with B as abscissio, the hysirrosis hws, w, 
of a sample of silicon steel. The <.Im.-rvea vuhjes are .narked 
by circles. In dotted lines is given the curve eah-uluted l.y the 

equation w = 0.824 X KH B'-« iH'd 

As seen the agreement the curve of power with th.- test 
values is good up to B = 10,000, hut almve this density, the 

observed values rise above the curve. 

40 In Fig. 34 is plotted, with field intensity. //. as absmssa*. 
the magnetization curve of ordinary annealed sheet steel, in 

-- T — — — — I I J I j I I 

ferrite and magnetite 

i magnetization i ! ! I I ju 


Fia. 34. 


half-scale, as curve i, and the magnetization curve of magnetite, 
Fe304— 'Which is about the same as the lilack wade of iron -in 
double-scale, as curve 11. As III then is plotted, in full-sride, 
a curve taldng 0.8 of I and 0.2 of II, 'I'hiH woidd correspond to 
the average magnetic density in a material cont iiining HP {»er cent . 
of iron and 20 per cent, (by volume) of scale. Curves I' and IIP 
show the initial part of I and III, with ten timen the .scale of 
abscissm and the same scale of ordinates. 

Pig. 35 then shows, with the average magnetic tlux demit y, H, 
taken from curve HI of Fig. 34, as alwcimai, the part of the mug- 
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netic flux density which is carried by the magnetite, as curve I. 
As seen, the magnetite carries practically no flux up to B == 10, 
but beyond B = 12, the flux carried by the magnetite rapidly 
increases. 

As curve II of Pig. 35 is shown the hysteresis loss in this inhomo- 
geneous material consisting of 80 per cent, ferrite (iron) and 20 
ner cent, magnetite (scale) calculated from curves I and II of Fig. 


FERRIT 

: A 

HD 

MA 


YSTERESIS 


Fig. 35. 

34 under the assumption that either material rigidly follows the 
1.6“‘ power law up to the highest densities, by the equation, 
Iron: 

wi = 1.2 B/i-® X 10-^ 

Scale: 

w, = 23.5 X 10-“, 

As curve IF is shown in dotted lines the 1.6**' power equation, 
w = l.3& Bi-® Xl0-“. 
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Aksocii while eitlier (‘(mHtUnent utiinw.s uu- i.u power uiw, 
thc’coinlhmition deviates therefrom ail iaiwlt .hmsiiies, aod sives 
.u'hlereaisc of hynteresiH loss. <»f tiie same netieral eluinii-teristie. 
as shown with tho silicon steel in KIK- nml wall, most sumlnr 

As curve III in ¥m- <•>'* 

resis cocdliciont n, art high <ie.iHilh«, over th<- value l.hH X U) \ 

which it has at medium deuHifies. 

Thus tho dcvbtion of tlie hysti'roHiM loss sit hi^li deusities, 
from the 1.6“' power law, nm.V jHwsit.ly l«- only apparent, ami 
the result of hick of luanoKeueity ..f t Im mat erial. 

41 At low magnetic deimitieH, tl.e law oi the !.(►’ power tmisl 
cease to represent tho hystewsis loss evet. m<iu-">‘ii»ntely. 

The hvstereflis loss, as fraction of t he nvaihilile nmgjtet le eitergj*, 


Substituting herein the paralMilic etjuatimt 


where, n 


creases in this caso, thus would iHfome unity at some low aeiistiy, 
B, and Mow thw, greater than unity. This, h(»wev4T, is not 
possible, as it would imply more eneigjy dissipated, t Imn a vailulde, 
and thus would contradict the law of rotwrvntiim of energy. 
Thus, for low magnetic deriKitiw, if the paifdioUe law of hysteresis 
(17) applies,' the exponent must 1*: « > 2. 

In tho case of Fig. 33, for i? - 0.83-t X Id *, iwuming th«- per- 
meability for extremely low density as 

g - ISOO, 

f becomes unity, by equation (18), at 


If n > 2,J?'^‘**KteadiiydocreM«Bwith ilerrwising fhsuid tin- jaT- 
ccntagc! hysteresis loss beeoiiMSi le«, tliat is, the rycle npppiarhe* 
revemihilil.y for decreasing donstiy; in oilier ttMidt. tlm h>s 
teresis loss vanwhes. Hy* is powilde, hut not ptolmhle, »n*i tht 
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probability is that, for very low magnetic densities, the hysteresis 
losses approach proportionality with the square of the magnetic 
density, that is, the percentage loss approaches constancy. 

From equation (17) follows 


Sl,lCCj)N STEEL 
HYSTEREsi^ 




m 


Fig. 36. 


log w » log + n log B (19) 

That is: 

If the hysiereBis loss follows a parabolic law, the curve plotted 
with log w against log li is a straight line, and the slope of this 
straight lino is tlie exponent, n/- 
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KLKCTllK' ClHCl / /.s 
Thus « '"'V ‘r.'* "'uu 

r^Jl lonium two «t.might pnrt^*, fur uunlumi .luas.hrs, 

; R = '?• B = KWO, tu log n « 4: - Hl.iKH). with 

Soorand deuHitioH, up to lug H « 2.tf; B « -HU), with 

slope in. Thus it is 
Por It'dO ^ II 10, (KK): 

W - 0.H24 /f* X HI ’ 

For B £. 400; 

» 0.(M>2r»7 X w ’ 

However, in this lower rung.', « - li tiives u .-.u-ve: 

^ m 0.(M57 B* X 10 ’ 

which still fairly well satisfies the «! .served values. 

As the logarithmic curve for a sample of c.r.iumry Himealeil 
sheet steel, Fig. 37, gives for the lower range tin* eKpom-nl , 


and as the difficulties of exact mwwurements of hysteresw losses 
increase with dcereasiug deimity, it is ipiite pos.K.14e il.at m hath. 
Figs. 36 and 37 the true ex{K»neHt m the lower range of mag- 
netic densities is the llieoretieaily most prol.iihle om*. 

« - 2 , 

.thatis,thatatalK>ut B - fitW, in iron the point is reached, hclow 
which the hystercsiH loss varkw with the sipinre of the magnet le 

density. _ 

42. As over most of the magnetic raitgi* the h.v.>.lerc*<»s loas can 

be expressed by the paralMilic law (17), it appears desirahlc te 
adapt this empirical law also to the range when* the lugarithmii 
curve. Figs. 30 and 37, k curved, and the piirahulic law dors nut 
apply, above B - 10,000, luid Instween B - .HHt and /t « 1000 
or thcroalwute. This can to done either by assuming th.* cueffi. 
cient 11 as variable, or by assuraing the exponent « a < variable, 
(a) Assuming ij a« constant, 

1 ) =» 0.824 X 10“* for the medium range, where « I 

. 1)1 = 0.0467 X 10“* for the low range, where «, i2 

The coofficienta n and ni ealoulattsl from the observed value 
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of w, then, are shown in Fig. 36 by the three-cornered stars in 
the upper part of the figure. 

(5) Assuming n as constant, 

71 = 1.6 for the medium range, where tj = 0.0824 X 10”* 

Ui = 2 for the low range, where = 0.0457 X 10”* 




Fig. 37. 


The variation of rj and rjij from the values in the constant range, 
ar(! l)(«t kUovvii iu per cent., that is, the lossw calculated from 
the; parabolic eciuation and a correction factor applied for values 
of B outside of the range. 
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Fig : 57 Hh.)WS llu' vuhu'H <.f n Hud .a- .•Hltni 

^ TholaUor.ndlKHl, profomhl.*, ns .t 

l.t) in (he imluHlrial range, and UMe« 
factor. Furthermore, in the method («). I 
exponent isverymnall, riHingouiy «'*_!.«. J. or t. 
in methcHl {!>) the correct h.u faet or m l.-tt., m 

much greater accuracy lH»M.‘«il.le. 

43. If the paraholie law apjaieH, 


ftirve U the esixment n. 
law doea not rigidl> apply, theHlojHt 
not the l•xpoIlelll, .’Old iit the range, 
ia ii<<t Ktraight, the exponent thtw 
'Iv tlerived from tin* do|M-. 


the slope of (he logarithmic 
If, howev<T, (he parafnill 
of the logarithmic curve* is 
where the log:irilhmic cur' 
can not even he approximate 
From (17) follows 

log M* - i 

dilTerentiating (I9l, gives, in 
law does not strictly afiply, 

(I log to " d h>g n -1 "d log {{ i log Mil, 

lumec, (he slope of the logarithmic curve is 

d log «’ „ A. /intf /I I ! ) *-<*> 

d log d log /i ‘ dlog /.■' 

If n - coustimt, and »? - ennslanl, tlm M*cond term on Ih.* 
right-hand side diwipis'ars, and it is 

d log «' ^ ( 21 ) 

d it^ H 

(hat is, the slopo of tho logarithmic curve is the i*xponcnl, 

If, however, if ami n m< not wiiisituit, the wcond t. i m on the 
nghlduind side of etjuathm (20) tUsw not it! gen. i»! disappear, 
and the sIoih*. thiM dow not givi* the l•x|Hlllt<u!. 

Assuming in this latter case the slois* as the exponent, it mU''t 

be 

„ d» , d log n _ 
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In this case, n and much more still rj show a very great varia- 
tion, and the variation of ri is so enormous as to make this repre- 
sentation valueless. 

As illustration is shown, in Fig. 36, the slope of the curve as 
na* As seen, varies very much more than n or Ui, 

To show the three different representations, in the following 
table the values of n and rj are shown, for a different sample of 
iron. 


Taule 


B toil 

(it) 77 « const. 
1.254 

Ch) n »» const. ™ 

(c) 712 = 
d log w 


d log B 

below 10.00 

n « 1 . 0 

>7*1.254X100-» 

712 = 1.6 

7?2 -1.254X10-6 

10.00 

== 1 . 601 

*1.208 

*1.79 

230.00 

11.23 

*1.604 

*1.302 

*2.23 

3. 68 

12.03 

*1.017 

*1.468 

*2.66 

0.0488 

13 . 30 

= 1,024 

*1.570 

= 2.83 

0.0133 

14.00 

*1.030 

*1.068 

*2.98 

0.0032 

14.05 

= 1 . ()34 

*1.738 

*3.15 

0. 00069 


. - - X. I 

As seen, to represent an increase of hysteresis loss by 254 = 
1.39, or 39 per cent., under (c), na is nearly doubled, and re- 
duced to j of its initial value. 

44. The eiiuation of t he hysteresis loss at medium densities, 

If = ,/r; n = l.G • 

is (mtiircdy mnpirie-al, and no rational reason has yet been found 
why this approximation should apply. Calculating the coeffi- 
cient n from l.('st vahu^s of B and W, shows usually values close to ' 
l.(), but not infre<iuently values of n are found, as low as 1.55, and 
evi’n values lielow 1.5, and values up to 1.7 and even above 1.9 
In gmua-al, howevm-, the more accurate tests give values of n 
whicli do not dith'r very much from 1.6, so that the losses can 
still be r(4)res('nt.('<l by the curve with the exponent n = 1.6, 
without, serious (U'ror. This is desirable, as it permits comparing 
(Uffe.nmt mat c^rials by comparing the coefficients 7?. This would 
not he the case, if different values of n were used, as even a small 
chang(i of n mak«'s a very large change of tj: a change of n, by 1 per 
cent., at B = 1(),()0(), changes 1? by about 16 per cent. 
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of ill different scales, with the observed values marked 
by cycles. As seen, although in this case the deviation of n from 
1.6 respectively 2 is considerable, the curves drawn with n = 
1.6 and ni = 2 still represent the observed values fairly well in 



the ranges of B from 500 to 10,000, and below 500, respectively, so 
that the 1.()''‘‘ powm- equation for the medium, and the quadratic 
eiiuatlon for the low values of B can be assumed as sufficiently 
aciuirate for most purposes, except in the range of high densities 
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trol. While true errors of observations can be eliminated by 
multiplying data, with a constant error this is not the case, and if 
the constant error changes with the magnetic density, it results 
in an apparent change of n. Such constant errors, which increase 
or decrease, or even reverse with changing B, are in the Ballistic 
galvanometer method the magnetic creepage at lower B, and at 
higher B the sharp-pointed shape of the hysteresis loop, which 
makes the area between rising and decreasing characteristic 
difficult to determine. In the wattmeter method by alternating 
current, varying constant errors are the losses in the instruments, 
the eddy-current losses which change with the changing flux dis- 
tribution by magnetic screening in the iron, with the temperature, 
etc., by wave-shape distortion, the unequality of the inner and 
outer length of the magnetic circuit, etc. 

46. Symmetrical magnetic cycles, that is, cycles performed be- 
tween equal but opposite magnetic flux densities, +B and — JB, 
are industrially tlui most important, as they occur in practically 
all alternating-current apparatus. XJnsymmetrical cycles, that 
is, cycles between two different values of magnetic flux density, 
Bi and Bn, which may bo of different, or may be of the same 
sign, are of lesser industrial importance, and therefore have been 
little investigated until recently. 

However, unsymnudric^al cycles are met in many cases in al- 
ternating- and direct-current apparatus, and therefore are of 
importance also. 

In most induct;or alternators the magnetic flux in the armature 
doc.s not rev('rse, but. pulsates between a high and a low value in 
tlu! same dire(d.ion, and the hysteresis loss thus is that of an 
unsymni(d.ri(^al non-reversing cycle. 

irnsymnudric^al ciyc.les occur in transformers and reactors by the 
superposition of a direct ciuTont upon the alternating current,. as 
disc,uss(Hl in tlu; chaptcir “Shaping of Waves,” or by the equiva- 
l( 5 nt tlunx'of, smdi as tlui stipprcssion of one-half wave of the alter- 
nating current, 'rims, in the transformers and reactors of many 
types of nudl tiers, as the mercury-arc rectifier, the magnetic cycle 
is unsynmud.rical. 

irnsymm(d.rical (cycles occur in certain connections of trans- 
formc'.rs (t.hn>e-phas(i star-connection) feeding three-wire syn- 
(dironous converter's, if the direct-current neutral of the converter 
is conn(S‘.t(Hl to tint transformer neutral. 

They may occur and cause serious heating, if several trans- 
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formers with grounded neutrals feed tlu' snnu- flnv.-wire distri- 
bution circuit, by stray railway return eunvnt ent.n-mg th.- tiur,- 
wire a ternating distribution circuit over oiu- neutral and K-aving 

it over another one. . , , ■ , 

Two smaller unsyinmetrical cy('U‘.'^ oiten att* .''Uin'iuuposiMl <m 
an alternating cycle, and then incnaw tin- hyst.avsis less. Sueh 
occurs in tran-sforraers or reactors, by wave shatH-s of iinpivssc,! 
voltage having more than two siero values per .'.vcde, s.n-h us that 
shown in Fig. 51 of the chapter on “ Shaping of Wavs. " 

They also occur sometimes in the armatures ut direet -current 

motors at high armature reaction and low held es.dtathm. .hie to 

the flux distortion, and under certain eomlitions in tin- armuture.H 
of regulating pole converters. 

A large number of small unsymmetrieal eyries are stimetimes 
superimposed upon the alternating cycle by high-fivqueney pul- 
sation of the alternating flux due to the rotor and stator teeth, 
and then may produce high loases. Huch, for instanee, is the 
case in induction machines, if the stator and roP.r teeth are not 
proportioned so as to maintain uniform rehictam'i*, or in alterna- 
tors or direct-current machines, in which the pole faces are slotted 
to receive damping windings, or comismsating windings, ele., 
if the proportion of armature and {xih-pieee slots is not earefully 
designed. 

46. The hysteresis loss in an unsymmefrica! cyele, between 
limits Bi and Ih, that is, with the amplitude of magnet ic variat ion 

„ follows the same approximate law of llie i id'' 


power. 


as long as the average value of the magnet ie this variation, 


„ /ft + Ih 

is constant. 

With changing /Jo, however, the ewflicieiit ijd changes, and in- 
creases with inentasing avemgo flux iletisity, /f«, 

John D. Ball has shown, that the hysteresis coetheieni of the 
unsymmetrieal cycle incrcasw with increasing avrage dcii;4ly, 
Bo, and approximately proportional to a js^iwer of ik. 't’hat is, 



>!(i *" ij + ^ //«*’*• 
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Thus, in an unsymmetrical cycle between limits Bi and of 
magnetic flux density, it is 


w) = 1 + 




(23) 


where i? is the coefficient of hysteresis of the alternating-current 
cycle, and for B-i — —Bi, equation (23) changes to that of the 
symmetrical cycle. 

Or, if we substitute, 

B, = ^ (24) 

= average value of flux density, that 
is, average of maximum and mini- 
mum. 


B == 


Bi — B^ 


(25) 


== amplitude of unsymmetrical cycle. 


it is 

= (^ + 

(26) 

or, 

te = 

(27) 

wliere 


(28) 

or, more general. 

tJO = rjoB^ 

(29) 


770 = 77 + 

(30) 


For a good sartiplo of ordinary annealed sheet steel, it was 
found, 

n = LOG X 10-» (31) 

= 0.344 X lO-"'' 

For a sample of annealed medium silicon steel, 


^ = 1.05 X 10-> 

0 = 0.32 X 10-« 


(32) 


Fig. 41 shows, with /lo as abscisssn, the values of no, by equa- 
tions (30) and (32). , , i. x j. 

As Hcc'.n, in a moiUu-ately unsymmetrical cycle, such as between 
Bi = -t- 12,000 and B-, = -4000, the increase of the hysteresis 
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CHAPTER V 


MAGNETISM 
Magnetic Constants 

47. With the exception of a few ferromagnetic substances, the 
magnetic permeability of all materials, conductors and dielectrics, 
gases, liquids and solids, is practically unity for all industrial 
puri)oses.. Even liquid oxygen, which has the highest permea- 
bility, diffcirs only by a fraction of a per cent, from non-magnetic 
materials. 

Tlius the permeability of neodymium, which is one of the most 
paramagnetic metals, is g = 1.003; the permeability of bismuth, 
which is vtvry strongly diamagnetic, is ju = 1 — 0.00017 = 0.99983. 

The magnel.ic elements are iron, cobalt, nickel, manganese 
and c.hromium. It is interesting to note that they are in atomic 
weight adjoining eacli othe.r, in the latter part of the first half of 
the first large series of the periodic system: 

Ti V Or Mn Fc Co Ni Cu Zn 
Atonii<*. 51 52 55 56 58 59 61 65 

d'he most eharaeterislic, because relatively most constant, is 
the melnllic magiudlc saturation, S, or its reciprocal, the saturar- 
tion eoeflichmt, (t, in the reluctivity equation. The saturation 
(hmsif y s('<nns to be lit.tle if any affected by the physical condition 
of tlu^ material. By the chemical composition, such as by the 
pies('nc(> of impurit ies, it is affected only in so far as it is reduced 
approximately in i)roi)ortion to the volume occupied by the non- 
niiigiu't ic mai.erials, except in those cases where new compounds 
r(‘suUu 

It s('ems, that, the saturation value is an absolute limit of the 
elenunit., and in any mixture, alloy or compound, the saturation 
value reduced to th(! volume of the magnetic metal contained 
lh(’r(‘in, ("!i.n not exceed that of the magnetic metal, but may be 
low(>r, if th(‘ magnetic metal partly or wholly enters a compound 
of lower ini rinsic saUiration value. Thus, if = 21 X 10^ is 
tins saturation value of iron, an alloy or compound containing 
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72 per cent, by volume of iron ean have a lunxinuim saturation 
value of .8 = 0.72 X 21 X 10** - Iml X 10=’ only, or a still luw(>r 

saturation value. . 

The only known exception herefrom .seiuns i.. 1«> an tron-cohalt 
alloy, which is alleged to have a saturation value almut Hi per 
cent.’ higher than that of iron, though eohalt is l.nvtn- than iron. 

The coefficient of magnetic hardness, o, however, and the co- 
efficient of hysteresis, V, vary with the eh.mdeal, and more still 
with the physical chaniet eristic, of the magnetic material, over an 

enormous range. , . 

Thus, a special high-sihcon steel, and the elnlled glass hanl 
tool stcd in the following tables, have about the .same pereentagt' 
of non-magnctic constituents, -I per cent., ami about Hit- same 
saturation value, » 19.2 X 10*, hut tht' et,ef!ieient of !uirdnei« 
of chilled tool steel, « « 8 X 10'*, 2{X> t imes t hat of t he special 

silicon steel, a « 0.04 X 10"®, and tlw e<H-fHeient <if hysteresis of 
the chilled tool steel, rt - 75 X 10* », is 125 Htnes that t.f the sili- 
con steel, t; = 0.6 X 10"®. Htirdm-ss ami hysteresis kiss wem 
to depend in general on the physietil eluiniet erist ies tif f la* mat erial, 

and on the chemical constitutkmcinly as far ns it afleelsthe phys- 
ical characteristics. 

Chemical compounds of magnetic nieials are in gem-ral not 
ferromagnetic, except a few compounds ns magnetite, which are 
ferromagnetic. 

Withincreasingtempcrature.lhe magnetie hartinesstt, deereaw's, 
that is, the material becomes magiudieally softer, and the satura- 
tion density, 8, also slowly decreases, until a eertain critical 
temperature is reached (about 7(i0“t'. with imn), at which the 
material suddenly ceases to Imi magnetijsuhle or ferromagnetic, 
but usually remains slightly {airamagnetie. 

As the rcjsult of the increasing magnetic softness and decreasing 
saturation density, with inetiiaaing temiM’nitnre l!«* dj-nsity, 
B, at low field intensUies, //, inc»iniM*s, at high field iiiteiwitiw 
decreases. Such /t-terapemtuns curves at ronstaiit li, iiowc-ver, 
have little significance, m they comhitie the effeet of two rhangw, 
the increase of softuei^, which iiredominali** id low If, and the 
decrease of saturation, which pretbininates at high //. 

Heat treatment, such as aimenUtig, ciKiling, eie,, very greatly 
changes the magnetic eonstanti, ai|KH-ia!ly «* am! n more or 
less in correspondence with the change of file physical constants 
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Very extended exposure to moderate temperature — 100 to 
2oo°C. — increases hardness and hysteresis loss with some mate- 
rials, by what is called ageing, while other materials are almost 
free of ageing. 

48. The most important, and therefore most completely in- 
vestigated magnetic metal is iron. 

Its saturation value is probably between S = 21.0 X 10® and 
S = 21.5 X 10®, the saturation coefi&cient thus <r = 0.047. 

As all industrially used iron contains some impurities, 
carbon, silicon, manganese, phosphorus, sulphur, etc., usually 
saturation values between 20 X 10® and 21 X 10® are found on 
sheet steel or cast steel, etc., lower values, 19 to 19.5 X 10®, 
in silicon steels containing several per cent, of Si, and still much 
lower values, 12 to 15 X 10®, in very impure materials, such as 


cast iron. 

Two types of iron alloys seem to exist: 

1. Those in which tlu^ alloying material does not directly affect 
the magnetic qualities, but only indirectly, by reducing the vol- 
ume of the iron and thereby the saturation value, and by chang- 
ing the physical characteristics and thereby the hardness and 
hysteresis loss. 

' 8uch ai)par('ni.ly are the alloys with carbon, silicon, titanium, 
chromium, molybdenum and tungsten, etc., as oast iron, silicon 
ste(d, magiuit steed, etc. 

2. Those! in wliieh the alloying material changes the magnetic, 
charae!l.e>ristie's. 

Hueih iippeireently are the alloys with nickel, manganese, mercury, 
eoppe'r, eeobalt, e!tc. 

In this eiliiss eilso belong the chemical compounds of the mag- 


netic nuite'ruds. 

Thus, a manganese eeemtemt of 10 to 15 per cent, makes the iron 
prae!t.ie!ally nein-magnetic, lowers the permeability to im = 1-4. 
lIe)we'V(>r, e!ve!n here! it is not certain whether this is not an 
(!xtre!mei e'ase! eif magnetic hardness, and at extremely high 
inagneetie! lieelels the ne)rmal saturation value of the iron would be 
appr()a(‘luHL 

8e)me! nickeel steads (25 per cent. Ni) may be either magnetic, or 
nem-magned.ic. ne)we!ve!r, pure iron, when heated to high incan- 
ele!se!e>ue!(!, beieeemiees neni-magnetic at a certain definite temperature, 
anel when cetetling elown, heicomes magnetizable again at another 
eleifinito, though lower temperature, and between these two tern- 



IH'nttiircx. iron iiihv 1«- Di.-iun.-tii- or luiiuiiKiitti,-, dqH'mlin 
wtn-flii'i'it lia^ iviii-hini this triiiiH-rnnirc H'l'inil.nu c.urrrumhiirh,. 
it-iiiinT!iliirr,i. Ajipnii-mly. fur im-ki-I th.* rritb 

tciiipiTiilurr raiin.', wilhni whii li ih.-y i-an !«• iiiu«tu fir w un 
mnstni'lic, is within thf mimn of ntmo-jihni.- am 

thuH, aflnr hratiiiK, lln-y lavuiiH* imn-iuHKtu'tir, afi.T rtHiliiw n 
.Huflicnniitly l.nv teiiijit-rntiiris thi>y Ihtoiui. inaKia-lizuhlf apiti 
ThuH, a Hti'd rnnlniiiiiiK 17 jH'r m»t. tiifkri. I.:! |i,.f 
miuiii, 3 {n r mil. iiuiiiKiiiim', hm iH-rim-alnUf i I.ikM, tluK in ii 
almoHt mtmjilHi'ly uiiiuiiKiH'lir, ' 

Ih'IcriiKi'iiintUH iiiixtiin-n, mirh ji,*. iunviirn-ii iron iiimii-jMinif^x 
ill rtmiii, w iruii filiinpi in nir, wi-im tu ki 4 »- witiimti.in tlctmitiw 
tint far tiifTm*iif frmii lh*w«’ f«i rhi ir \nhiijK* {mf 

wsntii^i' nf irnii, Ittil givi- mi i niirmnun uirmiHi. of hiutiiuw, « S 4 „(j 
hyHtnrww, i?, a« m in Im 

Mcwt fhnniii’Hl i’niii|Hitinii^ nf irim nrn «inn-iimgm»iif, Fe^ 
nmmjrtiHi'’ is nn!y m.unn'iijn, wliirh in thn iiilt»riiii'iiin{ 4 ! 
aiiil iitny lu- mn.-hi. t«-.i im furmiw fi*rriti», *riifrn nU} i« im 
alligfti itias-iii tir Miliilii>ii» nf irnii, ihntigh ! Imvr jmvnr «wn 
it. lliagl!l-(l,J. I V;, 

As inaKUi-iitf, I'Vyi,. i nnlmiw #2 i»nr mit, nf Fn, by weight 
iiiui ha . ti(c spi rifir sv.ni;!»i ft. 1 , ||n vtiliiinn jmr I’enl. nf iriiti wnulj 
In* is |u r n ut., and thi' mituritlinn ih'ii'tily .S’ *- {fj y( j 0 *_ 

(tlw-rvatiftiis «»n ih«- laagiinlie I'niiMtantn nf inngnflitn give » 
satiiratina .!.„4ly .,f 1.7 X i«' tn fi.Ul X W*. «n fhal iimgm*l. 
ill* woiil.l fail in the M'fnni) rlnMM nf inni ihnae in 

wliieli the .sitiir.-iliMn ilnjisity b nlTiwU’il, mnl by (he 

Nnt only moiittitilf, wliirfi may U» «.« b rrnim fiTriln, 

bill Iiiimfr..in nlli.-r f.-mtw, that b, fnill« nf Ibn m iij Fi',t)4bj 
aiv In .-.nia,. f'itnnt frnnii,:ig|„,tb, ruj.jH.r mill rnbalt fer. 

riti>, ralfium b uiif, Ht% 

49. t ohtill. u. Ki tuijntiting tn Iwin in the ji 4 «rin*br «y«fnin nf ,.fi- 
iifiits. b ilu- n,ag!„ iir n„.|aJ *hbh hint ht«n biwf iiiv.-j^ligufiai. 

Its xitinaliuii vabii- jifubably b liel wet'll .S « 12 X IM’aml.S » 

11 X Hi', and its inagiu tir ehanteterbtie baik# %'i-r) stinilar tn llmt 
n i.i'i irnii. Faifly the. b i|ui» tn Uw einiilnr niitunitinii viiliii*, 
liarlly pmnabii din- in sl,n fenturn that mimt «.f »!»»• avail, 'dde 
U'4-r»‘ 

Ii ir-i tii itiAl C'lilmll ii^ 
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up to much higher temperatures than iron or any other material 
so that above 800 degrees G., Cobalt is the only magnetic material’ 
^ More mfonnation is available on nickel, the metal next ad- 
joining to cobalt in the periodic system of elements. Its satura- 
tion density is the lowest of the magnetic metals, probablv be- 
tween S = G X lO-’ and S = 7 X 10’. 

Some data on nickel and nickel alloys are given in the following 
table. In gcneial, nickel seems to show characteristics very simi- 
lar to those of iion, except that all the magnetic densities are re- 
duced in proportion to the lower saturation density; but the effect 
of the physical characteristics on the magnetic constants appears 
to be the same. Interesting is, that nickel seems to be least sen- 
sitive to impurities in their effect on the reluctivity curve. 

Nickel ceases to lie magnetizable already below red heat. 

ff he next metal beyond nickel, in the periodic system of ele- 
ments, is coppei, and this is non-magnetic, as far as known. 

On the otluir aide of iron, in the periodic system, is manganese. 

Tlhia is vciy interiiating in so far as it has never been observed 
in a strongly magnetic state, but many of the alloys of manganese 
are moni or lews atrongly magnetic, and estimating from the satu- 
ration valuciH of manganese alloys, the saturation value of man- 
ganese as pure nustal should be about /S = 30 X 10®. This 
would make it the moat magnetic metal. 

In favor of manganese as magnetic metal also is the unusual 
behavior of its alloys with iron: the alloys of nickel, and of cobalt 
with iron also show unusual characteristics, and this seems to be a 
charact(iris(.i(! of alloys between magnetic metals. 

The b(!st known magnetic manganese alloys are the Heusler 
alloys, of mangaiu^se with copper and aluminum, and the char- 
act(‘risti(^s of l,hr(!e such alloys are given in the following table. 
The most magiudic shows about the same saturation value as 
magn(i(.il.(^, but higluu- saturation values, equal to those of nickel, 
have b((en obs<nw<>d. 

A eui'ious feat.ure of some Heusler alloys is, that when slowly 
cooh^d from high t(unp(watures, they are very little magnetic, 
and liav(^ low saturation values. The quicker they are cooled, 
tlu^ higlun- ( heir permeability and their saturation value, and the 
b(wt vahu's hav(! btsen r('achcd by dropping the molten alloy into 
water, so suddenly chilling it. 

In general, tlu^ IhniskT alloys are especially sensitive to heat 
treatment, and some of them show the ageing in a most pro- 
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nounced dogroo, s(i that, maititaiiiing the alloy for a. considt'ruhh^ 
time at moderate temperature, iacreaseti hardiiesa and hysfore.sis 
loss more than ttmfohl. 

Magnetic alloys of mangajiese also are known with antimony, 
arsenic, phosphorus, hismuth, horon, wit It zine ami with tin, oh.. 
Usually, the best results tire given by tilloys eontiiining o(t to tit) 
per cent, of mtingtuiese. Little is known of tbest* miij^m.tiir ;l1_ 
loys, except that they imiy !«• in ti. magnet ie sttUe, or in an 
unmagnetio sfagtt. Tht*y sire mo.st eonvenimttly produeed by 
dissolving mangtutese metal in the superlie.ated alloying metal, 
or in this metal with the addition of stmie powerful redtieing 
metal, as sodium or aluminum, Imt the tilhty i.s only .sometimes 
magnetic, sometimw ttntetietiily unmttgni'tie, tuid the eondifioim 
of the formation of the magnetie state are unknown. 

Apparently, there alsti exists an infiTinediary oxiile of iimngan- 
eso, or a compouml oxide of tnangaiie.se with ih.at of the other 
metal, which is strongly intignetie. 'I'he bhtek slag, appearing in 
the fusion of manganestt with other metals sueh ns antimony, 
zinc, tin, without flux, often is strongly magnetie, morcau than 
the alloy itself. 

A mixture of almut 25 jmr rent, {stwilered manganese metal, 
and 75 per cent, powdertal antim«my metal, healed logi-ther to a 
moderate temperature^ -in ii fest-tnlH*- - gives a strongly mag- 
netic black powdtT, which etui la? ttsetl like iron filings, to show 
the lintis of forces of tins uiagnotic fivUl, but has not further !«*en 
investigated. 

A considerablo miml«*r of sttch magnetie manganese alloys have 
been inveHtigahal by Heusler and <tt hers, and their const ants are 
given in thi* following tahle. 

It is supposwl that thew? mirgnetie manganese alh»ys are ehem- 
icaJ compounds, similar as magnetite or nmgnetkies. '11ms the 
copper-aluminmn-maiiganese idloy «»f lleitsler in ti eoiupmmd of 
1 atom of aluininutn with Ii atoms trf eopjsu' or ntangtuie.se; AI- 
(Mn or Cu)i, usually AMaCui. Uther magnetic mangatiese 
compounds then are: 


With antimony loul Mto.'^t' 

With tiimmitli Mfdlt 

Witharecuie 

With bertm tvtidi 

Witli Mnl* 

With tin.. and 
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Next adjacent to manganese in the periodic system of elements 
is chromium. Neither the metal, nor any of its alloys (except 
those with magnetic metals) have ever been observed in the mag- 
netic state. There is, however, an intermediary oxide of ehro- 
miinn, alleged to be O 15 O 9 (a basic chromic chromate?) which is 
strongly magnetic. It forms, in black scales, in a narrow range 
of temperature, by passing CrOzCU with hydrogen through a 
heated tube. 

A second strongly magnetic chromium oxide is CriOo (a basic 
chromic bichromati^?). It is easily produced by rapidly heat- 
ing CrOs, but i.ho product is not always the same. Their 
magnetic charac(,('ristics have never been investigated, and they 
arc the only indicadon which would point to chromium having 
potentially rnagiuitic (j[ualities. 

The metal lUixt, to chromium in the periodic system of elements, 
vanadium, is non-magnetic, as far as known. 

60. On attached tables are given the magnetic constants of the 
better known magnetic materials, metals, alloys, mixtures and 
coinpotincLs: 

The first tables give the saturation density, 8, and the demag- 
ludizaiion tmnperature, that is, temperature at which the ma- 
terial ceases to bci ferromagnetic, and its specific gravity. 

It is int(u-((s(.ing to note that with some magnetic materials the 
demagnetization temperature is very close to, or within the range 
of, alinospheric temperature. 

The second table gives more complete data of those materials, 
of which Hindi data are available. It gives: 

8 = sat.uration density, or value of .B — // for infinitely high E ; 

a — coeffudent of magnetic hardness; 

0 - — coefficient of magnetic saturation. 

Where tiie riductivity line shows a bend at some critical point, 
« and (T are given for the lower range — which is the one indus- 
trially most usidul — together with the range of field intensity, for 
whiidi t.his value aiiplies, and are given also for the highest range 
observiid, togel.her with the value of field intensity H, above 
whicdi tin* lat t.t'r values of « and cr apply. 

T] = coeffindent of hysteresis, in the 1 . 6 *'' power law. 

jS “ coetticii'nt of unsymmetrical cycle, for the two cases 
where this is known. 

Demagiuitization temperature, that is, temperature at which 
ferromagiudism ceasiis. 
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',1 • Pkj. 42, 

Fig. 42 glvt» tlws mf^natio rhanwtcriMtiw, »(t ft» // >'■ Kill 
(beyond this, the linear law of nsluetivity iwintlly for 

a number of xmignetio material* of higher values «f wUurution 

Fig. 43 gives, with twice the scak* uf ordinnii's, hut t he same 






10 20 80 10 SO 60 10 80 90 100 110 120 180 110 -ISO 

Fia. 43. 

up to i? = 16, for the magnetically soft materials of Fig. 42, 
that is, materials with low value of a, which rise so rapidly to 
high values of density that the initial part of their characteristic 
is not well shown in the scale of Fig. 42. 

The magnetic characteristics in Figs. 42, 43 and 44 are denoted 
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by numbers, and those numbers refer fo ihe muU-rin ls Kivt'u in ( !i« 
table of “Magnetic Constants” under t!u> siune nunil..TS. 

With regards to the magnetic data, it must be reidized, h.nwv.'r, 
that the numerical values, especially of th.> less-lnvesiig:Ucd 
materials, are to some extent uncertain, du<‘ to the great difli- 
culty of exact magnetic moasimammts. 




The saturation density, which is t!ie most- eonstant and 
most definite and permanent magnetic (piunt it. v, can be jneie tired 
either directly, by measuring B in sueh very high lields, “// 
10,000 and over — that B—Il does not further incre.-tse, or in- 
directly, hy obsKtrving the B, II curve up to inoderately higlt 
fields, therefrom derive the reluctivity curve: p, /f , and from the 
straight-line law of tho latter curve determine « ««td ih**retti!h B. 
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Tabi-k I.— Saturation Density 

,S’ = (B — H) <» 




Authority 


Satura- 

Domag- 


tion 

1 netization 

Specific 

density, 

S 

tempera- 

ture, 

1 “C. 

gravity 


Iron: ^ , 

Mont probablo valuo. * 

BoHt Htaiulard nUi'ot Ht<'<‘h aniuaihsl. . . . . . 

Av(*rt4!:<* Htaialard HlH'(‘t Htcad, axuu'ahnl 

Puro iron ; 

Bwt'<liHh wrouKlit iron 

Iron, OO.HH per cent 

Iron • 

jrjoctrolyiie iron. 

Chmiinereial wUm'I. 

Vaeuuni-nielt<*<l (dt'etrolyiie. iron 

Pure, iron ^ 

Av(*raKt^ Hh('<*t iron. • 'Ay 

Avenw inetUurn HiUeon Hte<d, annealed, .-.r> 

per cent. 

AveraKi' Hoft Ht<Mn eantinKH. 

Hpeeial ixinisnlen Mt<'<'l 

Mupiriet Htetd. 

Averagi^ east iron. 


1016 

1015-16 

1015-16 

Wedcskind 

Ewing 

llatfiidcl 

GuniUch 

(Jurnlieh 

'Williams 

Williams 

DuBois 

1S02 


Xl()'»3 


I<\»«Co, cobalt iron. * * j ‘r* LU,i 

Fes('o, cobalt iron, vaeuum-melbMl and foig<d 
Fc^aCo, eobalt-iron, probable value, about 


Seale of silieon steel 

Iron amalgam, 11 per cent. 


1015 16 

1015 16 


1015-16 


Williams 

Williams 


l.O- 
20 . 
20 . 
21 , 
21 
21 
21 
21 
22 
22 
22 
20 


•21.i1 

70 

20 

10 

.25 

.15 

.60? 

.70? 

. 00 ? 

60? 

.20? 

10 


10.25 
20.20 
20 . 20 
1H.50 
15.00 


Magnetiiis heaO^ 

Magnetite, lead 4 

Magnetkies, Fc'/Sh or 

(hiFesOi, copper ferrite. 

(1oFe204, cobalt ferrite 


Cohall: 

Probabh*. value. 
Ckmt cobalt. 


1802 


1802 

DuBois 

DuBois 


1016 


‘Wedekind 

all. I.im ,»-r aant. ; ; ;;;;;; ; 

t obalt __ 


(k)bnlt, pure . . . 

Gobalt, vacuum-midted . 


Nirkd: 

Probabb' value 

Nickel, 00 per c<uit. pure. 

Nickel wir<', soft 

Nickel, cant. • • • 

Nickel • 

Nickel. ‘ • 


Stifier 

Williams 


1916 

*’1802* 

DuBois 


Monel metal. 
Bimd metal. . 


^fan.^Janem•, lleusler alloyH: 
AlMn(’u 2 , H(»ft, high p<*rmexibdity . . 
AlMn(-U8, hnnl, high permeability. 
AlMufhia, soft, h»vv permeability.. 

AlMuChia, highest values... 

ManganeHe-unt inumy, • • • “ 

Munganene-anl imony, MnsMi 

Mangaue.sedxu’on, MnB. . . 
Manganene“|>ho:iphoruH. Mni ..... 

Mangane.Ne-bi.smuth, ^In 

ManganeHe-arsenie, MnAs. 
Manganese^tin, Miunii 


Chromium: 

Cfdh, chromic bichromate 


22.50? 

25.80? 

22.50 


0 40 

0.00 


4.70 

46-5.01 

0.88 


12 14 
11.10 
12.10 
12.20 
16.45? 
17.20? 
17.85? 
1H.85? 


6 7 

6.15 

5.88 

6.52 

7.27? 

8.17? 


2.22 

0.26 


4.07 

3.92 

1.56 

7.00 

7.00 

2.85 

2.10 

0.70 


760 

765 


756 


7.70 


7.86 


526-589 


280 

280-290 


1075 


5.10 

4,60 


8.70 


240-276 


210 

210 220 


18 20 
260- -280 
40-50 


8.93 


Tmm mw 
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ELECTRIC CIRCUITl^ 


Such extremely high fields, as to nwh comph'tc' inugiu'tic 
saturation, are produced only between i lu' eoiiical |)ol(' I'accs of a 
very powerful large electromagnet. Th<' ar(>a, of Uu' field (luai 
is very small, and it is difficult to g('t iierh'ci nnifurmif y of fl,o 
field. . The tendency is to underestimate' the fi('!<l, and lids give's 
too high values of 8. Thus, in the fe)ll(>wing table' (Imsei vedue's 
of >S, which appear questionalde feir this ease', luive' iu'e'ii marked 
by the interrogation sign. 

The indirect method, from the straight-line relm-livity e'urve', 
gives more accurate valuers of *S’, as H is eh'i-ive'd from a eomtilcte', 
curve branch, and this mesthoel thus is pre'b'rabh'. I lowe'ver, t hee 
value derived in this maimew is base'd on the' assumption that 
there is no further critical point in the rt'luetivily curve' lu-yonel 
the observed range. This is ceu-re'ct with irem, as the' Ix'sl le-sts 
by the direct method check. With e'e)balt, t he'i-e' may he* a e-rit ie-al 
point in the reluctivity curve beyonel the; obse'rvcel riuigc.as theere 
are several observations by the direct, me'theai. which gi\m very 
much higher, though erratic, value's e)f sateiraliem, 8. 

The value of the magnetic harelne'ss, u, nlsee is elifficult to dt*, 
termine for very soft materials, t'spe'e'ially whe're' the' me-thexl of 
observation requires correction for jeeints, I'fe'., unel the' e'Xfre'medy 
high values of permeability— over 15,000 — tlu'rcfeu’c appt'a'r 
questionable. 


CHAPTER VI 


MAGNETISM 
MEITIANICAL FORGES 
1. General 

61. Mccluuiituil forces appear wherever magnetic fields act on 
electric, cnrrc'iits. 'rho work done by all electric motors is the 
resvdt of llu'se forcHis. In electric generators, they oppose the 
driving ])ow('r uiul thereliy consume the power which finds its 
('(luivakml. in (ht^ elcK-tric power output. The motions produced 
by the ('hadroinagiud. are duo to these forces. Between the 
primary and the WH-ondary coils of the transformer, between 
conduedor aiul r('t.uru conductor of an electric circuit, etc., such 
m(Hduuii<ad force's appear. 

The e'le'e'.tre)m!igne'.t, anel all olectrodynamic machinery, are 
baseeel on the use^ of these mechanical forces between electric 
conelue't.e)rs anel magnetic fiedels. So also is that type of trans- 
fe)rmer whiedi treinsfen-ms constant alternating voltage into con- 
stant, alt.e‘nuit.ing emrremt. In most other cases, however, these 
mechanie-id feereu's ares not used, and therefore are often neglected 
in the ele>sigu e>f the apparatus, under the assumption that the 
e'.etnstruedieni used to withstand the ordinary mechanical strains 
te) whie-.h thee apparatus may bo exposed, is sufficiently strong to 
withstaml thee magnetic mechanical .forces. In the large appara- 
t.us, e)pe'nRing in the; modern, huge, electric generating systems, 
the'ses me'chanieeal fejrc('.H due to magnetic fiedds may, however, 
e'speadedly einelt-r abnormal, though not infrecjuontly occurring, 
ce)ueli(,ie)ns e)f opeu'atie>n (as short-circuits), assume such formi- 
elable value-s, sej far beye)nd the normal mechanical strains, as to re- 
(luiree e‘e)nsiele'ratie>n. Thus generators and large transformers on 
big g('n('rat.ing systems have been torn to pieces by the magnetic 
imudianical forces of short-circuits, cables have been torn from 
their supports, disconnecting switches blown open, etc. 

In (he following, a general study of these forces will be given. 
This also gives a more rational and thereby more accurate de- 
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cucigji no viv.k/i.iuiu<if;,nvi.iiv (ir lUCt'naiUcal ('lU'r'i'V 

usually are relatively Kimj)lo and can ix^ caiTuxl out wilii vei'v 
high accuracy. Difficulties, ho\v(^V('r, Hris<> when (h<* cnliailalioii 
involves the relation between sewral differi'iil forin.s of eiua-gy 
as electric energy ami mechanical energy. Whih* ( ht' ehunentiiry 
relations between cliffenuit forms of ('tua-gy an> relatively .simple 
the calculation involving a transforniation from one' form of 
energy to another, usually boconu's .so complex, (li.nl it either can 
not be carried out at all, or ewn only approximate eahnilation 
'becomes rather laborious and at the same' time gives onlv a low 
degree of accuracy. In most calculations involving the tmns- 
■ formation between different forms of energy, it is therefore 
preferable not to consider tins relations ln'tween tlu' differc'nt 
forms of energy at all, but to use tlu; law of ron.wmi/im, of cnrrgu 
to relate the different forma o'f ('lU'rgy, which are invoheti. 

Thus, when mechanical motions an- produced by the action 
of a magnetic field on an electric circuit, energy is (aniHumed 
in the electric circuit, by an induei'd e.m.f. At. flm saint' time 
the stored magnetic energy of tlus system may change. By the 
law of conservation of energy, we have; 

Electric energy consumed by the induml e.mf. « medtmiiml 

e^gy produced, + increase of the. stored magneiie. e,teri„i (1) 

The consumed electric energy, and the .stored magnet ie'energv 

are easUy calculated, as their calculation involves tme form of 

^ergy orfiy, and this calculation then gives the mechanical work 

Irj, ^ “ mechanical force, ami I .. <listance over 
which this force moves, 

^ required, but merely the me- 
chanical forces, which exist, as where the system is 'supiH.rle.l 
against motions by the mechanical forces'- as prinmn ..'.d 

dreffif Th^ ® ^ or cubht ami ivturn cable of a 

circmt~the same method of calculation can l.e emplovd by 

assurning some distance I of the motion (or dl ) : calcilaiing tlm 
mechanical energy icp =^7by (1), and therefrom th.* mechanical 
force as if orfi’ =»^». 

Since the inducod e.m.f., which consumes (or prodm-esi the 
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the (nirrent uiid ilui iiuhicjiancc of the electric circuit, and in 
altenKU,in}>;-(nuT('nt ch-cniits the impressed voltage also depends 
on the in(lu(d.anc,o of the circuit, the inductance can frequently 
l)c exprc'MSC'd liy sui>ply voltage and current; and by substituting 
tills in e(iuation (1), the mechanical work of the magnetic forces 
can thus l)o expuissed, in alternating-current apparatus, by sup- 
ply voltage and <‘urrent. 

In this maniH'f, it becomes possible, for instance, to express 
the m(‘chani<ail work and ther(!l)y the pull of an alternating 
(ikudi-oinagiud., by simple exi)rc8sions of voltage and current, or 
t.o give t lu' iiuM'hauical strains occurring in a transformer under 
short-circuits, by an expression containing only the. terminal 
volt.agt!, the. short-circuit current, and the distance between 
jn'imary and s(aa)ndary coils, without entering into the details 
of th(! const ruct ion of the apparatus. 

This g(UK‘ral method, based on the law of conservation of 
energy, will be illustrated by some examples, and the general 
equations then given. 


2. The Constant-current Electromagnet 


62. Sucli rnagiudis are most direct-current electromagnets, 
and also tln^ scn’ic's operating magnets of constant-current arc 
lamps on alh'rnating-current circuits. 

Let 0 ) = cui-rc'ut, which is constant during the motion of 
1h(! armal.uns of (h(5 electromagnet, from its initial position 1, 
to its final position 2 , 1 = the length of this motion, or the stroke 
of the (h'c.f roinagnet, in centimeters, and n = number of turns 
of the magmd winding. 

The magtmtic; flux d>, and the inductance 

L 10-» (2) 


of l.he magnet, vary during the motion of its armature, from a 
minimum value, 


<*•1 


ioLi 


- 10 « 


in the initial i)()sition, to a maximum value, 

iolji 


*2 


n 


• 10 « 


in the end position of the armature. 


(3) 


(4) 


04 
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an {‘.in.f. ia iiulucat! in the iiuif^inO vvin<ling, 


, d<I> 

ill 


*' " ill 

i(» ' ill 

HI 

(5) 

TIuh conanmoB tho janvor 



• 1 

. , ilL 


P Wt» |p|» 

* ,11 

(6) 

iirul thf^n'by ilic* 



in 

W » I pill » 

ui.HI., - !„) 

(7) 


AasuinitiM: tin* infUnininas in any fixati jawitinn of tho 

armatim*, iOh'h not vary with tin* mn'rnl, that i«, that naignotic 
BiiUimtion ia ahaonf,* tin* attirnd ntagnotic nncrgj' in: 

In tin* initial jawititin, I, 


ii'i 


I'n'/o 

•J 


( 8 ) 


in Ihti (Htd [Kwition, 2, 

M'3 



(9) 


Tltt* incrcaiw* of thn nionai inagni'tb l•fu•rKy, during thi* motion 
of tho ttrniiituro, thun in 

I* I 

w' « w», ~ M'l - -n- (Li - Li) (Id) 

Thi^ iiiwhaiiiml wiirk iltiiii* lij* |}it» flnm 

by lliii Iiiw «if r<iiim»rvi:itiijii of l♦li^*r||y| 

m ||» ««« w* 

I* • 

• g' lo) jtitlit'i* (11) 

If I * lrfigf!i of ill thrill iifirlrrw, f « bwis 

m |Hill of tlio ill pmiii llir inrrliiiiiiriil work m 

FI griiiii-riii, 

Hinro 

f w IIHI ( 12 ) 

* ai’wlortititirt of gravity, thn tmThiuural work in, in id»o!wt« 
tinita, 

Flu 

* If amgnt’tir wituratioR in nwiinl, iJm« «o»r»<4 n>ia!ft«'n<' lao-ndv i’l tulii'n 
from tht* lungtiHitiituin rwrv«>, m llio urm t<» twr'-ti ita j l urvi) iumI th« 
vertitml lak, tw diiriMiod Ucfon*. 
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and situie 1 joules = 10^ absolute units, the mechanical work is 
K’o = Fig 10+^ joules. (13) 

From (11) an<l (12) then follows, 

FI = 2 g ~ /o)10+’’ grain-cm. (14) 

as the tncchanical tmrk of the electromagnet, and 

“ 2g j -" 10* grains (15) 

as the avoragis force, or pull of the electromagnet, during its 
stroke 1. 

Or, if we eomsider oidy a motion element dl, 

F =• ^ 10+* grams (16) 

as the force, or pull of the electromagnet in any position 1. 

Reducing from gram -centimeters to foot-pounds, that is, giving 
the stroke I in feet, the pull F in pounds, we divide by 

454 X 30.6 = 13,850 

wliich gives, after sulistituting for g from (12) 

(14) ; FI = 3.68 tV(La - Ei) ft.-lb (17) 

(15) : F « 3.68 tV lb. (18) 

(16): F - 3.68to*^jlb. (19) 

These eiiuations apply to the direct-current electromagnet 
as well as to (he alti^rnating-current electromagnet. 

In the alternaling-inirrent electromagnet, if fo is the effective 
value of (he current., F is the effective or average value of the 
pull, a, ml the pull or force of the electromagnet pulsates with 
double freciuency Ixdween 0 and 2F. 

63. In (he alternating-current electromagnet usually the vol- 
tage c.onsumed by the resistance of the winding, w, can be 
luiglecited c.ompanxi with the voltage consumed by the reactance 
of l.he winding, and the latter, therefore, is practically equal 
to (he (.(H'minal voUage, e, of the electromagnet. We have then, 
by the general equation of self-induction, 

' e s= 2 t fEio 


( 20 ) 






KLEVTitIV ilUniTS 


wluTe / - in eyelvn |M»r mTimtL 

Vnnn wliirh fuikiWH, 

“ 2 V (21) 

and milwtiliitiiiK (21) in ntjunfuniM (HMo (H», gives as tluM'qua- 
tion of f lic mirimnkal nHirk, nml Itw pull <i/ (hr <tltvriiating-r.umml 

ultrtrammjnH. 

In the syKtniii: 

i.« loir 9 rilllF 

4r/|| ■ (22) 

,, -* ri) HF III ilt 

i << ful I */!/ dl (22) 

In 

j (24) 

' II ~ f (25) 

Emmpk,--ln a flO-cyc!c iillcnmiitig-currciif lump magnet, 

the Htrokti is 3 cm., (he vntfngc, curiiiimcd nt fhe* conKfaiit alter- 

irnting current of 3 amp. in S volfa in the inifinl jxwitlon, 17 
voItH in the end imitbii, Wlmf i« Ihc average piiil of the 
magnet? 

I •> 3 cm. 

«i *■ H 

I!s - 17 

/ - im 

* U - 3 

bene.©, by (23), 

F » 122 grafiiH(» {).27 lli.) 

The work clone hy an elect romngnet, ami thus its j»n!I, depemd, 
by equation (22), on the current <0 ami tla* difference in volfage 
Iwtww'n tiio initial and the end jHisitiiin of the armature, ca “ «i; 
that w, dojmnd upon the difference in the voh-am|HTe.s wn- 


Htroko. With a given maximum voit-amia reH, w j, availalilc 
01 thfi olectromagnet, the? maximum wotk would flow he done, 
that iH, the greatest pull produei-d, if the vo!t-amjH>reM at the 
tmginmiig of the atroka were rero, that is, *, 0 , and the 

looretical maximum output of the magttet thtw would be 
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and the ratio of the a(d,ual output, to the theoretically maximum 
output, or the efficiency of the electromagnet, thus is, by (22) 
and (26) » 

E Ci — e\ 

n = — ~ — : — (27) 


Fn 


62 


or, using tins more! general equation (14), which also applies to 
the direct-current electromagnet, 

Li-Li , ^ 

V = (28) 

The efru-i<m(!y of the electromagnet, therefore, is the dif- 
f(n-(uui('. I)i4.we.(m maximum and minimum voltage, divided by the 
maximum voltage!; or the difference between maximum and 
minimum volt-ampere consumption, divided by the ma x im oTYi 
volt-ampere consumption; or the difference between maximum 
and minimum inductance, divided by the maximum inductance. 

As seen, this expression of efficiency is of the same form as 
that of the thermodynamic engine, 

% 

From (26) it also follows, that the maximum work which can 
be derived from a given expenditure of volt-amperes, is 
limited. For uet =» 1, that is, for 1 volt-amp. the maximum 
work, which could be derived from an alternating electro- 
magnet, is, from (26), 

•» ^ “ 4^ = — gram-cm. (29) 

That is, a 60-cycle electromagnet can never give more than 
12.5 gram-cm., and a 26-cycle electromagnet never more than 
32.4 gram-cm. pull per volt-ampere supplied to its terminals. 

Or inversely, for an average pull of 1 gram over a distance of 

1 c.m., a minimum of ji-g volt-amp. is required at 60 cycles, 

1 

and a minimum of ^2*4 volt-amp. at 25 cycles. 

Or, reduced to pounds and inches: 

l<'or an avcrag<! pull of 1 lb. over a distance of 1 in., at least 
86 volt-amp. ai*<! required at 60 cycles, and at least 36 volt- 
amp. at 25 (!ycl(!H. 

This gives a (!riterion by which to judge the success of the 
design of electromagnets. 
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ELECTRIC CIRCUITS 

3. The Constant-potential Alternating Electromagnet 

64. If a constant alternating potential, e„, i.s imprc'ssed upon an 
electromagnet, and the voltage eonsuined hy the resi.stan(H>, 
ir, can be neglected, the voltage eonsunu'd by the reactan<-e, x, Ls 
constant and is the terminal voU.ag(', co, thus the magnetic flux, 
4>, also is constant during the motion of tin' armature of the 
electromagnet. The current, i, ho\vc'V(T, varies, and d(M'r('ases 
from a maximum, ii, in the initial pttsition, to a minimum, in 
the end position of the armature, while the imiuctance inm'ases 
from Li to La- 

The voltage induced in the elect ric cirtnnt by tin* mot ion of 
the armature, 

c' = /J’ HI" (30) 

then is zero, and therefore also this tslecf ricial energy exjHsnded, 

HI « 0. 


That is, the electric circuit does no work, but tin* mechanical 
work of moving the armature is done by the stored magnetic 
energy. 

The increase of the stored magnetic energy is 


, iu^Li - iCLt 

r m 

A 


( 31 ) 


and since the mechanical energy, in joules, is by (Kij, 

Wi) "• Fig 10 ’ 

the equation of the law of conscirvatiun of energy, 

w m w' -j- u>« (32) 

then becomes 

0 - 2 + Fig Ut 

or 

El « 10’ grnm-em. (33) 

Since, from the equation of self-induction, in the initial posi- 
- tion, 

6o “ 2vfLUi (34) 

in the end position 
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substituting (34) and (35) in (33), gives the equation of the 
constant-potential alternating electromagnet. 

I'l ■= iQi grani-cm. (36) 

4 irjg 


and 


F 


C(i(n j;- ij) 

4 vfgl 


10 ^ 


Co 


di 


ivfg dl 


y 10’’ grams 


or, in foot-pounds, 

in = ffc.-ib. 

,, 0.586 cudi - ii) _ 0.586 eji di ,, 

fr' ^ T di 


(37) 

(38) 

(39) 


Substituting Q = ei ^ volt-amperes, in equations (36) to 
(39) of tlie constant-potential alternating electromagnet, and 
equations (22) to (25) of the constant-current alternating magnet, 
gives the same expression of mechanical work and pull: 


In metric system : 


F 

In foot-pounds: 


FI = 

aq 

4 irfgl 


FI 


- 10’ gram-cm. 
4:irfg 


(40) 

(41) 

(42) 


0.586 AQ _ 0.586 „ 

fl "/ dl 


•(43) 


where AQ = difference in volt-amperes consumed by the magnet 
in th (5 initial position, and in the end position of the armature. 
I3ot.h types of alternating-current magnet, then, give the same 


expression of efliciency, 



(44) 


wluire Qm is tlwi maximum volt-amperes consumed, corresponding 
to tile end position in the constant-current magnet, to the initial 
position in the constant-potential magnet. 

4. Short-circuit Stresses in Alternating-current Transformers 

66. At short-circuit, no magnetic flux passes through the sec- 
ondary coils of the transformer, if we neglect the small voltage 
consumed by the ohmic resistance of the secondary coils. If 
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tho supply aystoiu is Hufticicntly largt* U» iiuiintain <'(uistant 
voltage at the primary termiuala of the tnuisfnruier evtni at 
Khort-circuit, full magnelie flux passea through tlu' primary 
coila.i In (.hijj ctwe the total magnet ie tlux passea Ix'twwm 
primary coils and secondary niiis, ms self-imiuettve or leakage 
Ilux. If then x = aelf-imluctive m leakage react aiic(', e,, im- 

prmed e.mi.,‘la - -• is the short -circuit current of Hat trans- 
former. Or, if a.s usual the reactance is given in per cent., that 
is, the ix (whttro i « fttll-load current of the Iramsfonuer) givcti 
in per cent, of r, the short-circuit currctit is ihjuhI to the full-Ioa<l 
current dividcil hy the {K‘rcentage reaetatire. 'rims a trans- 
former with 4 per cent, reactance would give short-cinmil cur- 
rent, at maiutained supply Vititagc, of Ih'i times full-loatl current. 

To cjilculato the forcci, F, cxcrtctl by this magnetic leakage 
tlux on the transformer coils (whi<4i is n-pu!si«m, since primary 
and secondary currents flow in opjKisifc direct ion ) we may assume, 
at constant short-circuit curnuit, »o, the secondary c<als imived 
against this force, F, and until their magnetic” centcr.s cttincido 
with th(»w! of the primary coils; that i.H, by rim distance, f, as sinwn 
diagrammatically in Fig. 4I>, thcwH'tionof ashell-tyis* transformer. 
When brought to coincidence, tw magnetic flux piwscs lu'twcen 
primary and se-condary coils, and during flsis motion, of length, i, 
the primary coils thus have cut the tc»lid nuigiictic* flux, ‘I*, of the 
tnuisformer. 

Hereby in the primary coils a vcclfagc' htw Ihhui indneed, 

tht> 

/ - ft j‘- 10 " 

m 

whore n «• offtwtive nunilnT of primary turns. 

The work done or rather alsgtrlnnl by this voltage, at cmr- 
rent, io, is 




tlli# III ■ 


^ ^ If the temiml wllftgt imp al uti flit* iriiiirifi»rffirf 

rios, the magnetic flna thmugli lh« Iratwftirmrr iintntiriirii ♦|fti|i» m fit*' imitm 
proportion, and^tho mwimnimi fomwi in tlm 4riip mifti lliti 

square of the primal^ tomtod wltAge* iiinl witli ii gri'iif imp of llw* Itr- 
minal vol^p, at ^ooeiiii for loitoco witli largr t at lit** of 
a tranwttWon line or tong focdtn, tin* inirlmriirnl ft*rct*'4 ftiny to » 
smw fraction of th© which tlicf late m ii iynirin iiriieticiilli no* 
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If ii = leakage indvictance of the transformer, at short-circuit, 
where the entire Ilux, is leakage flux, we have 

Lin 


<1, = 

n 


(46) 

(47) 

(48) 


heinse, substituted in (45) 

w = io^L 

The stored magnetic energy at short-circuit is 

in^L 
= - 2- 

and since at the end of the assumed motion through distance, I, 
the leakage flux lias vanished by coincidence between primary 
and secondary coils, it« stored magnetic energy also has vanished, 
and the change of stored magnetic energy therefore is 

w' = Wi = ( 49 ) 

Hence, the mechanical work of the magnetic forces of the short- 
circuit current is 

Wn = w — w' = 2 ^'" (60) 

It is, howevi'r, if F is the force, in grams, Z, the distance between 
t,h(^ magnetic cimters of primary and secondary coils, 

Wi = Fig 10“’ joules. 

Hence, 

inN. 


FI 


2g 


10’ gram-cm. 


and 


p 10’ grams 

2 gl 


(51) 


(52) 


the mechanical force existing between primary and secondary 
coils of a transformer at the short-circuit current, in- 

Since at short-circuit, the total supply voltage, eo, is consumed 
by the leakage inductance of the transformer, we have 

en^2rSLin (^ 3 ) 

hence, substituting (53) in (62), gives 


„ Bnin 10 ’ 

F == -T^Trr grams 


4:Tfgl 
810 enin 

fl 


grams 


f54) 
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Example — in Ui<»7-kw. traiisfnnm*r, th»' supply 

voltage, ('» = ii2(K), the mirtaiuH* •( per (viit. 'ii„. 
former eontaiiiH two primary euila hetwi-ea tliree seonatiary eoils, 
and the distanee hetwiam the magaftie cfati-rs of thi* ndjacont 
eoila or half eoiln in 12 em., as slanva diagramaialieally ia kig, .| 5 _ 
What foree is eserteti on eaeh eoil faee dia-iag shorl-cimiif , in a 
syKtem which is so large jw to maiataia coast uat terminal voltage? 

At 5200 volts and 1007 kw., the faIl-h«Mi enrreat is 020 map. 
At 4 per cent, reaetnaee the shorl-eireait etirrenl therefore, 

H “ * HCMMI lyiifi. Ifrli tlirii givrMjor/ w 2r>, 

I « 12, 


F ^ I !2 X HI* ^mim 

»» 112 lr»ii! 4 . 


Thin force ih liet^wrH»ii tlie fnor fiiew <tf thr two {irinifiry 

coiln, and the forrwfKifidiiii fiirw nf liit^ wn'imiiiiry roilg, uric! 
on evcay coil facii thiii^ m oMcileil iJie fiirc*p 

F 

^ 2H 141104 


This is the awrage friree, iifiii I lie viirii^s wtfh dinihle 

frc<iuency, between Cl anti 51.1 Iciiis, iiinl is thus n lurge fiirrf\ 

66. Hvumtitntmg /« ■■ itj (fsl), givi-s ns tlie slittrl-etrenii farce 
X 


of an allernating-taurrent transformer, nl imiititiiineii lerniiiiat 
voltage, e«, the vahin 


„ eo‘ 10 ’ K! 0 f„’ 


(5.5) 


That is, the Hht»rt-«*ireuit stresses are nnersely j>rHj«<rttanaI 
to the leakt^^e reaetanco of the traiisforiner, am! t« the distaiice, 
I, between the coils. 

In large transformeni on systems «tf very large power, etifety 
thoreforii r(!{juirt»R the use of as high reaetunee a i poM* tide. 

High rtiac.tanco ia productsU by massing I fie coilH of earfi cir- 
cuit. 

Let in a transformer 


n • numlier of «ii! groniw 
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(where one coil is divided into two half coils, one at each end of 
the coil stack, as one secondary coil in Fig. 45, where n = 2) the 
mechanical force per coil face then is, by (55), 


W = K = = 810 eo^ 

2n Svjgnlx 2fnlx 

Let X == leakage reactance of transformer; 
Zo = distance between coil surfaces; 

Zi = thickness of primary coil; 
li = thickness of secondary coil. 


grams 


(56) 


Between two adjacent coils, P and /S in Fig. 45, the leakage flux 
density is uniform for the width Zo between the coil surfaces. 


” 1 

1 

♦ J 
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^ 


[ 







CO 

+ 

J 
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T3 



r 
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1 
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1 



i 

CO 
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t 



3 

J 



1 ^ ^ 




Fio. 45. 


and then decreases toward the interior of the coils, over the dis- 
tance respectively to zero at the coil centers. All the coil 

turns are intcsrlinked with the leakage flux in the width, Zo, but 
toward the interior of the coils, the number of turns interlinked 
with the hiakage flux decreases, to zero at the coil center, “d as 
the leakage flux dcmsity also decreases, proportional to the dis- 
tance from the coil center, to zero in the coil center, the 
linkages between leakage flux and coil turns decrease over e 

space I respectively |, proportional to the square of the distance 

from the coil center, thus giving a total interlinkage distance. 



where u is the distance from the coil center. 
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Thus the total interlinkagca of tho l(>akag(‘ flux with the 
turns are the same as that of a uniform l(‘akagt> flux (hmsit v 


This gives the <‘fT(*ef i v(‘ dist anci> lad w(>t>n 


coil centers, for the reactance calculation 


Assuming now wo regroup the fransfornu*r coils, so as to g<‘|. 
m primary and m secondary coils, l<'aving, how«‘v<T, t h<* same iron 
structure. 

The leakage flux density l>etween tin? cchls is hercdiy change<l in 
proportion to the changed munlMU' of aiajM-re-turns iht (‘oil, that 

ft 

is, by the factor — • 

The effective distamie hetwciui tin; coils, I, is changed hy the 
same factor 


The number of interlinktjges between leakage flux and eh'ctric 
circuits, and thus tht^ leakage reaedance, x, of lln^ transformer, 
thus is changed by the factor 


That is, by regrouping the transformer w’ijiding wit bin the sitme 
magnetic (iircuit and without changing the mimber of turns of the 
electric circuit, the leakages reuctatuH*, .r, changes inverse propor- 
tional to the square of the numlMW of coil groups. 

As by equation (56) the nieehanical force is inverse propor- 
tional to X, I and n, and z changes pretpurtion.'d fo ( J ) > / pro- 

fl 

portional to tho mechanical force per coil thiiM f*hiingcH 

proportional to 


lhat is, regrouping the trauftformcr wiitdiiig in the miiiiic wind- 
ing space changes the mechanical force iinanw proporlioiial to 
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the square of the <ioil group, thus inverse proportional to the 
change of leakage reacitance. 

However, the distance k between the coils is determined by in- 
sulation and vent ilal.ion. Thus its decrease, when increasing the 
number of e.oil groups, would usually not be permissible, but more 
winding space would have to be provided by changing the mag- 
netic circuit, and inversely, with a reduction of the number of 
coil groups, t.he winding space, and with it the magnetic circuit, 
would be reduced. 

Assuming, then, that at the change from ?i to m coil group, 
the distaiuse ladwcum the coils, U, is left the same. 

The effective leakage space then changes from 

7 7 I + ^2 

I « h “T — 

to - 

^ ‘ ^ m 6 , h + h 


and the leakage reactance thus changes from 


, n I' . 

X' = — yX> 

in I 

hence the mechanical force per coil, from 

„ F Co* 10’ 
^ “ Srfnglx 


F' _ 10’ 

^ “ 2;j; " 8x/ngiV 

_ p 

/, . n h 
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Thus, if - is large compared with 4, 



that is, the mechanical forces vary with Iht' siimu-e of (he munher 
of coil groups. 

If - " is small compared with L, 

IV * I'\ 

that is, the mechanical forces are no( changed hy t h(' change of 
the number of coil groups. 

In actual design, decrca.sing the number of <-oiI groups usually 
materially decreases the nu'chanical forces, but mn(<>rial!v le.ss 
than proportional to the square of the number of coil groups. 

6. Repulsion between Conductor and Return Conductor 

67. If io is the current flowing in a circuit consisting of a con- 
ductor and the return conductor parallel (hereto, and / (he dis- 
tance between the conductors, the two cotiductons rt‘pel each 
other by the mechanical forc«s exiu-ltsl by (he magneiit! fieUl of 
the circuit, on the current in the cotulucfor. 

^ As this case corresponds to that eonsidi'red in section 2, eejua- 
tion (16) applies, that is, 

The inductance of two parallel conductors, at distance / from 
each other, and conductor diameter h is, per c(;ntimeter huigth of 
conductor, 

/ 21 \ 

L =» ^4 log j- -b lij H)"” henrys ( 59 ) 

Hence, differentiated, 

dL 4 X I0-» 

dl " I "™ 

and, substituted in (16), 

^-^^irams (60) 


or substituting (12), 
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F = 


20.4 10-« 

1 


grains 


(61) 


If I - 150 cm. (5 ft.) 


this gives 


ia = 200 amp. 



F = 0.0054 grama per centimeter length of circuit, hence it is 
inappreciable. 

If, however, the conductors are close together, and the current 
very large, as the momentary short-circuit current of a large 
alternator, the forces may become appreciable. 

For example, a 2200-volt 4000-kw. quarter-phase alternator 
feeds througli single conductor cables having a distance of 15 cm. 
(6 in.) from each other. A short-circuit occurs in the cables, and 
the monumtary short-circuit current is 12 times full-load current. 
What is the repulsion between the cables? 

Full-load current is, per phase, 910 amp. Hence, short-circuit 
current, fo ““ 12 X 910 = 10,900 amp. I = 15. Hence, 

F - 100 grama per centimeter. 

. . . t 20.5 

Or multiplied by 


F 10.8 lb. per feet of cable. 

That is, pulsating between 0 and 21.6 lb. per foot of cable. 
Hence sufficient to lift the cable from its supports and throw it 


aside. . ... 

In the same manner, similar problems, as the opening oi ciis- 
connecting switches under short-circuit, etc., can be investigated. 
6. General Equations of Mechanical Forces in Magnetic Fields 
68. In general, in an electromagnetic system in which mechan- 
ical motions occur, the inductance,!/, is a function of the position, J, 
during tlie motion. If the system contains magnetic material, 
in general the inductance, L, also is a function of the current, 
especially if saturation is reached in the magnetic materia . 

Let, then, L = inductance, as function of the current, i, an 

position, 1 ; . • xu • i 

Li = inductance, as function of the current, ^, m the mitral 

position 1 of the system; ■ • i 

Li = inductance, as function of the current, i, m the e 

position 2 of the system. 
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If then $ = magnetic flux, n = munhcr of turns int(‘rlinked 
with the flux, the induced e.m.f. is 


We have, however. 


hence, 


e’ = n ^^'1' 10 

tit 


n'h - t'L 10"; 


(62) 


<HiL) 

(It 


(m) 


the power of this induced e.m.f. is 


p mi id' m I 


dt 


and the energy 


' - f 

r-'i 


/Ldi 


The stored magnetic energy in the initiai posiiimj 1 


w 


Wi 


In the end position 2, 


Wi 


£ 

'£‘^ 




min) 


(64) 


(65) 


( 66 ) 


and the mechanical work thus is, l.y the law of eons.‘rvution of 
energy 


mt W Wt + III I 

mh) + W(tL,) I id(iL.j) 


m 


and since the mechanical work is 

Wo - Fig l(>-» 


FI 


We have; 
107 


/aw - 


( 68 ) 

gram-cm. (69) 
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If L is not a function of tho current, i, but only of the position, 
that is, if saturation is absent, Li and La are constant, and equa- 
tion (69) becomes. 


FI 


9 


/: 


f i^Li — fa^La ] 

-I- ' 1 gram-cm. 


'I 

(a) If f = constant, equation (70) becomes. 


(70) 


FI = 


10’ -Li) 


9 2 
(Constant-current electromagnet.) 

(6) If L = constant, equation (70) becomes, 

FI = 0. 

That is, mechanical forces arc exerted only where the in- 
duotaru^e of t,lie (iircuit changes with the mechanical motion 
which would be produced by these forces. 

(c) If iL - constant, equation (70) becomes. 


FI 


~9 


ii) 


(Constant-potential electromagnet.) 

In tho general case, the evaluation of equation (69) can usually 
be made graphically, from the two curves, which give the varia- 
tion of Li with i in the initial position, of L^ with i in the final 
position, and the curve giving the variation of L and i with the 
motion from tho initial to the final position. 

In alternating magnetic systems, these three curves can be 
determined experimentally by measuring the volts as function 
of the amperes, in tho fixed initial and end jwsition, and y 
mciiusuring volts and amperes, as function of the mtermed y 
positions, that is, by strictly electrical measurement. _ 

As seen, however, the problem is not entirely de ermin 
the two end positions, but the function by which t and L are 
related to each other in the intermediate positions, naus aso e 
given. That is, in the general case, the mechanical 
thus the average mechanical force, are not determined y 
end positions of the electronaagnetic system. This again shows 

an analogy to thermodynamic relations. „n«itinn 

If then in case of a cyclic change, the vanation from p 
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1 to 2 is different from that from iiositioji 2 hact 
cyclic change produces or coasumes eiua-gy. 


Such a case is the hysteresis ey(d<'. 'Fla' naudion 
(see Theory and Calculation of KU;(d.rieal Apparatus) 
on such cycle. 
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CHAPTER VII 

SHAPING OF WAVES : GENERAL 

69. In alternating-current engineering, the sine wave, as shown 
in Fig. 46, is usually aimed at as the standard. This is not due to 
any inherent merit of the sine wave. 

For all those purposes, where the energy developed by the cur- 
rent in a resistance is the object, as for incandescent lighting, 
heating, etc., any wave form is equally satisfactory, as the energy 
of the wave depends only on its effective value, but not on its 
shape. 

With regards to insulation stress, as in high-voltage systems, a 
flat-top wave of voltage and current, such as shown in Fig. 47, 
would be preferable, as it has a higher effective value, with the 
same maximum value and therefore with the same strain on the 
insulation, and therefore transmits more energy than the sine 
wave, Fig. 46. 

Inversely, a peaked wave of voltage, such as Fig. 48, and such 
as the common saw-tooth wave of the unitooth alternator, is 
superior in transformers and similar devices, as it transforms the 
energy with less hysteresis loss. The peaked voltage wave, Fig. 
48, gives a flat-topped wave of magnetism, Fig. 47, and thereby 
transforms the voltage with a lesser maximum magnetic flux, than 
a sine wave of the same effective value, that is, the same power. 
As the hysteresis loss depends on the maximum value of the mag- 
netic flux, the reduction of the maximum value of the magnetic 
flux, due to a peaked voltage wave, results in a lower hysteresis 
loss, apd thus higher efficiency of transformation. This reduc- 
tion of loss may amount to as much as 15 to 25 per cent, of the 
total hysteresis loss, in extreme cases. 

Inversely, a peaked voltage wave like Fig. 48 would be objec- 
tionable in high-voltage transmission apparatus, by giving an un- 
necessary high insulation strain, and a fiat-top wave of voltage 
like Fig. 47, when impressed upon a transformer, would give a 
peaked wave of magnetism and, thereby an increased hysteresis 
loss. 


Ill 



The advantage of the sine wave is, t.hat if, rt'enuiis unchanged in 
shape under most conditions, while this is not tht* fa,s<' with any 
other wave shape, and any other wave shape thus iutnahna-s the 
danger, that under certain conditions, (>r in certain parts of the 
circuit, it may change to a shape which is umh>sirahl(> or ovcai 


Flos. 46 TO 46. 


Voltage, c, and current, i, are r<'Ia(<‘d to encitothiw by 
, by differentiation and by integration, with re- 
sistance, r, inductance, L, and capacity, C, m factors, 


and as the differentials wid integrals of siiuss art; Hint‘.H, as long as 
r, L and C arc constant— which is mostly the case — siru; waves of 
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voltage produce sine waves of current and inversely, that is, the 
sine wave shape of the electrical quantities remains constant, 

A flat-topped current wave like Fig. 47, however, would by 
differentiation give a self-inductive voltage wave, which is peaked, 
like Fig. 48. A voltage wave like Fig. 48, which is more efficient 
in transformation, may by further distortion, as by intensifica- 
tion of the triple harmonic by line capacity, assume the shape, 




Fia. 50. 


Fig. 49, and the latter then would give, when impressed upon a 
transformer, a double-peaked wave of magnetism, Fig. 50, and 
such wave of magnetism gives a magnetic cycle with two small 



Fig. 51. 

secondary loops at high density, as shown in Fig. 51, and an 
additional energy loss by hysteresis in these two secondary loops, 
which is considerable due to the high mean magnetic density, at 
which the secondary loop is traversed, so that in spite of the 
reduced maximum flux density, the hysteresis loss may be 
' increased. 

Therefore, in alternating-current engineering, the aim gener- 
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ally is to produce and use a wave which is a sine wave or 
nearly so. 

60. In an alternating-current generator, synchronous or in- 
duction machine, commutating machine, etc., the wave of voltage 
induced in a single armature conductor or “face conductor” 
equals the wave of field flux distribution around the periphery of 
the magnet field, modified, however, by the reluctance pulsations 
of the magnetic circuit, where such exist. As the latter produce 
higher harmonics, they are in general objectionabhi and to be 
avoided as far as possible. 

By properly selecting the length of the pole arc^ and the length 
of the air-gap between field and armature, a sitmsoidal field flux 
distribution and thereby a sine wave of voltages induced in the 
armature face conductor could be produced. In this dircHition, 
however, the designer is very greatly limited by economic con- 
sideration: length of pole arc, gap length, etc., an; det<irmined 
within narrow limits by the requirement of the economic use of 
the material, questions of commutation, of pole-face losses, of field 
excitation, etc., so that as a rule the field flux distribution and 
with it the voltage induced in a face conductor differs materially 
from sine shape. 

The voltage induced in a face conductor may contain even har- 
monics as well as odd harmonics, and often, as in most inductor 
alternators, a constant term. 

The constant term cancels in all turn windings, as it is equal 
and opposite in the conductor and return conductor of each turm 
Direct-current induction (continuous, or pulsating (uirrent) tlms 
is possible only in half-turn windings, that is, windings in which 
each face conductor has a collector ring at eitlu'r (uul, so-calUsl 
unipolar machines (see “Theory and Calculation of JOlcctrical 
Apparatus”). 

In every winding, which repeats at every pole or ISO (ih'ctrical 
degrees, as is almost always the case, the (wm harmonics cancel, 
even if they existed in the face conductor. In any machine in 
which the flux distribution in successive imles is 1h<^ samt*, iuul 
- merely opposite in direction, that is, in which the poh'S .an; symmet- 
rical, no even harmonies are induced, as tlui fndd flux disfributif)n 
contains no even harmonics. Even harmonics would, howeweir, 
exist in the voltage wave of a machine diisigned as shown diagram- 
matically in Fig. 62, as follows: 

The south poles S have about one-third th<! witlth of the north 
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poles N , and the armature winding is a unitooth 50 per cent, pitch 
winding, shown as A in Fig. 52. 

Assuming sinusoidal field flux distribution in the air-gaps under 
the poles N and S of Fig. 52, curve I in Fig. 53 shows the field 
flux distribution and thus the voltage induced in a single-face con- 
ductor. Curve II shows the voltage wave in a 50 per cent, pitch 
turn and therewith that of the winding A . As seen, this contains 
a pronounced second harmonic in addition to the fundamental. 
If, then, a second 50 per cent, pitch winding is located on the arma- 



ture, shown as B in Fig. 52, by connecting B and A in series with 
each other in such direction that the fundamentals cancel (that is, 
in opposition for the fundamental wave), we get voltage wave III 
of Fig. 53, which contains only the even harmonics, that is, is of 
double frequency. Connecting A and B in series so that the 
fundamentals add and the second harmonics cancel, gives the 
wave IV. If the machine is a three-phase F-connected alterna- 
tor, with curve IV as the voltage per phase, or F voltage, the 
delta or terminal voltage, derived by combination of two F vol- 
tages under 60°, then is given by the curve V of Fig. 53. Fig. 54 
shows the corresponding curves for the flux distribution of uni- 
form density under the pole and tapering off at the pole corners, 
curve I, such as would approximately correspond to actual con- 
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ditions. As seen, curve 111 as well as v are approximately sine 
waves, but the one of twice the frequency of (he otlier. Thus, 
such a machine, by reversing connections hi'twemi (In' two wiini- 
ings A and B, could be made to give two frequencies, one double 
the other, or as synchronous motor could run at, two speeds, one 
one-half the other. 


61. Distribution of the winding over an arc of t he pi'riphery of 
the armature eliminates or reduces the, higlu'r harmonies, so (hat 
the terminal voltage wave of an alternator with distrihuti'd wind- 
ing is less distorted, or more nearly sine-shaped, than that, of a 
single turn of the same winding (or that of a unitoot h alternator). 
The voltage waves of successive turns are slightly out of phase 
with each other, and the more rapid variations due to higher har- 
monics thus are smoothed out. In two armature turns tlilh'rent 
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in position on the armature circumference by 5 electrical degrees 
(“electrical degrees^’ means counting the pitch of two poles as 
360°), the fundamental waves are 5 degrees out of phase, the third 
harmonics 35 degrees, the fifth harmonics 55 degrees, and so on, 
and their resultants thus get less and less, and becomes zero for 
that harmonic n, where n5 = 180°. 



If . 

e = ei sin ^ + ez sin 3 (^---az) + ^5 sin 5 

+ e7,sin 7 a?) + • • • (1-) 

is the voltage wave of a single turn, and the armature winding of 
m turns covers an arc of co electrical degrees on the armature 
periphery (per phase), the coefficients of the harmonics of the 
resultant voltage wave are 
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En = Wifin aVK- <;os 


, -no} 

+ T 


UQ 

Y 


(2) 


or, since 


avg. cos 


+ 


no) 


2 . 710) 

“ HIU ■ 

no) 2 


no) 

’ ' 2 ^ 


and 


2m 


^ 2ni . fio) 

En — “ (m Bin 

nco 2 


= — I ei sm 2 Bin <?!> + sin y sm ;i(^ - as) 


(3) 


, 66 . 5ta . « . , , . 

+ g am y sm r>(^ - aj) + . 


/ (4) 

Thus, in a three-phase winding like that of (Ik* (hrefsphase 
synchronous converter, in which each pluwe (iovers an arc of 120“ 


2t 


^TT ... 0 ) V . 

= it is 2 = g, hence, 

E = I ei sm <i>- Bin 5i4> - a,) 

•+- y sin 7{^ — a^) — . 

that is, the third harmonic and all its multiples, the ninth, fif- 
teenth, etc., cancel, all other harmonics arc greatly retlui'ed,' the 
more, the higher their order. ' 

In a three-phase F-connected winding, in which each [ihase 

covers 60° = 30 ! the periphery, as ooimnonly used in indui’lion 

and synchronous machines, it is | hence, 

p _ 3w / . 2 . I 

^ I Cl sm -f I ej sin ‘i{4> — as) + - sin r>(t/> - a^) 

1 . 2 

- ^e7sin 7(i^ - aj) - gfijsin 9 (^ - «») 

1 . J ^ 

- jjeii sm 11(0 - atti) + jgeusin 13(0 - au) + - . . . j (6) 


(5) 
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Here the third harmonics do not cancel, but are especially large. 
Thus in a T-connected three-phase machine of the usual 60° 
winding, the Y voltage may contain pronounced third harmonics, 
which, however, cancel in the delta voltage. 

Thus with the distributed armature winding, which is now al- 
most exclusively used, the wave-shape distortion due to the non- 
sinusoidal distribution of the field flux is greatly reduced, that is, 
the higher harmonics in the voltage wave decreased, the more so, 
the higher their order, and very high harmonics, such as the seven- 
teenth, thirty-fifth, etc., therefore do not exist in such machines 
to any appreciable extent, except where produced by other causes. 
Such are a pulsation of the magnetic reluctance of the field due 
to the armature slots, or a pulsation of the armature reactance, as 
discussed in Chapter XXV of “Theory and Calculation of Alter- 
nating-current Phenomena,” or a space resonance of the armature 
conductors with some of the harmonics. The latter may occur 
if the field flux distribution contains a harmonic of such order, 
that the voltages induced by it are in phasein the successive arma- 
ture conductors, and therefore add, that is, when the spacing of 
the armature conductors coincides with a harmonic of the field 
flux, and the armature turn pitch and winding pitch are such that 
this harmonic does not cancel. 

Inversely, if two turns are displaced from each other on the 

1 TT 

armature periphery by ~ of the pole pitch, or — , and are connected 
in series, then in the resultant voltage of these two turns, the 
harmonics are out of phase by n times ~ , or by tt = 180°, that is, 

are in opposition and so cancel. 

Thus in a unitooth F-connected three-phase alternator, while 
each phase usually contains a strong third harmonic, the terminal 
voltage can contain no, third harmonic or its multiples: the two 
phases, which are in series between each pair of terminals, are 
one-third pole pitch, or 60 electrical degrees displaced on the 
armature periphery, and their third harmonic voltages therefore 
3 X 60 = 180° displaced, or opposite, that is, cancel, and no third 
harmonic can appear in the terminal voltage wave, or delta volt- 
age, but a pronounced third harmonic may exist and give 
trouble — in the voltage between each terminal and the neutral, or 
the Y voltage. 

62. By the use of a fractional-pitch armature winding, higher 
harmonics can be eliminated. Assume the two sides of the arma- 
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ture turn, conductor and return oondiuitor, are not separatcnl 
from each other by the full pitch of the field pole, or 180 eh'ct ricial 
degrees, but by less (or more); that is, eacdi armaf.ure turn or (ioil 
covers not the full pitch of the pole, hut th(‘ part, p less (or mor(>), 
that is, covers (1 ± p) 180°. The coil then is said to lu^ (1 j; p) 
fractional pitch, or has the pitch d(di(uency p. Tlu! voltages in- 
duced in the two sides of the coil then an^ not (‘<iual ami in j)hiis(', 
but are out of phase by 180 p for the fundaimuifal, and by ist) 
np for the w'*' harmonic. Thus, if np - I, for this /i*''' har- 
monic the voltages in the two sides of the coil niv (spial and oppo- 
site, thus cancel, and this harmonic is eliminated. 

Therefore, two-thirds pitch winding eliminates the tlurd har- 
monic, four-fifths pitch winding the fifth harmonic, etc. 

Peripherally displacing half the fiidd poh>s against, the ollu'r 
half by the fraction q of the pole pitch, or hy 180 q (‘leetrical de- 
grees, causes the voltages induced l>y tlu' two s<‘ts of field poles 
to be out of phase by 180 nq for the n‘'‘ harmonic, and then'hy 
eliminates that harmonic, for whicth -nq = 1. 

By these various means, if so <lesir(‘d, a numln'r of harmonics 
can be eliminated. Thus in a i -connected t hree-phase alternator 
with the winding of each phase covering (it) eh'ctrie.al th'gns's, 
with four-fifths pitch winding and half tin' ficdd poles ofTsi't against 
the other by one-seventh of the pole pitch, the third, fifth, and 
seventh harmonic and their multiples ar<‘ eliminated, (hat is, (he 
lowest harmonic existing in the t<irminal voltage of such a ma- 
chine is the eleventh, and the machine cont ains oidy (!m ('leventh, 
thirteenth, seventeeth, nintcenth, twenty-third, ’(vv(‘nty-ninth,’ 
thirty-first, thirty-seventh, etc. harmonics. As hy the'distrih- 
uted winding these harmonics are greatly (h'cre.'usc'd, it follows 
that the terminal voltage wave would h<> cdosely a situ', irresp('e- 
tive of the field flux distribution, iutsuming (hat no slot harm<»nies 
exist. 

63. In modern machine®, the voltagf* wav<' usually is very 
closely a sine, as the pronounced lower harmonies, camsf'd hy the 
field flux distribution, wMch gave the saw-(,t)o(h, fla(-(op, pejdv 
or multiple-peak effects in the former uni((»o(h tnaehim's, are 
^eatly reduced by the distributed winding and (he us(> of frac- 
tional pitch. Individual high harmonics, or pairsof high harmon- 
ics, are occasionally met, such as the sevemteenth and ninteenfh, 
or the thirty-fifth and thirty-seventh, et<!. 'I'Im'v- are dm^ to tfus 
pulsation of the magnetic fidd flux caused hy (he pulsation of the 
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field reluctance by the passage of the armature slots, and occa- 
sionally, under load, by magnetic saturation of the armature self- 
inductive fiux, that is, flux produced by. the current in an arma- 
ture slot and surrounding this slot, in cases where very many 
ampere conductors are massed in one slot, and the slot opening 
bridged or nearly so. 

The low harmonics, third, fifth, seventh, are relatively harm- 
less, except where very excessive and causing appreciable increase 
of the maximum voltage, or the maximum magnetic flux and 
thus hysteresis loss. The very high harmonics as a rule are rela- 
tively harmless in all circuits containing no capacity, since they 
are necessarily fairly small and still further suppressed by the 
inductance of the circuit. They may become serious and even 
dangerous, however, if capacity is present in the circuit, as the 
current taken by capacity is proportional to the frequency, and 
even small voltage harmonics, if of very high order, that is, high 
frequency, produce very large currents, and these in turn may 
cause dangerous voltages in inductive devices connected in series 
into the circuit, such as current transformers, or cause resonance 
effects in transformers, etc. With the increasing extent of very 
high-voltage transmission, introducing capacity into the systems, 
it thus becomes increasingly important to keep the very high 
harmonics practically out of the voltage wave. 

Incidentally it follows herefrom, that the specifications of wave 
shape, that it should be within 5 per cent, of a sine wave, which is 
still occasionally met, has become irrational: a third harmonic of 
5 per cent, is practically negligible, while a thirty-fifth harmonic of 
5 per cent. , in the voltage wave, would hardly be permissible. This 
makes it necessary in wave-shape specifications, to discriminate 
against high harmonics. One way would be, to specify not the 
wave shape of the voltage, but that of the current taken by a 
small condenser connected across the voltage. In the condenser 
current, the voltage harmonics are multiplied by their order. 
That is, the third harmonic is increased three times, the fifth 
harmonic five times, the thirty-fifth harmonic 35 times, etc. 
However, this probably overemphasizes the high harmonics, 
gives them too much weight, and a better way appears to be, to 
specify the current wave taken by a small condenser having a 
specified amount of non-inductive resistance in series. 

Thus for instance, if a: = 1000 ohms = capacity reactance of 
the condenser, at fundamental frequency, r = 100 ohms = re- 
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sistance in series to the condenser, the impedance of this circuit, 
for the n**" harmonic, would be 


2jn ^ j 
or, absolute, the impedance. 


100 - 

n 


+ «■' 


= 1000 


and, the admittance, 

^ 0.001 _ 

Vi + o.of/i^ 

and therefore, the multiplyinf; factor, 

l-OOf) n 

ii Vi + 0.01 

this gives, for 


n 

/ 

n 

/ 

1 

1.0 

13 

8.0 

3 

2.9 

15 

8.4 

5 

4.5 

25 

9.3 

7 

5.8 

35 

9.0 

' 9 

6.7 

45 

9.H 

11 

7.4 

00 

10.0 


Thus, with this proportion of resistance and rapacity, the maxi- 
mum intensification is tenfold, for Vi'.ry high harmonics, lly 
using a different value of the resistance, it v.m Ix^ made anything 
desired. 

A convenient way of judging on the joint (‘lT<'ct. of all harmonie.s 
of a voltage wave is by comparing the curnmt taken by such a 
condenser and resistance, with that taken by the .same eomh'nser 
and resistance, at a sine wave of impressed voll.ag(^, of tlm same 
effective value. 

Thus, if the voltage wave 

e = 600 + 18$ + 125 + 9? + 4» + 2u + liu 1 H0:.:i b 24a6 

= 600 { 1 + 0.033 + 0.02» + 0.0ir»7 + O.OOtiT,, |. D.btmu 

+ 0,006 1§ + 0.063a 4- 0.0431, I 
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(where the indices indicate the order of the harmonics) of effect- 
ive value 

^ = V 600^ + 182 -h 122 + 92 _|_ 42 ^ 22 + 32 H- 302 ^ 242 

= 601.7 

is impressed upon the condenser resistance of the admittance, yn, 
the current wave is 

i = 0.603 { 1 + 0.0873 + O.OQg + 0.0877 + 0.04459 + 0.0247ii 

+ 0.04 i 3 + 0.4623 + 0.3726 } 

= 0.603 X 1.173 
= 0.707 

while with a sine wave of voltage, of = 601.7, the current 
would be 

^0 = 0.599, 

giving a ratio 

= 1.18, 

?o ' 

or 18 per cent, increase of current due to wave-shape distortion by 
higher harmonics. 

64 . While usually the sine wave is satisfactory for the purpose 
for which alternating currents are used, there are numerous cases 
where waves of different shape are desirable, or even necessary 
for accomplishing the desired purpose. In other cases, by the 
internal reactions of apparatus, such as magnetic saturation, a 
wave-shape distortion may occur and requires consideration to 
avoid harmful results. 

Thus in the regulating pole converter (so-called ^'split-pole 
converter variations of the direct-current voltage are produced 
at constant alternating-current voltage input, by superposing a 
third harmonic produced by the field flux distribution, as discussed 
under ^'Regulating Pole Converter'^ in "Theory and Calcula- 
tion of Electrical Apparatus.'^ In this case, the third harmonic 
must be restricted to the local or converter circuit by proper 
transformer connections: either three-phase connection of the 
converter, or Y or double-delta connections of the transformers 
with a six-phase converter. 

The appearance of a wave-shape distortion by the third har- 
monic and its multiples, in the neutral voltage of F-connected 
transformers, and its intensifications by capacity in the secondary 
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circuit, and elimination by delta connection, haw been disiaiKHod 
in Chapter XXV of “Theory and Calculation of All.i'rnatinf?- 
current Phenomena. ” 

In the flickering of incandescent lamps, and (he .s(.cadines.s of 
arc lamps at low frequencies, a difference e.xisfw U'Um'u (,h<' flat- 
top wave of current with stoop zero, and (lu^ pc-aked wav(> with 
flat zero, the latter showing appreciabh'. flickering alrc'adj' at a 
somewhat higher frequency, as is to be (!X{)ee.(('<l. 

In general, where special wave shapiNs are desiraiih', llu'y arc 
usually produced locally, and not by (lu^ gcaierator d('.sign, as 
with the increasing consolidation of all ('leetric. power .supply in 
large generating stations, it becomes l('.s.s pennissible (o iiroduco 
a desired wave shape within the generator, as this is called upon 
to supply power for all purposes, and therefore (lu^ siiu' wave; as 
the standard is preferable. 

One of the most frequent causes of very pronounced wave- 
shape distortion, and therefore a very convenient nu'ans of i)ro- 
ducing certain characteristic deviations from sine shapes, is mag- 
netic saturation, and as instance of a typical wave-shapt^ distor- 
tion, its causes and effects, this will be more fully (liscus.st‘d in the 
following. 



CHAPTER VIII 


SHAPING OF WAVES BY MAGNETIC SATURATION 

66. The wave shapes of current or voltage produced by a closed 
magnetic circuit at moderate magnetic densities, such as are com- 
monly used in transformers and other induction apparatus, have 



Fig. 55. 


been discussed in Theory and Calculation of Alternating-cur- 
rent Phenomena.’’ • / 

The characteristic of the wave-shape distortion by magnetic 
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saturation in a closed magnetic circuit is the production of a high 
peak and flat zero, of the current with a sine wave of impresscnl 
voltage, of the voltage with a sine wave of ournmf, traversing the 
circuit. 
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In Fig. 55 are shown four magnetic cycle.s, corn'sponding re- 
spectively to beginning saturation: B = 15.4 kilolin(!S per cm.», 
H = 10; moderate saturation :J5 = 17.4,// « 20; high saturation: 
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Fig. 67. 


^ saturation: B * i!).7, // =» 

100. Pigs. 66, 57, 58 and 69 show the four <>nnv.sponding 

twf!! ™ iinpr<'.ss<>d voltage ami 

therefore sine wave of magnetic flux, B (neglecting fr drop in 
Rewinding, or rather, Cola the voltage imlmn'd hv (In' alternat- 
ing magnetic flux density B). In these four figures, t he maxi- 
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mum values of ^o, B and I are chosen of the same scale, for wave- 
shape comparison, though in reality, in Fig. 59, very high sat- 
uration, the maximum of current,/, is ten times as high as in Fig. 
56, beginning saturation. As seen, in Fig. 56 the current is the 
usual saw-tooth wave of transformer-exciting current, but slightly 
peaked, while in Fig. 59 a high peak exists. The numerical 
values are given in Table I. 



Fig. 58. 



Fig. 59. 


That is, at beginning saturation, the maximum value of the saw- 
tooth wave of current differs little from what it would be with a 
sine wave of the same effective value, being only 4 per cent, 
higher. At moderate saturation, however, the current peak is 
already 42 per cent, higher than in a sine wave of the same effective 
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value, and becomes 132 jK>r «'uf.. IukIht fluui in a sintv wav(‘ at 
the very high saturation of Fig. fli). ’ 

Inversely, while the maximum value.s <.£ current at tlu; higher 

Taium I 


lit,, wit. wifura.. 


Sine wave of voltage^ maxinnim*. . . . 

Maximum value of current, I. ....... . 

Effective value of current, X^/i ili. . . 

/ 

Form factor of current wave t ....... 

Ratio of effective currents. ........... 


ttriiiliw. urntum, tiuii. t Lm 

II-.17.4 /#«iSK7 

II Am a.4H :kko 3 % 

U),(K> 2i\AH) mM) U)().(K) 

14.1 29. H 4a.O 

1.04 L42 I.CIH 2.32 

^Am 1.47 3.11 4 . 4 g 
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III 
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saturations are two, five and ten times the maximum current 
value at beginning saturation, the effective values are only 1.47, 
3.1 and 4.47 times higher. Thus, with increasing magnetic satura- 
tion, the effective value of current rises much less than the maxi- 
mum value, and when calculating the exciting current of a satu- 
rated magnetic circuit, as an overexcited transformer, from the 
magnetic characteristic derived by direct current, under the as- 



Fig. 62 . 


sumption of a sine wave, the calculated exciting current may be 
more than twice as large as the actual exciting current. 

66. Figs. 60 to 63 show, for a sine wave of current, I, traversing a 
closed magnetic circuit, and the same four magnetic cycles given 
in Fig. 55, the waves of magnetic flux density, B, of induced vol- 
tage, e, the sine wave of voltage, eo, which would be induced, if the 

9 
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magnetic deiiRity, B, were a aine wnv(‘of t lie nuuk' iimxinuuu value 
and Fig. OIJ alao ahowa the etjuivah'iit aiiie wav(‘, c,, of fjjl 
(diatorfed) indueiui voltage wave, e. 

As awn, already at beginning aafurufion, Fig. f>0, the voltage 
peak is inoro than twice aa high iia it wotild be with .a nim- wave, 


I 8 * 18.? • i,.0 
j I «»too. «• s.u 

§ m ll.S 

3,W** 14 


wm. m. 


aaturattona to wnwinona vahiea: IH./i ti«iM*a the 

Fig. 68. 

wave, B, becaniea wore lunl wore Hat-topped 
»titfatioa, and fwally praetieully rert angular, in 

to W ^ drawn with the aawe maximum valuta 
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of current, I, flux density, B, and sine wave voltage, Co, for better 
comparison of their wave shapes. 

The numerical values are: 


Table II 



Begin- 
ning sat- 
uration, 
B«15.4 

Moder- 
ate sat- 
uration, 
5 = 17.4 

High 

satura- 

tion, 

5 = 19.0 

Very high 
satura- 
tion, 

5 = 19.7 

Sine wtwc of current, /, maxiinum 

10.0 

20.0 

50.0 

100.0 

Flat-top wave of magnetic density, B, 

maxiTDTim 

15.4 

17.4 

19.0 

19.7 

Peaked voltage wave e, maximum 

Pat'io 

7.4 

1.00 

18.8 

2.56 

35.5 

4.80 

73.0 

9.88 

Sine wave of voltage, Co, maximum, for 
RflTYie maximum flux 

3.08 

3.48 

3.80 

3,94 

Patio 

1.00 

1.13 

1.23 

1.28 

6 

PnrTYi fAotoT of Voltaire wave. — 

2.40 

5.40 

9.35 

18.50 

"o 




Equivalent sine wave of voltage, ei, maxi- 
mum 

3.95 

6.33 

9.58 

13.80 

'Ratio 

1.00 

1.60 

2.42 

3.50 

Cmn.xiTYm.'^ 

1.282 

1.864 

2.520 

3.500 






(maxima) . 

1.87 

2.97 

3.70 

5.28 







As seen, the wave-shape distortion due to magnetic saturation 
is very much greater with a sine wave of current traversing the 
closed magnetic circuit, than it is with a sine wave of voltage im- 
pressed upon it. 

With increasing magnetic saturation, with a sine wave of cur- 
rent, the effective value of induced voltage increases much more 
rapidly than the magnetic flux increases, and the maximum value 
of voltage increases still much more rapidly than the effective 
value: an increase of flux density, B, by 28 per cent., from begin- 
ning to very high saturation, gives an increase of the effective 
value of induced voltage (as measured by voltmeter) by 250 per 
cent., or 3.5 times, and an increase of the peak value of voltage 
(which makes itself felt by disruption of insulation, by danger to 
life, etc.) by 888 per cent., or nearly ten times. 

At very high saturation, the voltage wave practically becomes 
one single extremely high and very narrow voltage peak, which 
occurs at the reversal of current. 
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At the very high saturation, Fig. 63, the effective value, Ci, of 
the voltage is 3.5 times as high as it would be with a sine wave of 
magnetic flux; the maximum value, 6, is more than five times as 
high as it would be with a sine wave of the same effective value, 
6i, that is, more than five times as high, as would be expected 
from the voltmeter reading, and it is 18.5 times as high as it 
would be with a sine wave of magnetic flux. 

Thus, an oversaturated closed magnetic circuit reactance, 
which consumes Co = 50 volts with a sine wave of voltage, Co, and 
thus of magnetic density, 5, would, at the same maximum mag- 
netic density, that is, the same saturation, with a sine wave of 
current — as would be the case if the reactance is connected in ser- 
ies in a constant-current circuit — give an effective value of ter- 
minal voltage of ei = 3.5 X 50 = 175 volts, and a maximum peak 
voltage of c = 18.8 X 50 X \/2 == 1330 volts. 

Thus, while supposed to be a low-voltage reactance, Co = 50 
volts, and even the voltmeter shows a voltage of only ei = 175, 
which, while much higher, is still within the limit that does not 
endanger life, the actual peak voltage e = 1330 is beyond the 
danger limit. 

Thus, magnetic saturation may in supposedly low-voltage cir- 
cuits produce dangerously high-voltage peaks. 

A transformer, at open secondary circuit, is a closed magnetic 
circuit reactance, and in a transformer connected in series into a 
circuit— such as a current transformer, etc. — at open secondary 
circuit unexpectedly high voltages may appear by magnetic 
saturation. 

67 . From the preceding, it follows that the relation of alternat- 
ing current to alternating voltage, that is, the reactance of a closed 
magnetic circuit, within the range of magnetic saturation, is not 
constant, but varies not only with the magnetic density, B, but for 
the same magnetic density B, the reactance may have very differ- 
ent values, depending on the conditions of the circuit; whether 
constant potential, that is, a sine wave of voltage impressed upon 
the reactance; or constant current, that is, a sine wave of current 
traversing the circuit; or any intermediate condition, such as 
brought about by the insertion of various amounts of resistance, 
or of reactance or capacity, in series to the closed magnetic cir- 
cuit reactance. 

The numerical values in Table III illustrate this. 

/ gives the magnetic field intensity, and thus the direct current, 
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which produces the magnetic density, B — that is, the B-YL 
curve of the magnetic material. An alternating current of maxi- 
mum value, I, thus gives an alternating magnetic flux of maxi- 
mum flux density B, If I and B, were both sine waves, that is, if 



during the cycle current and magnetic flux were proportional to 
each other, as in an unsaturated open magnetic circuit, 6o, as given 
in the third column, would be the maximum value of the induced 

voltage, and Xq — j the reactance. This reactance varies with 
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the density, and greatly decreases with increasing magnetic satu- 
ration, as well known. 

However, if Co and thus B are sine waves, I can not be a sine 
wave, but is distorted as shown in Figs. 56 to 59, and the effective 
value of the current, that is, the current as it would be read by an 
alternating ammeter, multiplied by -\/2 (that is, the maximum 
value of the equivalent sine waves of exciting current) is given as 

ii. The reactance is then found as a:p = ^- This is the reactance 



of the closed magnetic circuit on constant potential, that is, on a 
sine wave of impressed voltage, and, as seen, is larger than a:o. 

^ If, however, the current, 7, which traverses the reactance, is a 
smewave, then the flux density,^, and the induced voltage are not 
sines, but are distorted as in Figs. 60 to 63, and the effective value 
ot the mduced voltage (that is, the voltage as read by alternating 
voltmeter), multipliedby (that is; the maximum of theequiva- 
lent sine wave of voltage) is given as Ci in Table III, and the true 
maximum value of the induced voltage wave is e. 
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The reactance, as derived by voltmeter and ammeter readings 
under these conditions, that is, on a constant-current circuit, or 
with a sine wave of current traversing the magnetic circuit, is 

Xc = J-; thus larger than the constant-potential reactance, Xp, 

Much larger still is the reactance derived from the actual maxi- 

& 

mum values of voltage and current: x^ = 



Fig. 66. 


It is interesting to note that Xmj the peak reactance, is approxi- 
mately constant, that is, does not decrease with increasing mag- 
netic saturation. (The higher value at beginning saturation, 
for I = 20, may possibly be due to an inaccuracy in the hysteresis 
cycle of Fig. 55, a too great steepness near the zero value, rather 
than being actual.) 

It is interesting to realize, that when measuring the reactance 
of a closed magnetic circuit reactor by voltmeter and ammeter 
readings, it is not permissible to vary the voltage by series resist- 
ance, as this would give values indefinite between Xp and Xcj de- 
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pending on the relative amount of resistance. To get Xp, the 
generated supply voltage of a constant-potential source muk be 
varied; to get x,,, the current in a constant-current circuit must 
be varied. As seen, the differences may amount to several hun- 
dred per cent. 

As graphical illustration, Fig. 64 shows : 

As curve I the magnetic characteristic, as derived with direct 
current. 

Curve II the volt-ampere characteristic of the closed circuit 
reactance, 7, eo, as it would be if 7 and B, that is, Co, both were sine 
waves. 

Curve III the volt-ampere characteristic on constant-potential 
alternating supply, ii, eo. 

Curve IV the volt-ampere characteristic on constant-current 
alternating supply, as derived by voltmeter and ammeter, 7, 
€i, and as ’ ’ 

Curve V the volt-ampere characteristic on constant-current 
alternating supply, as given by the peak values of 7 and e. 

Fig. 65 gives the same curves in reduced scale, so as to show F 
completely. 

Fig. 66 then shows, with B as abscissae, the values of the react- 
ances Xo, Xp, Xc, and 


Table III 


I 

B 

60 


ii ' 

eo 

Xp = T* 


ei 

e 

€ 

7> 

Po 

2.0 

7.30 


0.7300 









3.0 

10,00 


0.6670 







1 .00 


4.0 

11.50 


0.5750 



1 



1 .09 


5.0 

12.50 


0.5000 








1 .27 


7.5 

14.30 


0.3810 







1 .46 


10.0 

15.0 

15.40 

16.70 

3.08 

0.3080 

0.2230 

9.0 

0.342 

8.95 

0.395 

7.4 

0.74 

lrT"92 

2,37 

2.40 

20.0 

30.0 

17,40 

18.30 

3.48 

0.1740 

0.1220 

14.1 

0.247 

6.33 

0.310 

18.8 

0.94 

O . 'iii / 

4,20 

6.40 

40.0 

18.70 


0.0930 







6.00 


50.0 

75.0 

19.00 

19.35 

3.80 

0.0760 

0.0520 

29.8 

0.127 

9,58 

0.912 

36.6 

0.71 

7.86 

9.00 

9.35 

100. 0 
L25.0 

19.70 

19.85 

3,94 

0.0394 

0.0320 

43.0 

0.092 

13.80 

0.138 

73.0 

0.73 

14 . 10 
18.60 
OO QA 

18.6 . 

L50.0 

19.95 


0.0270 







AA . oU 

27.00 



68. Another way of looking at the phenomenon is this: while 
with increasing current traversing a closed magnetic circuit, the 
magnetic flux density is limited by saturation, the induced voltage 
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peak is not limited by saturation, as it occurs at the current rever- 
sal, but it is proportional to the rate of change of the magnetic 
flux density at the current reversal, and thus approximately pro- 
portional to the current. 

Thus, approximately, within the range of magnetic saturation, 
with increasing current traversing the closed magnetic circuit 
(like that of a series transformer) : 

The magnetic flux density, and therefore the mean value of in- 
duced voltage remains constant; 

The peak value of induced voltage increases proportional to the 
current, and therefore; 

The effective value of induced voltage increases proportional 
to the square root of the current. 

Thus, if the exciting current of a series transformer is 5 per cent, 
of full-load current, and the secondary circuit is opened, while the 
primary current remains the same, the effective v^tage consumed 
by the transformer increases approximately \/20 = 4.47 times, 
and the maximum voltage peak 20 times above the full-load 
voltage of the transformer. 

As the shape of the magnetic flux density and voltage waves are 
determined by the current and flux relation of the hysteresis cy- 
cles, and the latter are entirely empirical and can not be expressed 
mathematically, therefore it is not possible to derive an exact 
mathematical equation for these distorted and peaked voltage 
waves from their origin. Nevertheless, especially at higher satu- 
ration, where the voltage peaks are more pronounced, the equa- 
tion of the voltage wave can be derived and represented by a 
Fourier series with a fair degree of accuracy. By thus deriving 
the Fourier series which represents the peaked voltage waves, the 
harmonics which make up the wave, and their approximate val- 
ues can be determined and therefrom their probable effect on the 
system, as resonance phenomena, etc., estimated. 

The characteristic of the voltage-wave distortion due to mag- 
netic saturation in a closed magnetic circuit traversed by a sine 
wave of current is, that the entire voltage wave practically con- 
tracts into a single high peak, at, or rather shortly after, the mo- 
ment of current reversal, as shown in Figs. 63, 62, etc. 

With the same maximum value of magnetic density , J5, and thus 
of flux, the area of the induced voltage wave, and thus the mean 
value of the voltage, is the same, whatever may be the wave of 
magnetism and thus of voltage, since == /« dtf and the area of 
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the peaked voltage wave of the saturated magnetic circuit, e, thus 
is the same as that of a sine wave of voltage, eo. Neglecting then 
the small values of voltage, e, outside of the voltage peak, if this 
voltage peak of e is p times the maximum value of the sine wave, 

eo, its width is - of that of the sine wave, and if the sine wave of 
voltage, eo, is represented by the equation 


eo cos 4> 


( 11 ) 


the peak of the distorted voltage wave is represented, in first ap- 
proximation, by assuming it as of sinusoidal shape, by 


peo cos p 4 > 


( 12 ) 


That IS, the distorted voltage wave, e, can be considered as 
represented by peo cos p<t> within the angle 


TT TT 


( 13 ) 


and by zero outside of this range. 

^ approximately, from the consideration 

that the peak reactance, a:™, is independent of the saturation, or 
constant, smce it depends on the rate of change of magnetism 
wi currejrt near the zero value, where there is no saturation, and 
the ratio thus (approximately) constant. 

T?; saturation, in the range where the 

magnet c permeability is a maximum, the current, i, produces the 
«agnet.o flu., .„d thereby induce, the voltage, 


I 


( 14 ) 

n J?'' reactance, below saturation, of the maa- 
calculated from the dimensions and the 
S rf Bine 

If now, in the range of magnetic saturation, a sine wave of cur- 
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rent, of maximum value I, traverses the closed magnetic circuit, 
the peak value of the (distorted) induced voltage is 


6 Xml 


where 


Xm 


£ 

i 


(15) 

(16) 


is the T Tinximiim reactance of the magnetic circuit below satura- 
tion, derived by the assumption of sine waves, e' and i. 

If B is the maximum value of the magnetic density produced by 
the sine wave of current of maximum value, I, and, Co, the maxi- 
mum value of the sine wave of voltage induced by a sinusoidal 
variation of the magnetic density, B, the “form factor” of the 
peaked voltage wave of the saturated magnetic circuit is 

J 

V 


Co 


Co 


(17) 


thus determined, approximately. 

.As illustrations are given, in the second last column of Table 
III, the form factors, p, calculated in this manner, and in the last 
column are given the actual form factors, po, derived from the 
curves 60 to 63. As seen, the agreement is well within the un- 
certainty of observation of the shape of the hysteresis cycles, 
except perhaps at J = 20, and there probably the calculated 
value is more nearly correct. 

69. The peaked voltage wave induced by the saturated closed 
magnetic circuit can, by assuming it as symmetrical and counting 
the time from the center of the peak, be represented by the 
Fourier series. 


e = Oi cos ej) cLi COS 3 "b cos 5 -f- a? cos 7 <t> • 

= Sa„ cos n<ft 

where 


4 

a„ = - 1 e cos n<l> d<i> 

. irj# 

= 2 avg(e cos n4>)l 


(18) 

(19) 

( 20 ) 


The slight asymmetry of the peak would introduce some sine 
terms, which might be evaluated, but are of such small values as 
to be negligible. 

(fl) For the lower harmonics, where n is small compared to p, 
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cos is practically constant and = ] during the short voltn.. 
peak e - peo cos p^,, and it is, therefore, 

V 

an = 2avg(e)o 

T 

= 2 avg(peo cos p4>)o 

2 J-p 

= p avg(peo cos 
= 2 Co avg cos = - eo. 

TT 

(6) For the harmonic, where n = it is 

T 

o-p = 2 avg(peQ eos^ p(/))o 

2 r. 

= -avgCpeo cos2p0)* 

= 2 eo avg cos® = eo. 

(c) For still higher harmonics than n =o cos «= 

thereby rapidly decreases fin«n f «» 

at w -% i ^ <^ecrcases, finally becomes zero and then negative 

«‘'=- '-■<* » SS 5 

from I ^ ^ 

into (19), es can easily be derived by substituting (12) 


. 4 Ar 

~ zl I 

TrJo 


pco cos p<j> cos n<i) d4> 


( 21 ) 


(21) inteTOtest)™ C2) any more, but is rero. 


. 2peo 

TT 


f “° i (‘ + s ) 


sin 


- — — — S— 4- 

p -\- n ^ 




V — n 


SHAPING OF WAVES BY MAGNETIC SATURATION 141 



as the equations of the voltage wave distorted by magnetic 
saturation. 

70 . These coefficients, an, are very easily calculated, and as in- 
stances are given in Table IV, the coefficients of the distorted 
voltage wave of Fig. 62, which has the form factor p = 9.35. 


Table IV 



71 = 1 

3 

5 

7 

9 

11 

13 

15 

17 

19 

— = 1.270 

eo 

1.242 

1.188 

1.114 

1.018 

0.906 

0.786 

0.658 

0.528 

0.406 

n = 21 

23 

25 

27 

29 

31 

33 




~ = 0.292 
eo 

0.189 

0.101 

0.031 

-0.023 

-0.060 

-0.082 


1 



As seen, after n = 9, the values of an rapidly decrease, and be- 
come negative, though of negligible value, after n = 27. 

In Fig. 67 the successive values of — are shown as curve. 

Co 

In reality, the peaked voltage wave of magnetic saturation, as 
shown in Figs. 61 to 63, is not half a sine wave, but is rounded off 
at the ends, toward the zero values. Physically, the meaning of 
the successive harmonics is, that they raise the peak and cut off 
the values outside of the peak. It is the high harmonics, which 
sharpen the edge of the peak, and the rounded edge of the peak in 
the actual wave thus means that the highest harmonics, which 
give very small or negative values of an, are lower than given by 
equations (23), or rather are absent. 
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Thus, by omitting the highest harmonics, the wave is rounded 
off and brought nearer to its actual shape. Thus, instead of fol- 
lowing the curve, a„, as calculated and given in Fig. 67, we cut it 
off before the zero value of a„, about at n = 23, and follow the 

curve line, o'„, which is drawn so that = 9.35, that is, that 
the voltage peak has the actual value. 


4 Sin£(l 


'I u m u :i 

Fig. 67. 

Tie equation of the peaked voltage in Kg. 62 then becomes 

V I ois + I-'®* 7* 

+ 0 52^! 0 cos 15* 

-t- U.529 cos 17<f> + 0.400 cos 19.^ + 0.240 cos 21,/,}. 

Or, in symbolic writing, 

e “ + 1^42, + 1.1886 + 1.1147 + I.OI 89 + 0.906u 

+ 0.786i 6 + 0.658x6 + 0.529x7 + 0.400x9 + 0.2402x} 
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= 1.270 eo {li + 0.9783 + 0.9535 + 0.8777 + O.8OO9 + 0.713ii 
-f- 0.617 i3 + 0.517i 5 + O.4I617 + 0.315i9 “f* 0.1892i}. 

It is of interest to note how extended a series of powerful har- 
monics is produced. It is easily seen that in the presence of ca- 
pacity, these large and very high harmonics may be of consider- 
able danger. In any reactance, which is intended for use in series 
to a high-voltage circuit, the use of a closed magnetic circuit thus 
constitutes a possible menace from excessive voltage peaks if 
saturation occurs. 



i Fig. 68. 


71. Such high-voltage peaks by magnetic saturation in a closed 
magnetic circuit traversed by a sine wave of current can occur 
only if the available supply voltage is sufiiciently high. If the 
total supply voltage of the circuit is less than the voltage peak pro- 
duced by magnetic saturation, obviously this voltage peak must 
be reduced to a value below the voltage available in the supply 
circuit, and in this case simply the current wave can not remain 
a sine, but is flattened at the zero values, and with it the wave of 
magnetic density. 

Thus,, if in Fig. 62 the maximum supply voltage is E = 19.0, 
the maximum peak voltage can not rise to e = 35.5, but stops at 
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e<E, and when this value is reached, 1,ho mf-e of clnnee of fl 
density, B and thus of current, I, (I,wr(>as(>s, as shown hivL^^ 
m drawn lines. In dotted lines are added the curves <-or -esn ‘ f 
mg to unlimited supply voltage. The voltage peak is tlicM*^' 
reduced correspondingly broadened, and ndardCl and fl c ^ 

rent is flattened at and after its zero value tlie more fh i ' 

the maximum supply voltage ' ’ 

62"tor.'7»0.“ - - 

In other words, if p is the form factor of th(‘ distorted eeli 
mv«, which would, with uulimitcl volta„.' I,! „ ,7 'f 

the saturated maguetic circuit of ruaxiu.um .h.neiiy « I c J 
the maximum value of the sine wave of voltamt td, 1 

7t‘e7af 

‘ (24) 

and the maxiraura value of the oquivalcut sino wave of the die 
torted voltage, or the effective voltage read l,y voCote, 7 

'■ ■ Vf'*' (25) 

If now the maximuu. voltage is cut .low,, to H, by the 

■nutatron of the supply voltage, and | t„r„. factor be- 

comes 


E 

Co 


P 

S 


(26) 

S 1? 7c7uiSta 


e'l = Vp’’ eo = 

/-—Vff 
= VeoE, 

thus varies with the supply voltage, E. 
Ihe reactance then is 

«' = fj _ ^0 

Thus, for e = 35.5, = 19.0, it is ^ 


(27) 


(28) 


S = 1.87, 
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and as eo = 3.80; p — 9.35, it is 

V 


V 


e'l == 


9.58 


= 5.0, 

a 

Cl ^ 

V" g 1-37 

__ 0.192 


= 7.0, 


1.37 


1.40. 


These values, however, are only fair approximations, as they 
are based on the assumption 
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of sinusoidal shape of the 
peaks. ’ 

72. In the preceding, the 
assumption has been made, 
that the magnetic flux passes 
entirely within the closed 
magnetic circuit, that is, that 
there is no magnetic leakage 
flux, or flux which closes 
through non-magnetic space 
outside of the iron conduit. 

If there is a magnetic leak- 
age flux — and there must 
always be some — it somewhat 
reduces the voltage peak, the 
more, the greater is the pro- 
portion of the leakage flux to 
the main flux. The leakage 
flux, in open magnetic circuit, 
is practically proportional to 
the current, and that part of 
the voltage, which is induced 
by the leakage flux, therefore, 
is a sine wave, with a sine 
wave of current, hence does not 
contribute to the voltage peak. . 

Such high magnetic saturation peaks occur only in a closed 
magnetic circuit. If the magnetic circuit is not closed, but con- 
tains an air-gap, even a very small one, the voltage peak, with a 
sine wave of current, is very greatly reduced, since m the air-gap 
magnetic flux and magnetizing current are proportional. 

10 


Fig. 69. 
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Fia. 70. 


Thus, below saturation and even at beginning saturation, an 
air-gap in the magnetic circuit, of one-hundredth of its length 
makes the voltage wave practically a sine wave, with a sine wave 


of current, as discussed in “Theory and Calculation of Alternating- 
current Phenomena.” 


1 reduction of the voltage pisak by an air-gap o: 

69 and ^ of the magnetic circuit is shown in Pigs 

69, with the magnetic flux density, B, as abscissae, the 
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m.m.f. of the iron part of the magnetic circuit is shown as curve I. 
This would be the magnetizing current if the magnetic circuit 
were closed. Curve II show the m.m.f. consumed in an air-gap 
of 1 per cent, of the length of the magnetic circuit of curve I, 
and curve III, therefore, shows the total m.m.f. of the magnetizing 
current of the magnetic circuit with 1 per cent, air-gap. 

Choosing as instance the very high saturation B = 19.7, the 
same as illustrated in Fig. 63, and neglecting the hysteresis— 
which is permissible, as the hysteresis does not much contribute 
to the wave-shape distortion — the corresponding voltage waves 
are plotted in Fig. 70, in the same scale as Figs. 56 to 63: for a 
sine wave of current, curves Fig. 69 give the corresponding values 
of magnetic flux, and from the magnetic flux wave is derived, as 


— , the yoltage wave. The waves of magnetism are not plotted. 

eo is the sine wave of voltage, which would be induced by a sinu- 
soidal variation of magnetic flux; e is the peaked voltage wave 
induced in a closed magnetic circuit of the same maximum values 
of magnetism, of form factor p = 18.5 (the same as Fig. 63), 
and 62 is the voltage wave induced in a magnetic circuit having 
an air-gap of 1 per cent, of its length. As seen, the excessive 
peak of 6 has vanished, and 62 has a moderate peak only, of form 

factor p = 1.9. , „ ^ ■ j • 

Even a much smaller air-gap has a pronounced effect m reducing 

the voltage peak. Thus curves IV and V show the m.m.fs. of 
the air-gap and of the total magnetic circuit, respectively, 
when containing an air-gap of one-thousandth of the length of 
magnetic circuit. 61 in Fig. 70 then shows the voltage wave 
■corresponding to V in Fig. 69: of form factor p — 7.4. , . , , 

Thus, while excessive voltage peaks are produced in a highly 
saturated closed magnetic circuit, even an extremely small air- 
gap such as given by some butt-joints, materially reduces the 
peak: from form factor p = 18.5 to 7.4 at one-thousandth gap 
length, and with an air-gap of 1 per cent, length, only a moderate 
peakedness remains at the highest saturation, while at lower 
saturation the voltage wave is practically a sine. 

73, Even a small air-gap in the magiietic circmt of a reactor 
greatly reduces the wave-shape distortion, that is, makes the 
voltage wave more sinusoidal, and cuts off the saturation peak. 
The latter, however, is the case only with a complete air-gap. 
A partial air-gap or bridged gap, while it makes the wave shape 
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more sinusoidal elsewhere, does not rcdu(;(^ hut, Kri'atly increases 
the voltage peak, and produces excessive^ jx^aks (n'(>n below satura- 
tion, with a sine wave of current, and suc.h bridged gaps arc there- 
fore, objectionable with series reactors in high-voltage circuits' 
In shunt reactors, or reactors having a constant sine wave of im- 
pressed voltage, the bridged gap merely produces a slu)rt flat zerJ 
of the current wave, thus is harmless, atul for tlu^so purposes 
the bridged gap reactance — shown diagrammatically in Fig ji 
—is extensively used, due to its constructive advantages: greater 
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rigidity or structure and, therefore, absence of noise, and induced 
magnetic stray fields and eddy-current lossi^s resulting the.refrom. 

of the gap is bridgiul, and that (,hc 
lengh of the gap is. one one-hundredth that of the entire inag- 

ThrXlT ’ ^ diagrammatically in Fig. 71. With such 

brS narrow iron 

saturated, thus carry the flux density 
saturation density, = 20 kilolines 

Front magnet, ijiing force in the gap. 

For one-tenth of the ga'p, the flux density thus is II -f- / for 


, 
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B = H + O.IS = H + 2, 
or, if p = bridged fraction of gap, 

B = H + pS. 

Curve II in Fig. 71 shows, with the average flux density, B, as 
abscissae, the m.m.f. required by the gap, 

H = B -O.IS 
= B-2, 

while curve I shows the m.m.f. which an unbridged gap would 

require. . • j 

Adding to the ordinates of II the values of the m.m.f. required 
for the iron part of the magnetic circuit, or the other 99 per cent., 
gives as curve III the total m.m.f. of the reactor. 

The lower part of curve III is once more shown, with five times 
the absciss© B, and 1000, 100 and 10 times, respectively, the 

ordinates H, as IIIi. Ills, IHs. ^ 

74. From B = 2 upward, curve III is practically a straight 
line, and plotting herefrom for a sine wave of current, I and thus 
m.m.f., H, the wave of magnetism, B, and of voltage, e, these curves 
become within this range similar to a sine wave as shown as B and 
e in Fig. 72. Below B = 2, however, the slope of the B-H 
curve and with this their wave shapes change enormously. The 
B wave becomes practically vertical, that is, B abruptly reverses, 
and corresponding thereto, the voltage abruptly rises to an ex- 
cessive peak value, that is, a high and very narrow voltage peak 
appears on top of the otherwise approximately sine-shaped 

voltage wave, e. , . . 

Choosing the same value as in Fig. 60, B = 15.4 or beginning 
saturation, as the maximum value of flux density: at this, in an 
entirely closed magnetic circuit the voltage peak is still moderate. 
On the B-H curve. Ill of Fig. 71, the flux density, B = 15.4, 
requires the m.m.f., H = 14.4 If then B and H would vary 
sinusoidally, giving a sine wave of voltage, eo, the average value 
of this voltage wave, eo, would be proportional to the average rate 

of magnetic change, or to | = = 1-07, and the maximum 

value of the sine wave of voltage would be ^ as high, or, 

TT B 1.07 TT 
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The maximum value of the actual voltage curve, e, occurs at 
the moment where B passes through zero, and is, from curve III 

_ 290 

This, then, is the peak voltage of the acstual wave, while, if it were 
a sine wave, with the same maximum magnetic flux, the maxi- 
mum voltage would be Co = 1.68. 

The voltage peak produced by the bridged gap and the form 
factor thus is 

e 680 ... 





that IS, 345 times higher than it would be with a sine wave. 

Obviously, such peak can hardly ever occur, as it is usually 
beyond the limit of the available supply voltage. It thus means 
that during the very short moment of time, when during the 
cmrent reversal the flux density in the iron bridge of the gap 
changes from saturation to saturation in the reverse direction 
a voltage peak rises up to the limits of voltage given by the sup- 
ply system. This peak is so narrow that even the oscillograph 
usually does not completely show it. 

However, such practically unlimited peaks occur only in a 
perfectly closed magnetic circuit, containing a bridged gap If 
in addition to the bridged gap of 1 per cent., an unbridgod gap of 
0.1 per cent.— such as one or several butt-joints— is present 

Ed uif 

_ TT i? T 16.4 

“ “ 2 W - 2 iT95 = 


hence, the relative voltage peak, or form factor, 


additional gap of one one-thousandth of the 

times Circmt, the peak voltage is reduced from 345 

Descent ft ® ^0 less than 2 

per cent, of its previous value. 

As seen from the reasoning in paragraph and Fig. 67, the 
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peaked wave of Fig. 72 contains very pronounced harmonics up 
to about the 701th, which at 60 cycles of fundamental frequency, 
gives frequencies up to 42,000, or well within the range of the 
danger frequencies of high-voltage power transformers, that is. 



I’m. 72. 


frequencies with which the high-voltage coils of transformers, as 
circuits of distributed capacity, can resonate. , . 

76 . Magnetic saturation, and closed or partly closed mag 
circuits thus are a likely source of wave-shape distortion, resulting 
in high voltage peaks, and where they are liable to occur. 
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current transformers, series transformers at open secondary cir- 
cuit, autotransformers or reactors, etc., they may be guarded 
against by using a small air-gap in the magnetic circuit, or by 
providing the extra insulation required to stand the voltage, and 
the secondary circuit, even if of an effective voltage which is not 
dangerous to life when a sine wave, should be carefully handled 
as the voltage peak may reach values which arc dangerous to 
life, without the voltmeter — which reads the effective value- 
indicating this. 

Inversely, such voltage peaks are intentionally provided in 
some series autotransformers for the operation of individual arcs 
of the type, in which slagging and consequent failures to start may 
occur, due to a high-resistance slag covering the electrode tips. 
By designing the autotransformer so as to give a very high voltage 
peak at open circuit — and providing in the apparatus the insula- 
tion capable to stand this voltage — reliability of starting is se- 
cured by puncturing any non-conducting slag on the electrode 
tips, by the voltage peak. 

These high voltage peaks, produced by magnetic saturation, 
etc., greatly decrease and vanish if considerable current is pro- 
duced by them. Thus, when the secondary of a closed magnetic 
circuit series transformer is open, at magnetic saturation, a high 
voltage peak appears; with increasing load on the secondary, 
however, the voltage peak drops and practically disappears 
already at relatively small load. Thus such arrangements are 
suitable for producing voltage peaks only when no current is 
required, as for disruptive effects, or only very small currents. 


CHAPTER IX 


WAVE SCREENS. EVEN HARMONICS 

76. The elimination of voltage and current distortion, and 
production of sine waves from any kind of supply wave, that is, 
the reverse procedure from that discussed in the preceding chapter, 
is accomplished by what has been called “wave screens.” 

Series reactance alone acts to a considerable extent as wave 
screen, by consuming voltage proportional to the frequency and 
the current, and thereby reducing the harmonics of voltage in 
the rest of the circuit the more, the higher their order. 

Let the voltage impressed upon the circuit be denoted sym- 
bolically by 

e = Cl + 63 + 65 + 67 + • • • 

= S e„ (29) 

where n denotes the order of the harmonic of absolute numerical 
value Cn. 

If, then, the reactance x (at fundamental frequency) is inserted 
into the circuit of resistance, r, the impedance is 

2 i = a/ 7-2 -f for the fundamental frequency, and 

z„ = for the nth harmonic, (30) 

and the current thus is 

. ^ 6 _ 6 

z 

or, denoting 

r 

X 

it is 

I + 

^ ^-\/ 1 + c * + c * 

a:V25 + 
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(31) 

(32) 

+ . . . ( 33 ) 
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if r is small compared with x, is negligible compared with 1 
9, 25, etc., and it is 




that is, the current, i, and thus the voltage across the resistance, r 
shows the harmonics of the supply voltage, e, reduced in propor- 
tion to their order, n. 

Even if r is large compared with x, and thus c®>l, finally c* 
becomes negligible with n\ and the harmonics decrease with their 
order. 

77 . The screening effect of the series reactance is increased by 
shunting a capacity, C, beyond the inductonce, L, that is, across 
the resistance, r, as shown in Fig. 73. By consuming current 


L 




( 

C 




Fig. 73. 


Fig. 74. 


proportional to frequency and voltage, the condenser shunts the 
more of the current passing through the reactance, the higher the 
frequency, and thereby still further reduces the higher harmonics 
of current in the resistance, r, and thus of voltage across this re- 
sistance. Its effect is limited, however, by the decreasing voltage 
distortion at r and thus at the condenser, C. 

Thus the SCTeening effect is still further increased by inserting 
a second inductance, L, beyond the condenser, C, in series to the 
resistance r, as shown in Fig. 74. By making the second induct- 
ance equal to the first one, and making the condenser, C, of the 
same reactance, for the fundamental wave, as each of the two 
inductances, we get what probably is the most effective wave 
screen. This T-connection or resonating circuit will be discussed 
more fully m Chapter XIV, in its feature of constant-potential 
constant-current transformation. 

Under the condition, that the two inductive reactances and the 
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capacity reactance are equal, the equation of the current in the 
resistance, r, is (page 291), for the nth harmonic, 

r _ i£o 

^ xn{n^ - 2) - jr(n“ - 1) 

or, absolute, 

• 1 — 

X V^2(n“ - 2)2 + - 1)" 


(34) 

(35) 


where 



(36) 


If c is small, that is, r 
becomes 

i 

or, for higher values of n. 


small compared 


xn (n^ — 2) 


eo 


with X, the current 

(37) 

(38) 


that is, it decreases with increasing order of harmonic, and pro- 
portional to the cube of the order n, thus shows an extremely 

rapid decrease. . , \ , j • 

If c is not negligible, the denominator in (35) is larger, and i, 

therefore, still smaller. , xu .n, i 

As illustration may be shown the current, io, and thus the vol- 
tage, eo, across a resistance, r, under the very greatly distorted 

and peaked voltage of Fig. 62; 

(a) for a series reactance, x, equal to r, that is, c = 1 , 

(b) for the complete wave screen of two inductances and one 

capacity. 

It is ' 

impressed voltage, 

6 = 1.27 Co { lx + 0.9783 + 0.935s + 0.877^ + O. 8 OO 0 + 0.713xx 
-h 0.617,3 -h 0.517,5 + 0.416x7 + 0.315x9 + Q.lSOj,}. 

(a) Reduction factor of the nth harmonic, 

1 _ 1 

•v/n® + -v/n^ + 

hence, 

^ e J 1,^ + 0.4423 -t- 0.2586 + 0.1757 -1- 0.1259 + 0.091ii 

V2 I ■ 

+ 0.067x3 ■+■ 0.049x5 + 0.034,7 + 0.023,9 -f O.OlSa,}. 
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(b) Reduction factor of the nth harmonic, 


n(n^ — 2)’ 

hence, 

62 = 1.27 60 {li + 0.0473 + O.OO85 + 0.003? + O.OOI9 + O.OOln}. 

That is, the third harmonic is reduced to less than 5 per cent, 
the fifth to less than 1 per cent., and the higher ones are practically 
entirely absent. 

While in the supply voltage wave, c, the voltage peak (by adding 
the numerical values of all the harmonics: 1 + 0.978 + 0.935 + 
. . .) is 7.36 times that of the fundamental wave, it is reduced 
by series reactance to less than 2.28 times the maximum of the 
fundamental wave, that is, very greatly reduced, and by the 
complete wave screen to less than 1.06 times the maximum of 

the fundamental. That is, in the last case 

the voltage is practically a perfect sine 
wave. 

78 . By “wave screens” the separation of 
pulsating currents into their alternating and 
their continuous component, or the separa- 
tion of complex alternating currents — and 
thus^ voltages — into their constituent har- 
monics can be accomplished, and inversely, 
the combination of alternating and continuous currents or vol- 
ta^s into resultant complex alternating or pulsating currents. 

The simplest arrangement of such a wave screen for separating, 
or combining alternating and continuous currents into pulsating 
ones, IS the combination, in shunt with each other, of a capacity, 

C , ^nd an inductance, L, as shown in Fig. 75. If, then, a pulsating 
voltege, 6, IS impressed upon the system, the pulsating current, i, 
produced by it divides, as the continuous component can not 
pass through the condenser, C, and the alternating component 
IS arre y the inductance, L, the nacre completely, the higher 
this inductance. Thus the current, it, in the apparatus. A, is a 
true alternating current, while the current, io, in the apparatus, C, 

IS a slightly pulsating direct current. 

Inversely, by placing a source of alternating voltage, such as 
an alternator or the secondary of a transformer, at .4, and a source 
of continuous voltage, such as a storage battery or direct-current 
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generator, at C, in the external circuit a pulsating voltage, e, and 
pulsating current, i, result. 

If the capacity, C, is so large as to practically short-circuit the 
alternating voltage, and the inductance, L, so high as to practically 
open-circuit the alternating voltage, the separation— of combi- 
nation — is practically complete, and independent of the frequency 

of the alternating wave. _ 

Wave screens based on resonance for a definite frequency by 
series connection of capacity and inductance, can be used to sepa- 
rate the current of this frequency from a complex current or 
voltage wave, such as those given in Figs. 56 to 63, and thus can 
be used for separation of 


complex waves into their 
components, by '^harmonic 
analysis.” 

Thus in Fig. 76, if the 
successive capacities and in- 
ductances are chosen such 
that 

2 tt/Li = ^ 


0.3 


Cs 


6 tt/Ls = 


2rfCi^ 

1 

6 irfCz^ 
1 


10 TTfL, - 10 ^fCl’ 
2n irfLn = 2 TrfnCn 


(39) 


Ct 


^OTl_0_ 

zulWl Q- 


Fig. 76. 


where / = frequency of the fundamental wave. 

Then, through any of the branch circuits C„, L„, only the nth 
harmonic, in, can pass to an appreciable extent. ^ 

Such resonant wave screen, however, has the serious disadvan- 
tage to require very high constancy of /, since the resonance condi- 
tion between Cn and L» depends on the square of /, 

1 = Air^^Ln. 

C n 

79. Even harmonics are produced in a closed magnetic circuit 
by the superposition of a continuous current upon the alternating 
wave. With an alternating sine wave impressed upon an iron 
magnetic circuit, saturation, or in general the lack of proportional- 
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ity between magnetic flux and m.m.f., produces a wave-shape dis 
tortion, that is, higher harmonics, of voltage with a sine wave of 
current, of current with a sine wave of impressed voltage The 
constant term of a wave, however, is the first even harmonic and 
thus, if the impressed wave comprises a fundamental sine and a 



77 . 


continuoiT’cment f of impressed voltage a 

oscfllates sinusoidally^ norbet'^^^®'*’ “^gnetic flux then 

h„+K»+ “'"“®°ioauy, not between equal and opposite values 

op os ofrsi;t:^ 

eX NS^tinl f I ^nsymmetrical magnetic 

g g again hysteresis, that is, assuming the rising 
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and the decreasing magnetization curve as coincident — which is 
permissible as approximation, since the hysteresis contributes 
little to distortion — and choosing the same magnetization curve 
as in the preceding, curve I in Fig. 64, we may as an instance con- 
sider a sinusoidal magnetic pulsation between the limits -fl5.4 
and +19.7, corresponding to a variation of the m.m.f. between 
H = +10 and H = +100. 

Fig. 77 then gives, as curve B, the sinusoidally pulsating mag- 
netic flux density. Taking from curve I, Fig. 64, the values of H 
corresponding to the values in curve B, Fig. 77, gives curve H. 
This, resolved (“Engineering Mathematics,” paragraph 92) 
gives the constant term io = 36, and the alternating current, i. 
The latter is unsymmetrical, having one short half-wave of a peak 
value 64, and one long half-wave of maximum value 26. It thus 
resolves into the odd harmonics, ii, alternating between ±45, a,nd 
the even harmonics, mainly the second harmonic, alternating 
between maximum values +18 and —15. ii is peaked with flat 
zero, thus showing a third harmonic, which is separated as is, and 
ii is unsymmetrical, showing further even harmonics, which are 
separated as u, but are rather small. 

Thus the pulsating exciting current of the sinusoidally varying 
unidirectional magnetic flux ‘ 

B = 17.55 + 2.15 cos (l> 

is given by 

H = 36 + 37cos<^> + 16.5cos2<^ + 8cos3(/> + 2 cos4<^ + . . 

Instead of superimposing a direct current upon an alternating 
wave, as by connecting in series an alternator and a direct-current 
generator or storage battery, two separate coils can be used on the 
magnetic circuit, one energized by an alternating iinpressed vo - 
tage, the other by a direct current. A high inductive reactance 
would then be connected in the latter circuit, to eliminate the 
current pulsation which would be caused by the alternating vol- 
tage induced in this coil. _ _ _ - 

Connecting two such magnetic circuits with their direct-current 
magnetizing coils in series, but in opposition (without the use of a 
series reactance) eliminates the induced fundamental wave, but 
leaves the second harmonic in the direct-current circuit, which 
thus can be separated. Numerous arrangements can then be de- 
vised by two magnet cores energized by separate alternating- 
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current exciting coils and saturated by one common direct-current 
exciting coil, surrounding both cores, or their common return etc 
80. The preceding may illustrate some of the numerous wave- 
shape distortions which are met in electrical engineering, their 
characteristics, origin, effects, use and danger. Numerous other 
wave distortions, such as those produced by arcs, by unidirec- 
tional conductors, by dielectric effects such as corona, by Y con- 
nection of transformers for reactors, by electrolytic polarization, 
by pulsating resistance or reactance, etc., are discussed in other 
chapters or may be studied in a similar manner. 


CHAPTER X 


INSTABILITY OF CIRCUITS : THE ARC 
A. General 

81. During the earlier days of electrical engineering practi- 
cally all theoretical investigations were limited to circuits in stable 
or stationary condition, and where phenomena of instability 
occurred, and made theniselves felt as disturbances or troubles in 
electric circuits, they either remained ununderstood or the theo- 
retical study was limited to the specific phenomenon, as in the 
case of lightning, dropping out of step of induction motors, hunt- 
ing of synchronous machines, etc., or, as in the design of arc lamps 
and arc-lighting machinery, the opinion prevailed that theoretical 
calculations are impossible and only design by trying, based on 
practical experience, feasible. 

The first class of unstable phenomena, which was systemat- 
ically investigated, were the transients, and even today it is Ques- 
tionable whether a systematic theoretical classification and in- 
vestigation of the conditions of instability in electric circuits is 
yet feasible. Only a preliminary classification and discussion 
of such phenomena shall be attempted in the following. 

Three main types of instability in electric systems may be 
distinguished : 

I. The transients of readjustment to changed circuit con- 
ditions. _ ... 

II. Unstable electrical equilibrium, that is, the condition in 

which the effect of a cause increases the cause. 

III. Permanent instability resulting from a combination of 
circuit constants which can not coexist. 

I. Tkansibnts 

82. Transients are the phenomena by which, at the change of 
circuit conditions, current, voltage, etc., readjust themselves 
from the values corresponding to the previous condition to the 
values corresponding to the new condition of the circuit. For m- 
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stance, if a switch is closed, and thereby a load put on the circuit 
the current can not instantly increase to the value corresponding 
to the increased load, but some time elapses, during which the 
increase of the stored magnetic energy corresponding to the in- 
creased current, is brought about. Or, if a motor switch is closed 
a period of acceleration intervenes before the flow of current be- 
comes stationary, etc. 

The characteristic of transients therefore is, as implied in the 
term, that they are of limited, usually very short duration, inter- 
vening between two periods of stationary conditions. 

Considerable theoretical work has been done, more or less 
systematically, on transients, and a great mass of information is 
thus available in the literature. Thes6 transients are more ex- 
tensively treated in “Theory and Calculation of Transient Elec- 
tric Phenomena and Oscillations,” and in “Electric Discharges, 
Waves and Impulses,” and therefore will be omitted in the fol- 
lowing. However, to some extent, the transients of our theoret- 
ical literature, still are those of the “phantom circuit,” that is, 
a circuit in which the constants r, L, C, g, are assumed as constant! 
The effect of the variation of constants, as found more or less in 
actual circuits: the change of L with the current in circuits con- 
taining iron, the change of C and g with the voltage (corona, etc.) j 
the change of r and g with the frequency, etc., has been studied to 
a limited extent only, and in specific cases. 

In the application of the theory of transients to actual electric 
circuits, considerable judgment thus is often necessary to allow 
and correct for these “secondary” phenomena which are not in- 
cluded'in the theoretical equations. 

Especially deficient is our knowledge of the conditions under 
which the attenuation constant of the transient becomes zero 
or negative, and the transient thereby becomes permanent, or 
becomes a cumulative surge, and the phenomenon thereby one of 
unstable equilibrium. 

N Unstable Electrical Equilibrium 

83. If the effect brought about by a cause is such as to oppose 
or reduce the cause, the effect must limit itself and stability be 
nally reached. If, however, the effect brought about by a cause 
increases the cause, the effect continues with increasing intensity, 
that is, instability results. 
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This applies not to electrical phenomena alone, but equally to 
all other phenomena. 

Instability of an electric circuit may assume three different 

forms: ■ _ 

1. Instability leading up to stable conditions. 

For instance, in a pyroelectric conductor of the^ volt-ampere 
characteristic given in Fig. 78, at the impressed' voltage, eo, 
three different values of current are possible: ii, ii and ii and 
is are stable, unstable. That is, at current, h, passing through 
the conductor under the constant impressed voltage, eo, a mo- 
mentary increase of current would give an excess voltage beyond 
that required by the conductor, thereby increase the current still 



Fig. 78. 

further, and with increasing rapidity the current would rise, until 
it becomes stable at the value, iz. Or, a momentary ecrease o 
current, by requiring a higher voltage than available, would 
further decrease the current, and with increasing rapidity tne 
current would decrease to the stable value, ii- ^ 

2. Instability putting the circuit out of service. ^ 

An instance is the arc on constant-potential supply. 
volt-ampere characteristic of the axe shown as A, m Fig. 79,^a 
current of 4 amp. would require 80 volts across the arc termma s. 
At a constant impressed voltage of 80j the current cou no re 
main at 4 amp., but the current would either decrease with in- 
creasing rapidity, until the arc goes out, or the current would m- 
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crease with increasing rapidity, up to sbort-circyit, that is, until 
the supply source limits the current. 

3. Instability leading again to instability, and thus periodically 
repeating the phenomena. 

For instance, if an arc of the volt-ampere characteristic. A, 
in Fig. 79 is operated in a constant-current circuit of sufficiently 
high direct voltage to restart the arc when it goes out, and the arc 



is shunted by a condenser, the condenser makes the arc unstable 
and puts it out; the available supply voltage, however, starts 
it again, and so periodically the arc starts and extinguishes, as 
an “oscillating arc.” 

84 . There are certain circuit elements which tend to produce 
instability, such as arcs, pyroelectric conductors, condensers, 
induction and synchronous motors, etc., and their recognition 
therefore is of great importance to the engineer, in guarding 




(CD28555.) Fig. 80 . ^Padng p. IM.) 



(CD15114.1 Fig. 81. 
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against instability. Whether instability results, and what form 
it assumes, depends, however, not only on the “exciting element,” 
as we may call the cause of the instability, but on all the elements 
of the circuit. Thus an arc is unstable, form (2), on constant- 
voltage supply at its terminals; it is stable on constant-current 
supply. But when shunted by a condenser, it becomes un- 
stable on constant current, and the instability may be form (2) 
or form (3), depending on the available voltage. With a resist- 
ance, r, of volt-ampere characteristic ir shown as B, in Fig. 79, 
the arc is stable on constant-voltage supply for currents above io 
- 3 amp., unstable below 3 amp., and therefore, with a constant- 
supply voltage, Co, two current values, ii and exist, of which the 
former one is stable, the latter one unstable. That is, current, 
ia, can not persist, but the current either runs up to h and the arc 
then gets stable (form’ 1), or the current decreases and the arc 
goes out, instability form (2). 

Thus it is not feasible to separately discuss the different forms 
of instability, but usually all three may occur, under different 
circuit conditions. 

The electric arc is the most frequent and most serious cause of 
instability of electric circuits, and therefore should first be sus- 
pected, especially if the instability assumes the form of high- 
frequency disturbances or abrupt changes of current or voltage, 
such as is shown for instance in the oscillograms. Figs. 80 and 81. 

Somewhat similar effects of instability are produced by pyro- 
electric conductors. - ... 

Induction motors and synchronous motors may show instability 

of speed ; dropping out of step, etc. 

III. Permanent instability 

86. If the constants of an electric circuit, as resistance, in- 
ductance, capacity, disruptive strength, voltage, speed, etc., 
have values, which can not coexist, the circuit is unstable, and 
remains so as long as these constants remain unchanged. 

Case (3) of II, unstable equilibrium, to some extent may be 

considered as belonging in this class. 

The most interesting class in this group of unstable electric 
systems are the oscillations resulting sometimes from a change 
of circuit conditions (switching, change of load, etc.), which con- 
tinue indefinitely with constant intensity, or which steadily 
increase in intensity, and may thus be called permanent and 
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cumulative surges, hunting, etc. They may be considered as 
transients in which the attenuation constant is zero or negative. 

In the transient resulting from a change of circuit conditions, 
the energy which represents the difference of stored energy of the 
circuit before and after the change of circuit condition, is dissi- 
pated by the energy loss in the circuit. As energy losses always 
occur, the intensity of a true transient thus must always be a 
maximum at the beginning, and steadily decrease to zero or per- 
manent condition. An oscillation of constant intensity, or of 
increasing intensity, thus is possible only by an energy supply 
to the oscillating system brought about by the oscillation. If 
this energy supply is equal to the energy dissipation, constancy 
of the phenomenon results. If the energy supply is greater than 
the energy dissipation, the oscillation is cumulative, and steadily 
increases until self-destruction of the system results, or the in- 
creasing energy loss becomes equal to the energy supply, and a 
stationary condition of oscillation results. The mechanism of 
this energy supply to an oscillating system from a source of energy 
differing in frequency from that of the oscillation is still practi- 
cally unknown, and very little investigating work has been done 
to clear up the phenomenon. It is not even generally realized 
that the phenomenon of a permanent or cumulative line surge 
involves an energy supply or energy transformation of a fre- 
quency equal tq that of the oscillation. 

Possibly the oldest and best-known instance of such cumulative 
oscillation is the hunting of synchronous machines. 

Cumulative oscillations between electromagnetic and electro- 
static enCTgy have been observed by their destructive effects in 
high-voltage electric circuits on transformers and other apparatus, 
and have been, in a number of instances where their frequency 
was sufiBciently low, recorded by the oscillograph. They obvi- 
ously are the most dangerous phenomena in high-voltage electric 
circuits. Relatively little exact knowledge exists of their origin. 
Usually— if not always— an arc somewhere in the system is 
i^trumental in the energy supply which maintains the oscilla- 
tion. In some instances, as in wireless telegraphy, they have 
found industrial application. A systematic theoretical investiga- 
tion of these cumulative electrical oscillations probably is one of 
the most important problems before the electrical engineer today. 

The general nature of these permanent and cumulative oscilla- 
tions and their origin by oscillating energy supply from the transi- 
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ent of a chango of circuit condition, is best illustrated by tbe in- 
stance of the hunting of synchronous machines, and this will, 
therefore, be investigated somewhat more in detail. 

B. The Arc as Unstable Conductor 

86. The instability of the arc is the result of its dropping volt- 
ampere characteristic, as discussed in paragraphs 18 to 27 of the 



chapter on '-Electric Conductors.” As shown thcne the arc h 
always unstable on constant Toltage unpressed upon it. benes 
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resistance or reactance produces stability for currents above a 
certain critical value of current, io. Such curves, giving the vol- 
tage consumed by the arc and its series resistance as function of 
the current, thus may be termed stability curves of the arc. Their 
minimum values, that is, the stability limits corresponding to the 
different resistances, give the stability characteristic of the arc. 
The equations of the arc, and of its stability curves and stability 
characteristic, are given in paragraphs 22 and 23 of the chapter on 
‘'Electric Conductors.” 


Let, in Fig. 82, A present the volt-ampere characteristic of an 
arc, given approximately by the equation 

I (I) 

'VZ 

where 



(2) 


is the stream voltage, that is, voltage constimed by the are stream. 
Fig. 82 is drawn with the constants. 


a = 35, 
c = 51, 

I = 1.8, 

3 = 0.8, 

hence, 

. or 1 133 

e == 35 H 

V i 

Assuming this arc is operated from a circuit of constant-voltage 
supply, 

E = 150 volts, 

through a resistance, ro 

■ The voltage consumed by the resistance, n,, then is 

62 = rot, ( 3 ) 

and the voltage available for the are thus 


Cl = E — Toi (4) 

Lines B, C and D of Fig. 82 give Ci, for the values of resistance. 

To = 20 ohms (B) 

= 10 ohms (C) 

= 13 ohms (Z)). 
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As seen, line B does not intersect the volt-ampere characteris- 
tic, A , of the arc, that is, with 20 ohms resistance in series, this I = 
2.5 cm. arc can not be operated from E = 150 volt supply. 

Line C intersects A at a and b, i = 6.1 and 1.9 amp. respect- 
ively. 

At a, i = 6.1 amp., the arc is stable; 

At b, i = 1.9 amp., the arc is unstable; 
for the reasons discussed before: an increase of current decreases 
the voltage consumed by the circuit, e -1- e^, and thus still further 
increases the current, and inversely. Thus the arc either goes out, 
or the current runs up to f = 6.1 amp., where the arc gets stable. 

Line D is drawn tangent to A, and the contact point, c, thus 
gives the minimum current, i = 3.05 amp., of operation of the arc 
oxiE = 150 volts, that is, the value of current or of series resist- 
ance, at which the arc ceases to be stable; a point of the stability 

characteristic, S, of the arc. . , , , • 

This stability characteristic is determined by the condition 


where 


det, 

di 


eo = c + '^oi 


( 5 ) 

( 6 ) 


this gives 


and 


ro = 


= a -f “7=. + J’oL 

V i 


b _ 
2t\/f 


Co = <* + 


1.5 b 


(7) 


( 8 ) 


\/? 

= a 1.5 ei 

as the equation of the stability characteristic of the arc on a con- 
stant-voltage circuit. . . 4 . j 

87. In general, the condition of stability of a circuit operated on 

constant-voltage supply, is , 

de^r. (9) 


di 


?> 0 


where c is the voltage consumed by the current, n the cncuiL ^ 
The ratio of the change of voltage, de, as fraction of ^tal 
voltage, e, brought about by a change of current, dt, as fraction of 
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the total current, thus may be called the stability coefficient of the 
circuit, 


In a circuit of constant resistance, r, it is 


e 


hence, 


u = n 


5 = 1 , 


that is, the stability coefficient of a circuit of constant resistance, 
r, is unity. ’ 

In general, if the effective resistance, r, is not constant, but varies 
with the current, i, it is 


jT = r + ^ T- ; 

dt di 


hence, the stability coefficient 


5=1 + 


thus in a circuit, in which the resistance increases with the current, 
the stability coefficient is greater than 1. Such is that of a con- 
ductor with positive temperature coefficient of resistance, in 
which the temperature rise due to the increase of current increases 
the resistance. A conductor with negative temperature coeffici- 
ent of resistance gives a stability coefficient less than 1, but as long 
as S is still positive, that is, the decrease of resistance slower tbnn 
the increase of current, the circuit is stable. 
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is the condition of stability of a circuit on constant-voltage supply, 

5<0 

is the condition of instability, and 

5 = 0 

thus gives the stability characteristic of the circuit. 

In the arc, , _ 

0 


(13) 

( 14 ) 


e = a + 


■\/ 


the stability coefficient is, by (10), 

b 


8 = - 


2 e-v/ 2 


2e 


(15) 


that is, equals half the stream voltage, |, divided by the arc 

voltage, e. . 

Or, substituting for e in (15), and rearranging. 






(16) 


2(1 -f- 0.2625 Vo 

in Fig. 82. 

Fori = 0, it is 5= 0.5, 

= 00 , it is 5 = 0. ^ 

The stability coefficient of the arc having t e vo -amper 
characteristic. A, in Fig. 82 is shown as F in Fig 82^ ^ 

88. On constant-voltage supply, E - 150 volts, the ^ g 
the characteristic. A, Fig. 82, can not be operated at less than 3^05 
amperes. At i = 3.05 is its stability limit, that is the stebihty 
coeLient of arc plus series resistance, ro, required to|ve 150 
volts, changes from negative for lower currents, to positive 

^^The Suty coefficient of such arcs, operated on constant- 
voltage supply through various amounts of series resistance, ro, 
then would be given by 

deo 

di 

i 


where 
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6o = a ^ — 7= + Toi 
'Vi 

and the resistance ro chosen so as to give 

ei = 150 volts, 

from (17) follows, 

b 

■ro^ 

5o = 


( 17 ) 




eo 

and, substituting from (17), 

fro — eo — a 

gives 


a + 


or, 


5o = 1 


^0 


Jl 

" V?” 

1.5 6 
Vi 


^0 

^0 

Co 


(18) 


(19) 


where eo is the supply voltage, eo the voltage given by the stability 
characteristic, S. 

doj the stability characteristic of the arc, A, on E = 150 volt 
constant-potential supply, is given as curve, G, in Fig. 82. As 
seen, it passes from negative — ^instability — to positive— stability 
—at the point, A, corresponding to c and h on the other curves. 

89. On a constant-current supply, an arc is inherently stable. 
Instability, however, may result by shunting the arc by a resist- 
ance, ri. Thus in Fig. 83, let I = 5 amp. be the constant supply 
current. The volt-ampere characteristic of the arc is given by A, 

and shows that on this 5-amp. circuit, the arc consumes 94 volts' 
point d. ^ 

Let now the arc be shunted by resistance, n, li e ^ voltage 
consumed by the arc, the current shunted by the resistance, n, is 


ix = - 

rx 

and the current available for the arc thus is 

i = I — 


= / _ 


or 


£ 

n 


e = ri(I - i). 


( 20 ) 


( 21 ) 


( 22 ) 
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Curves B, C and D of Fig. 83 show the values of equation (22) 

= 32 ohms: lineB 
= 48 ohms: line C 
= 40.8 ohms: line D. 



Line B does not intersect the arc characteristic, A, that is, with 

1 _ oo -no arc can be maintained on the 

a resistance as low as n = no arc can uv. 

5-amp. constant- current circuit. 

Line C intersects A at two points. 

(o) i - 2.56 amp., a - 118 volts, stable condition; 

(6) i - 0,56 amp., c - 214 volte, imstable condition. 

Line D is drawn tangent to A, touches at c. 
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e = 148 volts, the limit of stability. At 7 = 5 amp., the point h 
at e = 148 volts, thus gives the voltage consumed by an arc when 
by shunting it with a resistance the stability limit is reached. 

Drawing then from the different points of the abscissae, i 
tangents on A, and transferring their contact points, c, h, to the 
abscissae, from which the tangent is drawn, gives the points h 
g, of the constant-current stability characteristic of the arc, that 
is, the curve of arc voltages in a constant-current circuit, 7, when 
by shunting the arc with a resistance, n, consuming current, z'l, 
the stability limit of the arc with current i = I—ii is reached. 

P then gives the curve of the arc currents, i, corresponding to 
the are voltage, e, of curve Q, for the different values of the con- 
stant-circuit current, 7. 

The equations of Q and P are derived as follows : 

The stability limit, point c, corresponding to circuit current, 7, 
as given by 

de 

where e = arc voltage, and i = arc current. 

Or, 


ri 


It is, however, 
and 


6 == u ~f" 

e 

I - i ~' 


2 i's/ i 
b 


(23) 


V i 


ri. 


P, 


From these three equations follows, by eliminating n and i or e, 

&“(3 e - a) 


I = 


(e ~ a)® 


i(3 b + 2 as/ i) 
1 “■ 


(24) 


(25) 


These curves are of lesser interest than the constant-voltage 
stability curve of the arc, <S in Fig. 82. 

It is interesting to note, that the resistance, n (23), which 
makes an arc unstable as shunting resistance in a constant- 
current circuit, has the same value as the resistance, n, (7), which 
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as series resistance makes it unstable in a constant-voltage supply 

circuit. , • , 

90. Due to the dropping volt-ampere characteristic, two arcs 

can not be operated in parallel, unless at least one of them has a 

sufficiently high resistance in series. 



Let, as shown in Fig. 84, two arcs be connected in parallel into 
the circuit of a constant current 

1 = 6 amp. 

Assume at first both arcs of the same length and same electrode 
material, that is, the same volt-ampere characteristic. 
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Let i = current in the first arc, thus i' = I — i current in 
the second arc. 

The volt-ampere characteristic of the first arc, then, is given by 
A in Fig. 84, that of the second arc by A'. 

As the two parallel arcs must have the same voltage, the oper- 
ating point is the point, a, of the intersection of A and A' in 
Fig. 84. 

The arcs thus would divide the current, each operating at 3 
amp. 

However, the operation is unstable: if the first arc should take a 
little more current, its voltage decreases, on curve A, that of the 
second arc increases, on A', due to the decrease of its current, and 
the first arc thus takes still more current, thus robs the second arc, 
the latter goes out and only one arc continues. 

Thus two arcs in parallel are unstable, and one of them goes out, 
only one persists. 

Suppose now a resistance of 

r = 30 ohms 


is connected in series with each of tlie two arcs, as shown in 
Fig. 84. 

The volt-ampere characteristics of arc plus resistance, r, then, 
are given by curves B and B'. 

These intersect in three points: b, g and h. 

Of these, point b is stable: an increase of the current in one of 
the arcs, and corresponding decrease in the other, increases the 
voltage consumed by the circuit of the former, d(H‘reases that con- 
sumed by the circuit of the latter, and thus checks i(,s(df. 

The points g and h, however, are ^unstable. 

At bj stable condition, the characteristics, B and B'^ are rising; 
at a, unstable condition, the characteristics, A and A', are drop- 
ping, and the stability limit is at that value of r(^sist.an(‘-e, r, at 
which the circuit characteristics plus resistance, arc^ horizontal, 
the point c, where the characteristics, C and O', toiudi each other. 

c is the stability limit of C or C', thus a point of the stability 
characteristic of either arc, or given by the equation 


e 


Of -f- 


1.5 6 
a/ i 


Fig. 85 shows the case of two parallel arcs, which arc not equal 
and do not have equal resistances, r, in series, one being a longarc, 
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having no resistance in series, the other a short arc with a resist- 
r = 40 ohms in series. 

The volt-ampere characteristic of the long arc is given by A, 
that of the short arc by B, and that of the short arc plus resistance, 

T by C • 

^ A and C intersect at three points, a, h and c. Of these, only the 
point a is stable, as any change of current from this point limits 

1 1 I I 1 1 1 ll= 1 [parallel operat ion! 

— U—l I . i 


llo ll6 2|0 2IB 810 sU 4|o 415 SlO B|S 6 


Fig. 85. 

itself; h and c, however, are unstable. Thus, at ^ P* 
the arcs can not run, but the current changes untd either one 
arc has gone out and one only persists, or both run at pom a. 

However, the angle under which the two curves, A and , i 
sect at a is so small, that even at o the two arcs are not very 

stable. 
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Furthermore, a small change in either of the two curves,! or C, 
results in the two points of intersection a and h vanishing. Thus, 
if r is reduced from 40 ohms to 35 ohms, the curve C changes to C, 
shown dotted in Fig. 85, and as the latter does not intersect A 
except at the unstable point c, parallel operation is not possible. 

That is, two such arcs can be operated in parallel only over a 
limited range of conditions, and even then the parallel operation 
is not very stable. 

The preceding may illustrate the effect of resistance on the 
stability of operation of arcs. 

Similarly, other conditions can be investigated, as the stability 

CAPACITY SHUNTING ARC 
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condition of arcs with resistance in series and in shunt, on constant, 
voltage supply, etc. 

91. Let 

e = E 

be the voltage consumed by a circuit. A, Fig. 85, when traversed 
by a current 

i = /. 

If, then, in this circuit the current changes by SJ, to 
■ z = / + 5/, 

the voltage consumed by the circuit chang(!s by 5 E, to 

e = B ± dE, 

and the change of voltage is of the same sign as that of the current 
producing, it, if ! is a resistance or other circuit in which the 
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voltage rises with the current, or is of opposite sign, if the circuit, 
A, has a dropping volt-ampere characteristic, as an arc. 

Suppose now the circuit. A, is shunted by a condenser, C. As 
long as current, i, and voltage, e, in the circuit. A, are constant, no 
current passes through the condenser, C . If, however, the voltage 
of A changes, a current, ii, passes through the condenser, given by 
the equation 

n-cf- (26) 

If, then, the supply current, I, suddenly changes by SI, from 
7 to I -I- SI, and the circuit. A, is a dead resistance, r, without the 
condenser, C, the voltage of A would just as suddenly change, 
from EtoE + SE. By (26) this would, however, give an infinite 
current, ii, in the condenser. However, the current in the con- 
denser can not exceed Si, as with 

ii = Si 

at the moment of supply current change, the total excess current 
would in the first moment flow through the condenser, and the 
circuit, A, thus in this moment not change in current or voltage. 

A finite current in the condenser, C, requires a finite rate of 
change of e in the circuit. A, starting from the previous value, E, 
at the starting moment, the time, t = 0. 

Thus, if i = current, e = voltage of circuit. A, at time, t, after 
the increase of the supply current, 7, by Si, it is 
current in condenser, 

i. - c * 


' dt 


current in circuit, A, 


i = I 8l 




thus, voltage of circuit. A, of resistance, r, 


e = n 

= r J + r8l - rii 


(27) 


(28) 


substituting (26) into (28), gives 


e = r(7 + 37) - 


or. 


de = J^dt 
r{I + SI) -e rC 


(29) 


integrated by 
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■■ rl — rbl (1 
E - bE {I - 


t_ 

rC\ 




( 30 ) 


since e = for i = 0 is the terminal condition which determines 
the integration constant. 

With a sudden change of the supply current, I, by dl, as shown 
by the dotted lines, I, in Fig. 86, the voltage, e, and current, i, in 
the circuit. A, and the current, ii, in the condenser, C, thus change 
by the exponential transients shown in Fig. 86 as e, i and ii. 

92. Suppose now, however, that the circuit. A, has a dropping 
volt-ampere characteristic, is an arc. 

A sudden decrease of the supply current, / by dl, to I — dl, 

b 


would by the arc characteristic, e 


a + cause an increase of 


the voltage of circuit. A, from E to E + SE. Such a sudden 
increase of E would send an infinite current through C, that is, 
all the supply current would momentarily go through the con- 
denser, C, none through the arc, A, and the latter would thus go 
out, and that, no matter how small the condenser- capacity, C. 
Thus, with the condenser in shunt to the circuit. A, the voltage. A, 
can not vary instantly, but at a decrease of the supply current, I, 
by 57, the voltage of A at the first moment must remain the same, 
E, and the current in A thus must remain also, and as the supply 
current has decreased by 57, the condenser, C, thus must feed the 
current, 57, back into the arc, A. This, however, requires a de- 
creasing voltage rating of A, at decreasing supply current, and 
this is not the case with an arc. 

Inversely, a sudden increase of 7, by 57, decreases the voltage 
of A, thus causes the condenser, C, to discharge into A, still further 
decreases its voltage, and the condenser momentarily short-cir- 
cuits through the arc, A ; but as soon as it has discharged and the 
arc voltage again rises with the decreasing current, the condenser, 
C, robs the arc, A, and puts it out. 

Thus, even a small condenser in shunt to an arc makes it un- 
stable and puts it out. 

If a resistance, ro, is inserted in series to the arc in the circuit. A, 
stability results if the resistance is sufficient to give a rising volt- 
ampere characteristic, as discussed previously. 

Resistance in series to the condenser, C, also produces stability, 
if sufficiently large: with a sudden change of voltage in the arc 
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circuit, A, the condenser acts as a short-circuit in the first moment, 
passing the current without voltage drop, and the voltage thus 
has to be taken up by the shunt resistance, n, giving the same con- 
dition of stability as with an arc in a constant-current circuit, 
shunted by a resistance, paragraph 89. 

If, in addition to the capacity, C, an inductance, L, and some re- 
sistance, r, are shunted across the circuit. A, of a rising volt-ampere 
characteristic, as shown in Fig. 87, the readjustment occurring at 
a sudden change of the supply current, I, is not exponential, as in 
Fig. 86, but oscillatory, as in Fig. 87. As in the circuit. A, assum- 
ing it consists of a resistance, r, current and voltage vary 
simultaneously or in phase, current and voltage in the condenser 
branch circuit also must be in phase with each other, that is, the 



frequency of the oscillation in Fig. 87 is that at which capacity, C, 
and inductance, L, balance, or is the resonance frequency. 

If circuit. A, in Fig. 87 is an arc circuit, and the resistance, r, in 
the shunt circuit small, instability again results, in the same man- 
ner as discussed before. 

93. Another way of looking at the phenomena resulting from a 
condenser, C, shunting a circuit. A, is: 

Suppose in Fig. 86 at constant-supply current, I, the current m 
the circuit. A, should begin to decrease, for sqme reason or another. 
Assuming as simplest case, a uniform decrease of current. 

The current in the circuit. A, then can be represented by 

(31) 

where to is the time which would be required for a uniform de- 
crease down to nothing. 
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At constant-supply current, I, the condenser thus must absorb 
the decrease of current in A, that is, the condenser current is 


U = / 


^0 


(32) 


With decrease of current, i, if A is a circuit with rising character- 
istic, for instance, an ohmic resistance, the voltage of A decreases. 
The voltage at the condenser increases by the increasing charging 
current, ii, thus the condenser voltage tends to rise over the cir- 
cuit voltage of A, and thus checks the decrease of the voltage and 
thus of the current in A. Thus, the conditions are stable. 

Suppose, however, A is an arc. 

A decrease of the current in A then causes an increase of the 
voltage consumed by A, the arc voltage, co- 

The same decrease of the current in A, by deflecting the current 
into the condenser, causes an increase of the voltage consumed by 
C, the condenser voltage, 

If, now, at a decrease of the arc current, i, the arc voltage, Co, rises 
faster than the condenser voltage, Ci, the increase of Co over Cj de- 
flects still more current from A into C, that is, the arc current 
decreases and the condenser current increases at increasing rate, 
until the arc current has decreased to zero, that is, the arc has 
been put out. In this case, the condenser thus produces in- 
stability of the arc. 

If, however, ea increases slower than Ci, that i^s, the condenser 
voltage increases faster than the arc voltage, the condenser, C, 
shifts ciurent over into the arc circuit. A, that is, the decrease of 
current in the arc circuit checks itself, and the condition becomes 
stable. 

The voltage rise at the condenser is given by 


hence, by (32), 


dt 


H-, 


dt toC 


from the volt-ampere characteristic of the arc. 


e = o -f- 


foUows, 


_b_ 

V? 


(33) 


(34) 
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the voltage rise at the arc terminals, 

de h di 


dt 


and, by (31), 


dt 

hence, substituted into (34), 

de 


I 

to’ 

\bl 
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(35) 


_ = , (36) 

dt 2 toi^/i 

The condition of stability is, that the voltage rise at the con- 
denser, (33), is greater than that at the arc, (36), thus, f 


a hi 
UC 2 tdVi 


or. 


2 <fV? 
hC 


> 1 


or, substituting for t from equation (31), gives 

2 toi-\/i {I 1 

hC 

as the condition of stability, and 

2 tois/i {I f) 

w 

thus is the stability limit. ' , j-*- . 

94. Integrating (33) and substituting the terminal condition, 
t = 0; e = gives 

(40) 


= 1 


(37) 

(38) 

(39) 


ei = E A- 


2toC 


as the equation of the voltage at the condenser terminals’. 
Substitute (31) into (34) gives ^ 

Cq = a 




I 

to 


( 41 ) 


as the equation of the arc voltage. 
For, 

Oh — 35, 

• b = 200, 

1 = 3, 


hence, 
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E = 151, 


and 

<0 = 10~‘‘ sec., 

and, for the three values of capacity, 


C = lO-o (fl,) 

0.75 X 10-“ (cj) 

0.5 X 10~“ (e.^) 



Fia. 88. 


the curves of the arc voltage, Co, 
and of the condenser voltage, Ci, Ca, Cs 

are shown on Fig. 88, ’ 

together with the values of i and f,. 

m^es^ the -frV?, 1 “‘f 

instabilitv un t^K 

mJh J 75 mf ? ?. “ 10 -^ sec., then stability results, 

•> a, there is a narrow range of stability, betweer 
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4^^ and 7H X 10“^ sec., before and after this instability 

exists. . 1 , 

From equation (37), the condition of stability, it follows that 

for small values of t, that is, small current fluctuations, the con- 
ditions are always unstable. That is, no matter how small a 
condenser is, it always has an effect in increasing the current 
fluctuations in the arc, thq more so, the higher the capacity, until 
conditions become entirely unstable. 

From equations (40) and (41) follows as the stability limit 

eo = Ciy 

h , t^I . 

a + -7r-F= r - + 2 toC 




I 

to 


or, expanded into a series 


« + :(^W + 2T„+- • 


E + 


tn 

2toC’ 


cancelling F = a and rearranging, gives 

bC 

“ iVl 


(42) 


thus, at the time, 


^hG 

iVl 


the condition changes from unstable to stable. 

As must be smaller than io, the total time of change, it 

follows: 


or, 


A 

o 

(43) 

/7 ^ tol 's/ 1 

c 

' (44) 


are expressions of the (approximate) stability limit of an arc with 
condenser shunt. 

As seen from (44), 

the larger U is, that is, the slower the arc changes, the larger is 
the permissible shunted capacity, and inversely. 

As an instance, let 

b = 200, 

1=3, 


and 
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(а) to = 10“'\ 

which is probably the approximate magnitude in the carbon arc. 
This gives 

C < 26 nif. 

Let : 

( б ) ^0 - 10 “^ 

which is probably the approximate magnitude in the mercury arc. 
This gives 

C<0,2Cy mf. 

95 . Consider the case of a circuit, A, Fig. 87, supplied by a 
constant current, /, but shunted by a capacity, C, inductance, L, 
and resistance, r, in series. 



As long as the current in the circuit, A— whether resistance or 
arc— is steady, no current passes the condenscir circaiit, and the 
current and voltage in A thus are constant, i = I^e co. 

Suppose now a pulsation of the current, i, should be produced 
in circuit. A, as shown as i in Fig. 89. Then, with constant-sup- 
ply current, I, an alternating current, 

- J -- i, 

would traverse the condenser circuit, C, since the continuous com- 
ponent of current can not traverse the condenser, C. 


instability of circuits 


187 


Due to the pulsation of current, i in A, the voltage, e, of cir- 
cuit, A, would pulsate also. These voltage pulsations are in the 
same direction as the current pulsation, if A is a resistance, m 
opposite direction, if A is an arc; in either case, however, they 
are in phase with the current pulsation, and the alternating vol- 
tage on the condenser, 

” ^0 — 

thus is in phase with the alternating current, ii, that is, capacity, 

C, and inductance, L, neutralize. , . i j 

Thus, the only pulsation of current and voltage, which could 
occur in a circuit. A, shunted by capacity and inductance, is that 
of the resonance frequency of capacity and inductance. 

Suppose the circuit, A , is a dead resistance. The voltage pulsa- 
tion produced by a current pulsation, f, in this circuit then would 
be in the same direction as i, that is, would be as shown in dotted 
line by e' in Fig. 89. In the condenser circuit, C, the alternat- 
ing component of voltage thus would be 

e'l == e' “ 6o, 

thus would be in opposition to the alternating current, as shown 
in Fig. 89 in dotted line. That is, it would require a supply ot 

power to maintain such pulsation. ^ ^ 

Thus, with a dead resistance as circuit. A, or in general wit 
as a circuit of rising volt-ampere characteristic, the maintenance 
of a resonance pulsation of current and voltage between A and G, 
at constant current, I, requires a supply of alternating-current 
power in the condenser circuit, and without such Power supply 
the pulsation could not exist, hence, if started, would rapidly die 

out, as oscillation, as shown in Fig. 87. 

96. Suppose, however, A is an arc. A current pulsatlon,^,then 
gives a voltage pulsation in opposite direction, as ^ ® 

in Fig. 89, and the alternating current, = I - and the alter- 
nating Atage, ... a - e., in the cond^ser cncmt, thus wodd 
be in phase with each other, as shown by «. and «, m Kg »u. 
That is, they would represent power generation, or rather tmns 
formation of power from the constant direct-curr^t supply, I, 
into the alternating-current resonating 

Thus, such a local pulsation of the arc current, ^, “d corr - 
sponding alternating current, i., in the conto 
started, would maintain itsett without external power supply. 
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and would even be able to supply the power represented by vol- 
tage, ei, with current, ii, into an external circuit, as the resistance 
r, shown in Fig. 87, or through a transformer into a wireless send- 
ing circuit, etc. 

Thus, due to the dropping arc characteristic, an arc shunted 
by capacity and inductance, on a constant-current supply be- 
comes a generator of alternating-current power, of the frequency 
set by the resonance of C and L. 

If the resistance, r, or in general, the load on the oscillating cir- 

cuit, C, is greater than n = that is, if a higher voltage would be 

required to send the current, ii, through the resistance, r, than the 
voltage, ei, generated by the oscillating arc. A, the pulsations die 
out as oscillations. 

If r is less than the pulsations increase in amplitude, that is, 
current, it, and voltage, Ci, ineniase, until either, by the internal 
reaction in the arc, the ratio, drops to equality with the effective 
resistance of the load, r, and stability of oscillation is reached 

Cl ^ 

or, if never falls to equality with r~for instatice, if r = 0, the 

oscillations increase up to the destruction of the circuit: the 
extinction of the arc. 

If, in the latter case, the voltage back of the supply current, 7, 
is sufficiently high to restart the arc. A, the phenomena repeats, 
and we have a series of successive arc oscillations, (iach rising until 
it puts the arc out, and then the arc restarts. 

We thus have here the mechanism which produces a cumulative 
oscillation, that is, a transient, which does not di(i out, but in- 
creases in amplitude, until the increasing (me.rgy losses limit its 
further increase, or until it destroys 1.hc circuit, and in the 
latter case, it may become recurrent. 

It is very important to realize in ckHdrical engincan'ing, that 
any electric circuit with dropping volt-anqxwe chara(deriHtic is 
capable of transforming power into a cumulativci oscillation, and 
thereby is able under favorable conditions to produce c.umulative 
oscillations, such as hunting, etc. 

Where the arc oscillations limit thomsc^lves, and the alternating 
current and voltage in the condenscer (sircuit tlius reach a (eonstant 
value, the arc often is called a “smgimj arc," due to thee musical 
note given by the alternating wave. Where the arc oscillations 
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rise cumulatively to interruption, and the arc then restarts by 
the supply voltage and repeats the same phenomenon, it may 
be called a “rasping arc," by the harsh noise produced by the 
interrupted cumulative oscillation. 



Figs. 90 and 91 give oscillograms of singing arcs; Figs. 92 and 
93, of rasping arcs, 90 and 92 in circuits with massed constants, 

91 and 93 in transmission lines. 

97. As an illustration, let curve, A, in Fig. 94 represent the vol^ 
ampere characteristic of an arc, and assume that this arc is operat- 
ing steadily at I amp., consuming co volts. 
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Suppose this arc is shunted by capacity, C, inductance, L, and 
resistance, r, as shown in Fig. 87. 

For a small pulsation of the arc current around its average 
value i = I, the corresponding voltage pulsation is given by 

de_ b 

di ~ 2 f V i 

Or, in general, for any pulsation of current, i, by 8i, between 
i' and i", around the mean value I, tlu^ e.ornwponding voltage 
pulsation 8e, between e' and e", is given by the volt-ampere 
characteristic of the arc, A, as 


Se 

It 


i' 


ei = Se thus is the voltage, mad(\ availabh? for the condenser 
circuit, by the arc pulsation, and in iiliase with the current, 
ii = — Si in the condenser circuit, and 


It 


Se 

Si 


,,>> __ 


thus is the permissible effective n'sisianciti in the condenser 
circuit, that is, the maximum vahu', of rcHiHlance, through which 
the pulsating arc can maintain its alt<u'nating power supply: 
with a larger resistance, the oacillafiouH die out; with a smaller 
resistance, they increase. 

From the arc characteristic, .A, thus can b(i (hu-ived a curve 
of effective resistances, R, as the valm's of . for pulsations 


between i + Si and i — Si, and such a curva; is shown as R in 
Fig. 94. 

We may say, that the are, when shuntc'd by an oscillating 
circuit, has an effective negative resistance, 


Si’ 

and thereby generates alternating power, from (he consumed 
direct-current power, and is able to supply aU<Tnating power 
through an effective resistance of the oscillating circuit, of 

R:^-% 
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The arc characteristic in Fig. 94 is drawn with the equation 
e = 35 + 

V ^ 

and for 

i = I = 3 amp. as mean value, 
the values of the effective resistance, R, increase from 
R = —^ = 18.5 ohms 

for very small oscillations, to 

R = 20.3 ohms 

for oscillations of 1 amp., between i = 2 and f = 4, to 

. 27.5 ohms 

for oscillations of 2 amp., between i = 1 and i = 5, etc. 

Thus, if with this oscillating arc. Figs. 87 and 94, a load resist- 
ance r < 18.5 ohms is used, oscillation starts immediately, and 

cumulatively increases. . ■ 4. 

If the resistance, r, is greater than 18.5 ohms, for instance, 
r = 22.5 ohms, 

then no oscillation starts spontaneously, but the arc runs steady, 
and no appreciable current passes through the condenser circuit 
But if once the current in the arc is brought below 1.5 amp., 
above 4.5 amp., the oscillation begins and cumulatively increases, 
since for oscillations of an amplitude greater than between a 
4.5 amp. , the effective resistance, R, is greater than 22.5 ohms. 

In either case, however, as soon as an oscillation ^arts, ^ 
latively increases, since the effective resistance R, ^ " 

creases with increase of the amplitude of oscillation. That s 
stability of oscillation, or a “singing arc’ can not be reached 
an oscillation, once started, proceeds to the extinction of the arc, 
and only a “rasping arc’’ could be produced. ^ _ 

98 . However, the arc characteristic. A, o ig- „n„+ant 

tionary characteristic, that is, the volt-ampere relation at constan 

current, i, and voltage, e. . n 4. + nhfir- 

B current, i, and thus TOltage, «, rapifly Suctote. 

acleristio, A. changes, and more or less flattens out. Th , 
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any value of the current, i, the volume of the arc stream and the 
temperature of the arc terminals, still partly correspond to pre- 
vious values of current, thus are lower for rising, higher for 
decreasing current, and as the resiilt, the arc voltage, e, which de- 
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pends on the resistance of the arc stn'am and tla^ ixtieniial drop 
of the terminals, is different, the variation of voltag<‘, for the same 
variation of current, is less, and the eff(‘ctiv(' ni‘gative arc resist- 
ance thereby is lowered, or may ent irely vanish. 

Fig. 95 shows a number of such transient, are eharacteristics. 
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estimated from oscillographic tests of alternating arcs, and their 
corresponding effective resistances, R. 

They are: 

(A) Carbon. 

(B) Hard carbon. 

(C) Acheson graphite. 

(H) Titanium carbid. 

(E) Hard carbon, stationary characteristic. 

(F) Titanium carbid, stationary characteristic. 

As seen from the curves of R in the upper part of Fig. 95, the 
effective resistances, R, which represent the alternating power 
generated by the oscillating arc, are much lower with the transi- 
ent arc characteristic, than would be with the permanent arc 
characteristic in Fig. 94. 

Curve D, titanium carbide, gives under these conditions an 
unstable or “rasping” arc. That is, with a resistance in the con- 
denser circuit of less than R = 3.8 ohms, the oscillation starts 
spontaneously and cumulatively increases to the 
arc; with a resistance of more than 3.8 ohms 

not spontaneously start, but if once started with an amplitude 
which brings the value of R from curve, P, above that of the resis 
ance in the condenser circuit, cumulative oscillation occurs. 

With the carbon arc. A, no oscillations can 
condition, the effective resistance, R, is negative, ?ind the arc c a - 

With the hard carbon arc, B, an oscillation st^ts with a 
ance less than 2.4 ohms, cumulatively increases, but its ^mpMude 
finaUy limits itself, to 1.45 amp. if the resistance m 
circuit is zero, to 1.05 amp. with 2 ohms resistance, etc., ^ seen 
from the curve, B, in the upper part of Fig. 95. Even more 
than 2.4 ohms resistance, up to 2.6 ohms resistance, an oscillation 
can exist, if once started, as the curve of E, startmg from H 2 A 
ohms at fr = 0, rises to E = 2.6 ohms at ^l 
drops to zero at k = 1-45 ohms, and beyond this becomes 

""Thrcurve, C, of Acheson graphite, starts with a ^ 

10.8 otrnis, but the resistance, R, steadily drops 
oscillating current, k, down to zero at n = 2.4 amp. Thus, wit 
rrertance^^^^^^^^^^ oircuit, of 10 ohms, the oscillations 

wSlTe^Implituaeofi. - 0.9amp,;with8ohmB«^t.ace 

an amplitude of 2,1 amp., etc. 

13 
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As seen, the stationary characteristic, S, gives an arc oscillation 
which is cumulative and self-destructive, that is, the effective 
resistance, R, rises indefinitely with increasing amplitude of 
pulsation. The transient characteristic, however, gives an effect- 
ive resistance, R, which with increasing amplitude of pulsation 



first increases, but then decreases again, down f.o zk'i-o, so fbai, the 
cumulative oscillations produced by this arc ans .sdf-limiting, 
increase in amplitude only up to the value, wlu>rc', the elT(\e(ivo 
resistance, R, has fallen to the value corresponding to the load on 
the oscillating circuit. 
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As further illustration, from the stationary vjolt-ampere char- 
acteristic of the titanium arc, shown as F in Fig. 95, values of the 
transient characteristic have been calculated and are shown in 
Fig. 95 by crosses. As seen, they fairly well coincide with the 
transient volt-ampere characteristic, D, of the titanium arc, at 
least for the larger currents. 



Fig. 97. 


In the electric arc we thus have an electric circuit with dropping 
volt-ampere characteristic. Such a circuit is unstable under 
various conditions which may occur in industrial circuits, and 
thereby may be, and frequently is, the source of instability of 
electric circuits, and of cumulative oscillations appearing in such 
circuits. 
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100. For instance, let, in Fig. 97, A and B be two conductors 
of an ungrounded high-potential transmission line, and 2 e the 
voltage impressed between, these two conductors. Let C repre- 
sent the ground. 

The capacity of the conductors, A and B, against ground, then, 
may be represented diagrammatically by two condensers, Ci and 
C 2 , and the voltages from the lines to ground by ci and e^. In gen- 
eral, the two line capacities are equal, Ci = C 2 , and the two volt- 
ages to ground thus equal also, 61 = 62 = e, with a single-phase; 

= with a three-phase line. 

Assume now that a ground, P, is brought near one of the lines, 
A, to within the striking distance of the voltage, e. A discharge 
then occurs over the conductor, P. Such may occur by the punc- 
ture of a line insulator as not infrequently the case. Let r = re- 
sistance of discharge path, P. While without this discharge path, 
the voltage between A and C would be 61 = e (assuming single- 
phase circuit) with a grounded conductor, P, approaching line A 
within striking distance of voltage, 6, a discharge occurs over P 
forming an arc, and the circuit of the impressed voltage, 2 e, now 
comprises the condenser, (72, in series to the multiple circuit of con- 
denser, Cl, and arc, P, and the condenser, Ci, rapidly discharges, 
voltage, 61, decreases, and the voltage, 62, increases. With a de- 
crease of voltage, 61, the discharge current, i, also decreases, and 
the voltage consumed by the discharge arc, e', increases until the 
two voltages, 61 and e', cross, as shown in the curve diagram of 
Fig. 97. At this moment the current, i, in the arc vanishes, the 
arc ceases, and the shunt of the condenser, Ci, formed by the dis- 
charge over P thus ceases. The voltage, Ci, then risers, 62 deenvases 
and the two voltages tend toward equality, ci = 62 = e. Before 
this point is reached, however, the voltage, e-i, has passed the dis- 
ruptive strength of the discharge gap, P, the dis(!harg(! by the arc 
over P again starts, and the cycle thus rop(iats iiuhifinitely. 

In Fig. 97 are diagrammatically sketched voltage, 61, of con- 
denser, Cl, the voltage, e', consumed by the discharges arc overP, 
and the current, i, of this arc, under the assumistion that r is suflS- 
ciently high to make the discharge non-oscillatory. If r is small, 
each of these successive discharges is an oscillation. 

Such an unstable circuit gives a continuous series of successive 
discharges, which are single impulses, as in Fig. 97, or more com- 
monly are oscillations. 
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If the line conductors, A and JB, in Fig. 97 have appreciable in- 
ductance, as is the case with transmission lines, in the charge of 
the condenser, Ci, after it has been discharged by the arc over P, 
the voltage, ei, would rise beyond 6, approaching 2 e, and the dis- 
charge would thus start over P, even if the disruptive strength of 
this gap is higher than e, provided that it is still below the voltage 
momentarily reached by the oscillatory charge of the line conden- 
ser, Pi. 

This combination of two transmission line conductors and the 
ground conductor, P, approaching near line. A, to a distance giving 
a striking voltage above e, but below the momentary charging 
voltage, of Cl, then constitutes a circuit which has two permanent 
conditions, one of stability and one of instability. If the voltage 
is gradually applied, ei = 62 = e, the condition is stable, as no 
discharge occurs over P. If, however, by some means, as a mo- 
mentarily overvoltage, a discharge is once produced over the 
spark-gap, P, the unstable condition of the circuit persists in the 
form of successive and recurrent discharges. 

101 . Usually, the resistance, r, of the discharge path is, or after 
a number of recurrent discharges, becomes sufficiently low to 
make the discharge oscillatory, and a series of recurrent oscilla- 
tions then result, a so-called '^arcing ground. Oscillograms of 
such an arcing grounds on a 30-mile 30-kv. transmission line are 
shown in Figs. 98, 99 and 100. 

If, however, the resistance of the discharge path is very low, a 
sustained or cumulative oscillation results, as discussed in the pre- 
ceding, that is, the arcing ground becomes a stationary oscillation 
of constant-resonance frequency, increasing cumulatively in cur- 
rent and voltage amplitude until limited by increasing losses or by 
destruction of apparatus. 

In transmission lines, usually the resistance is too high to pro- 
duce a cumulative oscillation; in underground cables, usually the 
inductance is too low and thus no cumulative oscillation results, 
except perhaps sometimes in single-conductor cables, etc. In 
the high-potential windings of large high-voltage power trans- 
formers, however, as circuits of distributed capacity, inductance 
and resistance, the resistance commonly is below the value through 
which a cumulative oscillation can be produced and maintained, 
and in high-potential transformers, destruction by high voltages 
resulting from the cumulative oscillation of some arc in the 
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system, and building up to high stationary waves, have frequently 
been observed. 

The “arcing ground” as recurrent single impulses, the “arcing 
ground oscillation” as more or less rapidly damped recurrent 
oscillations in transmission lines — of frequencies from a few hun- 
dred to a few thousand cycles — and the “stationary oscillations” 
causing destruction in high-potential transformer windings, at 
frequencies of 10,000 to 100,000 cycles, thus are the same phenom- 
ena of the dropping arc characteristic, causing permanent in- 
stability of the electric circuit, and differ from each other merely 
by the relative amount of resistance in the discharge path. 


CHAPTER XI 


INSTABILITY OF CIRCUITS: INDUCTION AND SYN- 
CHRONOUS MOTORS 


C. Instability of Induction Motors 


102. Instability of electric circuits may result from causes which 
are not electrical : thus, mechanical relations between the torque 
given by a motor and the torque required by its load, may lead to 
instability. 

Let 

D = torque given by a motor at speed, S, and 

D' = torque required by the load at speed, S. 

The motor, then, could theoretically operate, that is, run at 
constant speed, at that speed, S, where 


D = D' 


( 1 ) 


However, at this speed and load, the operation may be stable, 
that is, the motor continue to run indefinitely at constant speed, 
or the condition may be unstable, that is, the speed change with 
increasing rapidity, until stability is reached at some other speed, 
or the motor comes to a standstill, or it destroys itself. 

In general, the motor torque, D, and the load torque, D\ 
change with the speed, S» 

If, then, 


dP' ^ 
dS ^ dS 


( 2 ) 


the conditions are stable, that is, any change of speed, S, changes 
the motor torque less than the load torque, and inversely, and 
thus checks itself. 

If, however, 


dP' ^ dP 
dS ^ dS 


( 3 ) 


the operation is unstable, as a change of speed, S, changes the 
motor torque, D, more than the load torque, D', and thereby fur- 
ther increases the change of speed, etc. 


dP' dP 
dS dS 
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thus is the expression of the stability limit. 

For instance, assuming a load requiring a constant torque at all 
speeds. The load torque thus is given by a horizontal line 

D' = const. (5) 

in Fig. 101. 

Let then the speed-torque curve of the motor be represented by 
the curve, D, in Fig. 101. D approximately represents the torque 
curve of a series motor. At the constant-load torque, D', the 
motor runs at the speed, S = 0.6, point a of Fig. 101, and the speed 
is stable, as any tendency to change of speed, checks itself. If 



Fia. 101. 

the load torque decreases to D'o, the speed rises to ^ * 0.865, 
point ao; if the load torque increases to D'l, the speed drops to 
S = 0.29, point Uj, but the conditions are always stable, until 
finally with increasing load torque, D', and decreasing speed, 
standstill is reached at point a 2 . 

Let now the speed-torque curve of a motor be represented by 
D in Fig. 102: the curve of a squirrel-cage induction motor with 
moderately high resistance secondary. The horizontal line, D^, 
corresponding to a load torque of D' = 10, intersects D at two 
points, a and &. 
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At a, ^ == 0.905, the speed is stable. At h, however, S == 0.35, 
the conditions are unstable^ and the motor thus can not run at 5, 
but either — if the speed should drop or the load rise ever so little 
— the motor begins to slow down, thereby, on curve, D, its torque 
'falls below that of the load, D', thus it slows down still more, and 
so, with increasing rapidity the motor comes to a standstill. Or, 
if the motor speed should be a little higher, or the load momen- 
tarily a little lower, the motor speed rises, until stability is reached 
at point a. 



Fig. 102. 


With increasing load torque, D', the speed gradually drops, 
from S = 0.905 at D' = 10, point a, down to point c, at S = 
0.75, D' = 14.3; from there, however, the speed suddenly drops 
to standstill, that is, it is not possible to operate the motor at 
speeds less than S = 0.75, at constant load-torque, and the 
branch of the motor characteristic from the starting point, up to 
the maximum torque point, c, is unstable on a load requiring con- 
stant torque. 

At load torque, D' = 10, the motor can not start the load, can 
not carry it below 5, S = 0.35; at speeds from h to a, S = 0.35 to 
0.905, the motor speeds up; at speeds above a, S = 0.905, the 
motor slows down, and drops into stable condition at a. 
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With a load torque, D'o = 5, the motor starts and runs up to 
speed Ui, S = 0.96. 

D' = 7.2, point g, thus, is the maximum load torque which the 
motor can start. 

103. Suppose now, while running in stable condition, at point 
a, with the load torque, D' = 10, the load torque is momentarily 
increased. If this increase leaves lower than the maximum 
motor torque. Do = 14.3, the motor speed slows down, but re- 
mains above c, and thus when the increase of load is taken off, the 
motor again speeds up to a. 

If, however, the temporary increase of load torque exceeds the 
maximum motor torque, Do = 14.3 — for instance by starting a 
line of shafting or other mass of considerable momentum — then 
the motor speed continues to drop as long as the excess load exists, 
and whether the motor will recover when the excess load is taken 
off, or not, depends on the loss of speed of the motor during the 
period of overload: if, when the overload is relieved, the motor 
has dropped to point di in Fig. 102, its speed thus is still above 6, 
the motor recovers; if, however, its speed has dropped to ^ 2 , be- 
low the speed bjS = 0.35, at which the motor torque drops below 
the load torque, then the motor does not recover, but stops. 

With a lighter load torque, D'o, which is less than the starting 
torque, gf, obviously the motor will always recover in speed 

The amount, by which the motor drops in speed at temporary 
overload, naturally depends on the duration of the overload, 
and on the momentum of the motor and its moving masses: 
the higher the momentum of the motor and of the masses driven 
by it at the moment of overload, the slower is the drop of speed 
of the motor, and the higher thus the speed retained by it at the 
moment when the overload is relieved. 

Thus a motor of low starting torque, that is, high speed regula- 
tion, may be thrown out of step by picking up a load of high 
momentum rapidly, while by adding a flywheel to the motor, it 
would be enabled to pick up this load. Or, it may be troublesome 
to pick up the first load of high momentum, while the second load 
of this character may give no trouble, as, due to the momentum 
of the load already picked up, the speed would drop less. 

Thus a motor carrying no load, may be thrown out of step by a 
load which the same motor, already partly loaded (with a load of 
considerable momentum), would find no difficulty to pick up. 

The ability of an induction motor, to carry for a short time 
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without dropping out of step a temporary excessive overload, 
naturally also depends on the excess of the maximum motor torque 
(at c in Fig. 102) over the normal load torque of the motor. A 
motor, in which the maximum torque is very much higher — 
several hundred per cent. — ^than the rated torque, thus could 
momentarily carry overloads which a motor could not carry, 
in which the maximum torque exceeds the rated torque only by 
60 per cent., as was the case with the early motors. However, 
very high maximum torque means low internal reactance and thus 
high exciting current, that is, low power-factor at partial loads, 
and of the two types of motors: 

(а) High overload torque, but poor power-factor and efficiency 
at partial loads; 

(б) Moderate overload torque, but good power-factor and 
efficiency at partial loads; 

the type (6) gives far better average operating conditions, except 
in those rare cases of operation at constant full-load, and is there- 
fore preferable, though a greater care is necessary to avoid mo- 
mentary excessive overloads. 

Gradually the type (a) had more and more come into use, as 
the customers selected the motor, and the power supply company 
neglected to pay much attention to power-factor, and it is only 
in the last few years, that a realization of the harmful effects of 
low power-factors on the economy of operation of the systems is 
again directing attention to the need of good power-factors at 
partial loads, and the industry thus is returning to type (6), 
especially in view of the increasing tendency toward maximum 
output rating of apparatus. 

In distributing transformers, the corresponding situation had 
been realized by the central stations since the early days, and 
good partial load efficiencies and power-factors secured. 

104. The induction motor speed-torque curve thus has on a 
constant-torque load a stable branch, from the maximum torque 
point, c, Fig. 102, to synchronism; and an unstable branch, from 
standstill to the maximum torque point. 

However, it would be incorrect to ascribe the stability or in- 
stability to the induction motor-speed curve; but it is the char- 
acter of the load, the requirement of constant torque, which 
makes a part of the speed curve unstable, and on other kinds 
of load no instability may exist, or a different form of instability. 

Thus, considering a load requiring a torque proportional to 
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the speed, such as would be given, approximately, by an electric 
generator at constant field excitation and constant resistance as 
load. 

The load-torque curves, then, would be straight lines going 
through the origin, as shown by D'l, D\, D' 3 , etc., for increasingly 
larger values of load, in Fig. 103. The motor-torque curve, D, is 
the same as in Fig. 102. As seen, all the lines, D', intersect D a.t 
points, ai, a 2 , . . . , at which the speed is stable, since 



dP' dP 
dS ^ dS' 

this character of load, a torque required propor- 
tional to the speed, and the motor-torque curve, D, no instability 
exists, but conditions are stable from standstill to synchronism, 
just as in Fig. 101. That is, with increasing load, the speed de- 
creases and increases again with decreasing load. 

If, however, the motor curve is as shown by Do in Fig. 103, that 
is, low starting torque and a 'maximum torque point close to 
synchronisna, as corresponds to an induction motor with low 
resistance secondary, then for a certain range of load, between 


\ 
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D' and D'o, the load-torque line, D'^, intersects the motor curve 
Do, in three points 62, ^2, h. ’ 

At 62, S = 0.925, and at K S = 0.375, conditions are stable: 
at a2, S = 0.75, instability exists. 

Thus with this load, D\, the motor can run at two different speeds 
in stable conditions: a high speed, above co, and a low speed, be- 
low 6; while there is a third, theoretical speed, d^, which is unstable. 
In the range below the motor speeds up to in the range 
between and d^, the motor slows down to ^2; in the range 
between and 62, the motor speeds up to 62, and in the range 
above 62, the motor slows down to 52- 

^There is thus a (fairly narrow) range of loads between D’ and 
D'o, in which an unstable branch of the induction motor-torque 
curve exists, at intermediate speeds; at low speed as weU as at 
high speed conditions are stable. 

For loads less than D', conditions are stable over the entire 
range of speed; for loads above D'o, the motor can run only at low 
speeds, Aj, A4, but not at high speeds; but there is no load at which 
the motor would not start and run up to some speed. 

Obviously, at the lower speeds, the current consumed by the 
motor is so larp, that the operation would be very inefficient. 

It is interesting to note, that with this kind of load, the “maxi- 
mum torque point,” c, is no characteristic point of the motor- 
torque curve, but two points, co and h, exist, between which the op- 
eration of the motor is unstable, and the speed either drops down 
below 6, or rises above Co. 

106. With a load requiring a torque proportional to the square 
of the speed, such as a fan, or a ship propeller, conditions are al- 
most always stable over the entire range of speed, from standstill 
to synchronism, and an unstable range of speed may occur only in 
motors of very low secondary resistance, in which the drop of 
torque below the maximum torque point, c, of the motor character- 
istic is very rapid, that is, the torque of the motor decreases more 
rapidly than with the square of the speed. This may occur with 
very large motors, such as used on ship propellers, if the secondary 
resistance is made too low. 

More frequently instability with such fan or propeller load or 
other load of similar character may occur with single-phase 
motors,^ as in these the drop of the torque curve below maximum 
torque is much more rapid, and often a drop of torque with in- 
creasing speed occurs, especially with the very simple and cheap 
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starting devices economically required on very small motors, such 
as fan motors. 

Instability and dropping out of step of induction motors also 
may be the result of the voltage drop in the supply lines, and 
furthermore may result from the regulation of the generator vol- 
tage being too slow. Regarding hereto, however, see “ Theory and 
Calculation of Electrical Apparatus, ’’in the chapter on “Stability 
of Induction Machines. ” 

D. Hunting of Synchronous Machines 

106. In induction-motor circuits, instability almost always 
assumes the form of a steady change, with increasing rapidity, 
from the unstable condition to a stable condition or to stand- 
still, etc. 

Oscillatory instability in induction-motor circuits, as the result 
of the relation of load to speed and electric supply, is rare. It 
has been observed, especially in single-phase motors, in cases of 
considerable oversaturation of the magnetic circuit. 

Oscillatory instability, however, is typical of the synchronous 
machine, and the hunting of synchronous machines has probably 
been the first serious problem of cumulative oscillations in electric 
circuits, and for a long time has limited the industrial use of syn- 
chronous machines, in its different forms: 

(a) Difficulty and failure of alternating-current generators to 
operate in parallel. 

(&) Hunting of synchronous converters. 

(c) Hunting of synchronous motors. 

While considerable theoretical work has been done, practically 
all theoretical study of the hunting of synchronous machines 
has been limited to the calculation of the frequency of the transi- 
ent oscillation of the synchronous machine, at a change of load, 
frequency or voltage, at synchronizing, etc. However, this 
transient oscillation is harmless, and becomes dangetous only if 
the oscillation ceases to be transient, but becomes permanent and 
cumulative, and the most important problem in the study of hunt- 
ing thus is the determination of the cause, which converts the 
transient oscillation into a cumulative one, that is, the determina- 
tion of the source of the energy, and tlie mechanism of its trans- 
fer to the oscillating system. To design synchronous machines, 
so as to have no or very little tendency to hunting, obviously re- 
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quires a knowledge of those characteristics of design which are 
instrumental in the energy transfer to the oscillating system, and 
thereby cause hunting, so as to avoid them and produce the great- 
est possible inherent stability. 

If, in an induction motor running loaded, at constant speed, the 
load is suddenly decreased, the torque of the motor being in ex- 
cess of the reduced load causes an acceleration, and the speed in- 
creases. As in an induction motor the torque is a function of the 
speed, the increase of speed decreases the torque, and thereby de- 
creases the increase of speed until that speed is reached at which 
the motor torque has dropped to equality with the load, and 
thereby acceleration and further increase of speed ceases, and the 
motor continues operation at the constant higher speed, that is, 
the induction motor reacts on a decrease of load by an increase of 
speed, which is gradual and steady without any oscillation. 

If, in a synchronous motor running loaded, the load is suddenly 
decreased, the beginning of the phenomenon is the same as in 
the induction motor, the excess of motor torque causes an ac- 
celeration, that is, an increase of speed. However, in the 
synchronous motor the torque is not a function of the speed, but 
in stationary condition the speed must always be the same, 
synchronism, and the torque is a function of the relative position 
of the rotor to the impressed frequency. The increase of speed, 
due to the excess torque resulting from the decreased load, causes 
the rotor to run ahead of its previous relative position, and thereby 
decreases the torque until, by the increased speed, the motor 
has run ahead from the relative position corresponding to the pre- 
vious load, to the relative position corresponding to the decreased 
load. Then the acceleration, and with it the increase of speed, 
stops. But the speed is higher than in the beginning, that is, is 
above synchronism, and the rotor continues to run ahead, the 
torque continues to decrease, is now below that required by the 
load, and the latter thus exerts a retarding force, decreases the 
speed and brings it back to synchronism. But when synchron- 
ous speed is reached again, the rotor is ahead of its proper position, 
thus can not carry its load, and begins to slow down, until it is 
brought back into its proper position. At this position, however, 
the speed is now below synchronism, the rotor thus continues to 
drop back, and the motor torque increases beyond the load, 
thereby accelerates again to synchronous speed, etc., and in this 
manner conditions of synchronous speed, with the rotor position 

14 
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behind or ahead of the position eorresiyondinp; to ilu^ load, alter- 
nate with conditions of j:)r(>per relative position of the rotor, but 
below or above s^aichronous speed, that is, an ostallation rt‘sults 
which usually dies down at a rate* di^pinidin^ on t!u‘ iuuu'gy lossi/s 
resulting from the oscillation. 

107. As seen, the cluiracteristic of the syiudvronous nuu-hini* 
is, that readjustment to a change of load napiin^s a. eha ngu 
relative position of the rotor with n‘gar<l to t!u^ impr(\sse<l frt‘- 
quency, without any changt' of speed, wluh^ a change of relativ<' 
position can be accomplisluMi only b}'- a change of spee<!, and this 
results in an over-reaching in |>osition and in spcHal, that is, in an 
oscillation. 

Due to the energy losses caused l)y iluMKSiallation, thi‘ succi*ss- 
ive swings decrease in am|)litude, urul tlie oscillation dius down. 
If, however, the cause whicli l)rings tlie rotor baedv from t!ie posi- 
tion ahead or behind its normal ptrsitimi ciU*resj>onding to tht‘ 
changed load (excess or defi(*iency of motor tonjue over tln^ 
torque required by tlie load) is gnaiit^r than the toiapio wlTudi 
opposes the deviation of the rotor from its normal position, c‘at’h 
swing tends to extajed th(‘ preceding one in am|>litud<% .ami if the 
energy losses are insnfli(*i(mt, tlu^ oscillation thus inertaHses in 
amplitude and bcaonuss cumulativa*, that is, hunting. 

In Kg. 104 is shown (liagninrmatii’ally as p, the changi^ of the 
relative position of the rotor, from pi <a>rr(\sponding to tlu‘ prr*- 
vious load to pz tlui position further forward tHU-respuiMling to the 
decreased load. 

V tl'ien shows the os(dllation of speed corri*Hj.ioiidiiig to the 
oscillation of position. 

The dotted curve, i/n, tlam shows tlte emu*gy !ossi*s resulting 
from the oscillation of spcusl (hyster(\siH and eddies iii (hf* jnde 
faces, currents, in dampen* windings), that is, the slumping power, 
assumed as proportional to tlu^ s<iuare of the spetsl. 

If there is no lag of tlu^ synchronij^ing force Induntl tln^ posit inn 
dis|)lac('m(sit, tli(‘ synchronizing force, that is, tlie forcf* whieh 
tcnids to bring the rotor hack from a position ladiind or nliend nf 
the position corn^sponding to tin* load, W(nild Is- or may np- 
proximatrdy l)e assunusl as--q)r(>|)ortional to the position tlis- 
plac.euHmt, but with reverse sign, positive for iuaadenition when 
p is lU'gative or behind tln^ normal po.sithm, lu^gative or retarding 
when p is ahead. The synchronizing powtT, Ilia! \h, the ptiwta* 
exerted by the maclnne to rt‘tun^ to the normal posititju, then is 
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l»y iuulti|)lying —p witli v, and is shown dotted as 
in 1 ie;. Id !. As scHni, it lias a double-frequency alternation witli 
Knro as a vta'npa 

1‘Ih‘ Intal ivHultant power or the resulting damping effect 
whirli restores stability^ tlu^iij is the sum of the synchronizing 
powor ir^ and tlu* thunping i)ower tcx; and is shown by the dotted 



Fm. 104 . 


curve ii\ As seen, tuuku* th<^ assumption or Fig. 104, in this case 
a rapid damping (uaMirs. 

If t hf dafnping vvimling, which consumes a partof all the power, 
I/a. i' imhnu i\'t^ and to a sliglit caxUuit it always is— the current 
in fle‘ <lamping winding lags lielund the e.mi. induced in it by 
fim oacillatiun, tliai is, lags ladiind the speed, v. The power, Wi^ 
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or that part of it which is current times voltage, then ceases to be 
continuously negative or damping, but contains a positive period, 
and its average is greatly reduced, as shown by the drawn curve, 
wi, in Fig. 104, that is, inductivity of the damper winding is very 
harmful, and it is essential to design the damper winding as non- 
inductive as possible to give efficient damping. 

With the change of position, p, the current, and thus the ar- 
mature reaction, and with it the magnetic flux of the machine, 
changes. A flux change can not be brought about instantly, 
as it represents energy stored, and as a result the magnetic flux 
of the machine does not exactly correspond with the position, p, 
but lags behind it, and with it the synchronizing force, F, as 
shown in Fig. 104, lags more or less, depending on the design of the 
machine. 

The synchronizing power of the machine. Ft;, in the case of a lag- 
ging synchronizing force, F, is shown by the drawn curve, Wi. As 
seen, the positive ranges of the oscillation are greater than the 
negative ones, that is, the average of the oscillating synchronizing 
power is positive or supplying energy to the oscillating system, 
which energy tends to increase the amplitude of the oscillation — ^in 
other words, tends to produce cumulative hunting. 

The total resulting power, w == wi + Wi, under these condi- 
tions is shown by the drawn curve, w, in Fig. 104. As seen, its 
average is still negative or energy-consuming, that is, the oscilla- 
tion still dies out, and stability is finally reached, but the average 
value of w in this ease is so much less than in the case above dis- 
cussed, that the dying out of the oscillation is much slower. 

If now, the damping power, lOi, were still smaller, or the aver- 
age synchronzing power, Wi, greater, the average w would 
become positive or supplying energy to the oscillating system. 
In other words, the oscillation would increase and hunting 
result. 

That is : 

If the average synchronizing power resulting from the lag of 
the synchronizing force behind the position exceeds the average 
damping power, hunting results. The condition of stability of 
the synchronous machine is, that the average damping power ex- 
ceeds the average synchronizing power, and the more this is the 
case, the more stable is the machine, that is, the more rapidly 
the transient oscillation of readjustment to changed circuit con- 
ditions dies out. 
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Or, if 

a = attenuation constant of the oscillating system, 
a <0 gives cumulative oscillation or hunting, 
a >0 gives stability. 

108. Counting the time, t, from the moment of maximum back- 
ward position of the rotor, that is, the moment at which the load 
on the machine is decreased, and assuming sinusoidal variation, 
and denoting 

<t> =.2Trft = o)t ( 1 ) 

where 

/ = frequency of the oscillation ( 2 ) 

the relative position of the rotor then may be represented by 
p = —poe^"^ cos <^>, 

where 

Pq = P 2 -- Pi = position difference of rotor resulting from 


change of load, 

(3) 


a = attenuation constant of oscillation. 

(4) 

The velocity difference from that of uniform rotation then is 



2 ; = = 0 ) 37 = o)Pq (sin <!) + a cos 0 )- 

at a<P 

(5) 

Let 



a = tan a] 1 + 

( 6 ) 

hence. 

a 1 

sin a = ^; cos ^ 

(7) 

it is 

V = sin {<j) + a). 

( 8 ) 

Let 



7 = 

lag of damping currents behind e.m.f. induced in 


damper windings 
the damping power is 

(9) 


-UJl = — CVVy 



= — cco^po^A=*€-^“'*sin(<^ + a)sin (0 + a— 7 ) 

( 10 ) 


where 


c = ~ = damping power per unit velocity and vy is v, 
lagged by angle 7 , ( 11 ) 
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Let 

jS = lag of synchronizing force behind position displace- 
ment V (12) 

and 

/3 = 6)/o (13) 

where 


U = time lag of synchronizing force. 
The synchronizing force then is 


(14) 


F = cos — P) (15) 

where 

6 = ” = ratio of synchronizing force to po- 
sition displacement, or specific synchronizing force. 

The synchronizing power then is 
W2 = Fv,= sin (0 + a) cos (0 — ^), 

The oscillating mechanical power is 


(16) 

(17) 


where 


d mv^ dv 

d t e d4 

= sin {<j> + a) 

{cos (0 + a) — a sin (<^ + a)] (18) 


m = moving mass reduced to the radius, on 
which p is measured. 

It is, however. 


Wi -i- W2 w 0 


(19) 

( 20 ) 


hence, substituting (10), (17), (18) into (20) and canceling, 
6 cos (i/) — |S) — cuA sin (<j> + a — y) — 


moi^Acos (<^ + a) + mu^Aa sin (</> + a) = 0. (21) 

This gives, as the coefficients of cos ^ and sin <j> the equations 

b cos p — cuA sin (a —y) — ma^A cos a + woMasin a = 0 j 

& sin ^ — cwA cos (a — 7) + mu^A sin o + mw^A cos a = 0 j 

Substituting (6) and (7) and approximating from (13), for 
^ as a small quantity, 

cos^ = l; sini3 = co«o (23) 

gives 

& - ccd ( a cos 7 - sin 7) - mw* (1 - o*) = 0 1 

bto - c (cos 7 + a sin 7) + 2mo3a = 0 | 
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C cos 7 — 6^0 

:== 

( 25 ) 


'\/4 m6 — cos^ 7 + 

CO 

= ^ ( ^4 m6 — cos 2 7 + 6%^ + c sin 7 } ( 26 ) 


II 

( 27 ) 

These equations ( 25 ) and ( 26 ) apply only for small values of 
a, but become inaccurate for larger values of a, that is, very rapid 

damping. 

However, the latter case is of lesser importance. 


a = 0 


gives 

hU = 0 cos 7, 


hence, 

0 1 

cos 7 


or, 

. ^ c cos 7 

«o< , 

( 28 ) 


are the conditions of stability of the synchronous machine. 
If 

^0 ^ 0 


it is 


a = 


7 = 0 

c 


and, if also, 
it is 


\/4 m6 — 

\/4 m6 — 
2 m 

c = 0: 

T 

m 


Cl) = 


CHAPTER XII 


REACTANCE OF INDUCTION APPARATUS 

109. An electric current passing through a conductor is ac- 
companied by a magnetic field surrounding this conductor, and 
this magnetic field is as integral a part of the phenomenon, as is 
the energy dissipation by the resistance of the conductor. It is 
represented by the inductance, L, of the conductor, or the number 
of magnetic interlinkages with unit current in the conductor. 
Every circuit thus has a resistance, and an inductance, however 
small the latter may be in the so-called “non-inductive” circuit. 
With continuous current in stationary conditions, the inductance, 
L, has no effect on the energy fiow; with alternating current of 
frequency, /, the inductance, L, consumes a voltage 2 TrfLi, and is, 
therefore, represented by the reactance, x = 2 irfL, which is 
measured in ohms, and differs from the ohmic resistance, r, merely 
by being wattless or reactive, that is, representing not dissipation 
of energy, but surging of energy. 

Every alternating-current circuit thus has a resistance and a 
reactance, the latter representing the effect of the magnetic field 
of the current in the conductor. 

When dealing with alternating-current apparatus, especially 
those having several circuits, it must be realized, however, that 
the magnetic field of the circuit may have no independent exist- 
ence, but may merge into and combine with other magnetic fields, 
so that it may become difficult what part of the magnetic field is 
to be assigned to each electric circuit, and circuits may exist 
which apparently have no reactance.’ In short, in such cases, 
the magnetic fields of the reactance of the electric circuit may be 
merely a more or less fictitious component of the resultant mag- 
netic field. 

The industrial importance hereof is that many phenomena, such 
as the loss of power by magnetic hysteresis, the m.m.f. required 
for field excitation, etc., are related to the resultant magnetic 
field, thus not equal to the sum of the corresponding effects of the 
components. 
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As the transformer is the simplest alternating-current appara- 
tus, the relations are best shown thereon. 

Leakage Flux of Alternating-current Transformer 

110. The alternating-current transformer consists of a mag- 
netic circuit, interlinked with two electric circuits, the primary 
circuit, which receives power from its impressed voltage, and 
the secondary circuit, which supplies power to its external circuit. 

For convenience, we may assune the secondary circuit as re- 
duced to the primary circuit by the ratio of turns, that is, assume 
ratio of turns 1 1. 

Let 

Yo = g — jb = primary exciting admittance; 

Zo = To + jxo = primary self-inductive impedance; 

Zi = ri -+• jxi = secondary self-inductive impedance (reduced 
to the primary). 

The transformer thus comprises three magnetic fluxes: the 
mutual magnetic flux, <l>, which, being interlinked with primary 
and secondary, transforms the power from primary to secondary, 
and is due to the resultant m.m.f of primary and secondary cir- 
cuit ; the primary leakage flux, $'o, due to the m.m.f. of the primary 
circuit, Fo, and interlinked with the primary circuit only, which is 
represented by the self-inductive or leakage reactance, Xo; and the 
secondary leakage flux, ^'i, due to the m.m.f. of the secondary 
circuit, Fi, and interlinked with the secondary circuit only 
which is represented by the secondary reactance, Xi. 

As seen in Fig. 105o, the mutual flux, $ — ^usually — has a closed 
ironcircuitof low reluctance, p, thus iow m.m.f. ,F, and high intens- 
ity; the self-inductive flux or leakage reactance flux, $'o and $'i, 
close through the air circuit between the primary and secondary 
electric circuits, thus meet with a high reluctance, po, respectively 
Pi, usually many hundred times higher than p. Their m.m.fs., Fo 
and Fi, however, are usually many times greater than F; the lat- 
ter is the m.m.f. of the exciting current, the former that of full 
primary or secondary current. 

For instance, if the exciting current is 5 per cent, of full-load 
current, the reactance of the transformer 4 per cent., or 2 per cent, 
primary and 2 per cent, secondary, then the m.m.f. of the leakage 
flux is 20 times that of the mutual flux, and the mutual flux 50 
times the leakage flux, hence the reluctance of leakage flux 50 
X 20 = 1000 times that of the mutual or main flux: pi = 1000 p. 
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111. Usually, as stated, the leakage fluxes are not considered 
as such, but represented by their reactances, in the transformer 
diagram. Thus, at non-inductive load, it is. Fig. 106, 


0# = mutual, or main magnetic flux, chosen as negative ver- 
tical. 

OF = m.m.f. required to produce flux, 0$, and leading it by the 
angle of hysteretic advance of phase, FO^. 

OE'i = e.m.f. induced in the secondary circuit by the mutual flux, 
and 90° behind it. 



Fig. 106 . 


hxi = secondary reactance voltage, 90° behind the secondary 
current, and combining with OE'i to 
OEi = true secondary induced voltage. From this subtracts 
the secondary resistance voltage, I in, leaving the sec- 
ondary terminal voltage, and, in phase with it at non- 
inductive load, the secondary current and secondary 
m.m.f., OFi. 

From component, OFi, and resultant, OF, follows the other com- 
ponent, 
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OFq = primary and in phase with it the primary 

current. 

OE'q = primary voltage consumed by mutual flux, 
equal and opposite to OE'i, 

IqXq = primary reactance voltage, 90° ahead of the 
primary current OFq. 

From IqXq as component and E'q as resultant follows the other 
component, OEl, and adding thereto the primary resistance vol- 
tage, IqToj gives primary supply voltage. 

In this diagram. Fig. 106, the primary leakage flux is represented 
by O^'o, in phase with the prim ary cu rrent, OFo, and the secondary 
leakage flux is represented by in phase with the secondary 
current, OFi, 

As shown in Fig. 105o, the primary leakage flux, ^'o, passes 
through the iron core inside of the primary coil, together with the 
resultant flux, and the secondary leakage flux, passes through 
the secondary core, together with the mutual flux, However, 
at the moment shown in Fig. 105o, #'i and ^ in the secondary 
core are opposite in direction. This obviously is not possible, 
and the flux in the secondary core in this moment is — €>'i, 
that is, the magnetic disposition shown in Fig. 105o is merely 
nominal, but the actual magnetic distribution is as shown in 
Fig. 105a; the flux in the primary core, = ^ + the flux in 
the secondary core, 

As seen, at the moment shown in Fig. 105o and 105a, all the 
leakage flux comes from and interlinks with the primary winding, 
none with the secondary winding, and it thus woxild appear, that 
all the self-inductive reactance is in the primary circuit, none in 
the secondary circuit, or, in other words, that the secondary 
circuit of the transformer has no reactance. 

However, at a later moment of the cycle, shown in Fig. 105c, 
all the leakage flux comes from and interlinks with the secondary, 
and this figure thus would give the impression, that all the leakage 
reactance of the transformer is in the secondary, none in the 
primary winding. 

In other words, the leakage fluxes* of the transformer and the 
mutual or main flux are not independent fluxes, but partly tra- 
verse the same magnetic circuit, so that each of them during a part 
of the cycle is a part of any other of the fluxes. Thus, the react- 
ance voltage and the mutual inductive voltage of the transformer 
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are not separate e.m.fs., but merely mathematical fictions, com- 
ponents of the resultant induced voltage, OEi and OEo, induced 
by the resultant fluxes, O^o in the primary, and o¥^ in the sec- 
ondary core. 

112 . In Fig. 107 are plotted, in rectangular coordinates, the 
magnetic fluxes: 

The mutual or main magnetic flux, 

The primary leakage flux, 

The resultant primary flux, ^ 

The secondary leakage flux, 

The resultant secondary flux, ^ ~ 


a 



and the magnetic distribution in the transformer, during the 
moments marked as a, 6,*c, d, e, /, g, in Fig. 107, is shown in 
Fig. 105. 

In Fig. 105a, the primary flux is larger than the secondary, 
and all leakage fluxes (xq and Xi) come from the primary flux, 
that is, there is no secondary leakage flux. 

In Fig. 1056, primary and secondary flux equal, and primary 
and secondary leakage flux equal and opposite, though small. 

In Fig. 105c, the secondary flux is larger, all leakage flux (a^o 
and aji) comes from the secondary flux, that is, there is no 
primary leakage flux. 
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In Fig. lOSdl, there is no primary flux, and all the secondary 
flux is leakage flux. 

In Fig. 105e, there is no mutual flux, all primary flux is 
primary leakage flux, and all secondary flux is secondary leakage 
flux. 

In Fig. 105/, there is no secondary flux, and all primary flux 
is leakage flux. 

In Fig. 105g, the primary flux is larger than the secondary, 
and all leakage flux comes from the primary, the same as in 105a. 

Figs. 105a to 105/, thus show the complete cycle, corresponding 
to diagrams, Figs. 106 and 107. 

These figures are drawn with the proportions, 

p po Pi = 1 12.5 12.5 

F Fo Fi = 1 3.8 3 

$ 4- $'o <I>'i = 1 -4- 0.317-4 0.25. 

thus are greatly exaggerated, to show the effect more plainly. 
Actually, the relations are usually of the magnitude, 

P Po Pi = 1 1000 -4 1000 

F -4 Fo -4 Fi = 1 -4 20.6 -4 20 
<!> -4 ^'o -4 = 1 -4 0.02 4- 0.02 

113 . In symbolic representation, denoting, 

f = mutual magnetic flux. 

E = mutual induced voltage, 
f 0 = resultant primary flux, 
f 'o = primary leakage flux. 

= primary terminal voltage. 

U = primary current. 

Zo = ro + jxQ = primary self-inductive imped- 
ance. 

f 1 = resultant secondary flux, 
f 'i = secondary leakage flux. 

1^1 = secondary terminal voltage. 

1 1 = secondary current. 

Zi = n jxi = secondary self-inductive im- 
pedance, 
and 

0 == 27r/n 

where n = number of turns. 
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It then is 

cf'i = ixo/o 
cf'i = jxih 

= ^ =: — 2o/o = + ZiJi 

cf>o = E^ — ro/o = 4" i^Co/o 

cf 1 = + Till == ^ - jrci/i 

f 'o = $0 - f 

thus, the total leakage flux 

<!>' = <|>'q ^ == <|>Q — 

114. One of the important conclusions from the study of the 
actual flux distribution of the transformer is that the distinction 
between primary and secondary leakage flux, #'o and is really 
an arbitrary one. There is no distinct primary and secondary 
leakage flux, but merely one leakage flux, which is the flux 
passing between primary and secondary circuit, and which during 
a part of the cycle interlinks with the primary, during another 
part of the cycle interlinks with the secondary circuit Thus the 
corresponding electrical quantities, the reactances, Xo and Xi, are 
not independent quantities, that is, it can not be stated that there 
is a definite primary reactance, Xq, and a definite secondary react- 
ance, xi, but merely that the transformer has a definife reactance, 
Xj which is more or less arbitrarily divided into two parts; x = xo 
+ Xi, and the one assigned to the primary, the other to the second- 
ary circuit. 

As the result hereof, “mutual magnetic flux’’ <!>, and the mutual 
induced voltage, E, are not actual quantities, but rather mathe- 
matical fictions, and not definite but dependent upon the distri- 
bution of the total reactance between the primary and the sec- 
ondary circuit. 

This explains why all methods of determining the transformer 
reactance give the total reactance Xo + xx.' 

However, the subdivision of the total transformer reactance 
into a primary and a secondary reactance is not entirely arbitrary. 
Assuming we assign all the reactance to the primary, and consider 
the secondary as having no reactance. Then the mutual mag- 
netic flux and mutual induced voltage would be 

cf = - [n + j (xq + a^i)] lo 

and the hysteresis loss in the transformer would correspond hereto, 
by the usual assumption in transformer calculations. 
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Assigning, however, all the reactance to the secondary circuit, 
and assuming the primary as non-inductive, the mutual flux and 
mutual induced voltage would be = ]E = Eq — ro/o, hence 
larger, and the hysteresis loss calculated therefrom larger than 
under the previous assumption. The first assumption would 
give too low, and the last too high a calculated hysteresis loss, in 
most cases. 

By the usual transformer theory, the hysteresis loss under load 
is calculated as that corresponding to the mutual induced voltage, 
E. The proper subdivision of the total transformer reactance, Xj 
into primary reactance, Xoj and secondary reactance, Xi, would then 
be that, which gives for a uniform magnetic flux, corresponding 
to the mutual induced voltage, E, the same hysteresis loss, as 
exists with the actual magnetic distribution of ^ + 4>'o in 
the primary, and 4>i == # — 4>'i in the secondary core. Thus, if 
Vo is the volume of iron carrying the primary flux, <J>o, at flux den- 
sity, Boj Vi the volume of iron carrying the secondary flux, $i, at 
flux density, Bi, the flux density of the theoretical mutual mag- 
netic flux would be given by 

e - 

+ Fi 

from B then follows E, and thus Xo and Xi. 

This does not include consideration of eddy-current losses. 
For these, an approximate allowance may be made by using 1.7 
as exponent, instead of 1.6. 

Where the magnetic stray field under load causes additional 
losses by eddy currents, these are not included in the loss assigned 
to the mutual magnetic flux, but appear as an energy component 
of the leakage reactances, that is, as an increase of the ohmic re- 
sistances of the electric circuits, by an effective resistance. 

116. Usually, the subdivision of x into Xq and xij by this as- 
sumption of assigning the entire core loss to the mutual flux, 
is sufficiently close to equality, to permit this assumption. That 
is, the total transformer reactance is equally divided between 
primary and secondary circuit. 

This, however, is not always justified, and in some cases, the 
one circuit may have a higher reactance than the other. Such, 
for instance, is the case in some very high voltage transformers, 
and usually is the case in induction motors and similar apparatus. 

It is more commonly the case, where true self-inductive fluxes 
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cxistj th&t iSj magnotic flux6s produced by tbe current in one 
circuit, and interlinked with this circuit, closing upon themselves 
in a path which is entirely distinct from that of the mutual mag- 
netic flux, that is, has no part in common with it. Such, for in- 
stance, frequently is the self-inductive flux of the end connections 
of coils in motors, transformers, etc. To illustrate: in the high- 
voltage shell-type transformer, shown diagrammatically in 
Fig. 108, with primary coil 1, closely adjacent to the core, and 
high-voltage secondary coil 2 at considerable distance: 

The primary leakage flux consists of the flux in spaces, a, 
between the yokes of the transformer, closing through the iron 
core, C, and the flux through the spaces, b, outside of the trans- 
former, which enters the faces, F, of the yokes and closes through 
the central core, C. 

The secondary leakage flux contains the same two components: 
the flux through the spaces, a, between the yokes closing, however, 
through the outside shells, S, and the flux through the spaces, h, 
outside of the transformer, and entering the faces, F, but in this ' 
case closing through the shells, S. In addition to these two com- 
ponents, the secondary leakage flux contains a third component, 
passing through the spaces, 6, between the coils, but closing, 
through outside space, c, in a complete air circuit. This flux 
has no corresponding component in the primary, and the total 
secondary leakage reactance in this case thus is larger than the 
total primary reactance. 

Similar conditions apply to magnetic structures as in the in- 
duction motor, alternator, etc. 

In such a case as represented by Fig. 108, the total reactance 
of the transformer, with (2) as primary and (1) as secondary, 
would be greater than with (1) as primary and (2) as secondary. 

In this case, when subdividing the total reactance into primary 
reactance and secondary reactance, it would appear legitimate 
to divide it in proportion of the total reactances with (1) and (2) 
as primary, respectively. That is, 

if a: = total reactance, with coil (1) as primary, 
and (2) as secondary, and 
x' = total reactance, with coil (2) as primary, 
and (1) as secondary, then it is: 

With coil (1) as primary and (2) as secondary. 
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Primary reactance, 


X + X X + X 


Secondary reactance, 

— 

X + X + x' 

With coil (2) as primary and (1) as secondary, 


■ 


Fig. log. 


Primary reactance, 


Xq « ^ ^ 

X + "" X + ic'* 

Secondary reactance, 

X + ^ X + x' 

116 . By test, the two total reactances, x and x^, can be derived 
by considering, tiiat in Pig. 107 at the momenta, / and d, the total 
flux is leakage flux, iis more fully shown in I<'ig. 105/ and 105d, 
and the flux measured from /, giv^ the reactance, z, measured 
from d, gives the reactance, d. 
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Assuming we connect primary coil and secondary coil in series 
with each other, but in opposition, into an alternating-current 
circuit, as shown in Fig. 109, and vary the number of primary 
and secondary turns, until the voltage, ei, across the secondary 
coil, s, becomes equal to ni. Then no flux passes through the 
secondary coil, that is, the condition. Fig. 107/, exists, and the 
voltage, 6o, across the primary coil, p, gives the total reactance, 
Xj for p as primary, 

(ro^ + 

Varying now the number of turns so that the voltage across 
the primary coil equals its resistance drop, Bq = w, then the 



voltage across the secondary coil, s, gives the total reactance, x', 
for s as primary, 

= ^2 4 - x' ). 

It would rarely be possible to vary the turns of the two coils, 
p and s. However, if we short-circuit s and pass an alternating 
current through p, then at the very low resultant magnetic flux 
and thus resultant m.m.f., primary and secondary current are 
practically in opposition and of the same m.m.f., and the mag- 
netic flux in the secondary coil is that giving the resistance drop 
niij that is, e\ r I ii is the true primary voltage in the secondary, 
and the voltage across the primary terminals thus is that giving 
primary resistance drop, nioj total self-inductive reactance, xio, 
and the secondary induced voltage, riii. Thus, 

eo^ = {roio + nil y+ xHq\ 
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or, since ii practically equals io, 

eo® = [(j*o + ri)2 + x^], 

and inversely, impressing a voltage upon coil, s, and short-cir- 
cuiting the coil p, gives the leakage reactance, x', for s as primary, 

ei^ = ii^ [(ro + ri)2 -fa:')]. 

Thus, the so-called “impedance test” of the transformer gives 
the total leakage reactance Xo -f Xi, for that coil as primary, 
which is used as such in the impedance test. 

Where an appreciable difference of the total leakage flux is 
expected when using the one coil as primary, as when using the 
other coil, the impedance tests should be made with that coil as 
primary, which is intended as such. Since, however, the two 
leakage fluxes are usually approximately equal, it is immaterial 
which coil is used as primary in the impedance test, and gener- 
ally that coil is used, which gives a more convenient voltage and 
current for testing. 

Magnetic Circuits of Induction Motor 

117. In general, when dealing with a closed secondary winding, 
as an induction-motor squirrel-cage, we consider as the mutual 
inductive voltage, J^, the voltage induced by the mutual magnetic 
flux, #, that is, the magnetic flux due to the resultant of the pri- 
mary and the secondary m.m.f. This voltage, then is con- 
sumed in the closed secondary winding by the resistance* ri/i, 
and the reactance, jxji, thus giving, = (ri -f jxi) /i. 

The reactance voltage, jxjl'i, is consumed by a self-inductive 
flux, fi', that is, a magnetic leakage flux produced by the second- 
ary current and interlinked with the secondary circuit, and the 
actual or resultant magnetic flux interlinked with the secondary 
circuit, that is, the magnetic flux, which passes beyond the second- 
ary conductor through the armature core, thus is the vector dif- 
ference, $i = — if>', and the actual voltage induced in the second- 

ary circuit by the resultant magnetic flux interlinked with it thus 
is, ]pi = ^ — jxili. This voltage is consumed by the resistance 
of the secondary circuit, = nji, and the voltage consumed by 
self-induction, is no part of ]^x, but as stated, is due to the 
self-inductive flux, ff, which vectorially subtracts from the 
mutual magnetic flux, f*, and thereby leaves the flux, which 
induces Ijli. 
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In other words: 

In any closed secondary circuit, as a squirrel-cage of an induc- 
tion motor, the true induced e.m.f. in the circuit, that is, the e.m.f. 
induced by the actual magnetic flux interlinked with the circuit, 
is the resistance drop of the circuit, = filv 

This is true whether there is one or any number of closed sec- 
ondary circuits — or squirrel-cages in an induction motor. In each 

the current, h is — \ where n is the resistance of the circuit, and 

the voltage induced by the flux which passes through the cir- 
cuit. The jFi of the different squirrel-cages then would differ 
from each other by the voltage induced by the leakage flux 
which passes between them, and which is represented by the self- 
inductive reactance of the next squirrel-cage: 


E 




where /'i = is the current in the inner squirrel-cage of voltage, 

]^\j and resistance, r\, and rr'i/'i, is the reactance of the flux 
between the two squirrel-cages. 

The mutual magnetic flux and the mutual induced e.m.f. of the 
common induction motor theory thus are mathematical fictions 
and not physical realities. 

The advantage of the introduction of the mutual magnetic 
flux, and the mutual induced voltage, in the induction-motor 
theory, is the ease and convenience of passing therefrom to the 
secondary as well as the primary circuit. Where, however, a 
number of secondary circuits exist, as in a multiple squirrel-cage, 
it is preferable to start from the innermost magnetic flux, that is, 
the magnetic flux passing through the innermost squirrel-cage, 
and the voltage induced by it in the latter, which is the resistance 
drop of this squirrel-cage. 

In the same manner, in a primary circuit, the actual or total 
magnetic flux interlinked with the circuit, is that due to the 
impressed voltage, Eoj minus the resistance drop, nlo, jB'o = jE/q — 
ro Jo. Of this magnetic flux, $ 0 ? a part, <l>'o, passes as primary leak- 
age flux between primary and secondary, without reaching the 
secondary, and is represented by the primary reactance voltage, 
jaiojo, and the remainder — usually the major part — is impressed 
upon the secondary circuit as mutual magnetic flux, f = f o — ^'o, 
corresponding to the mutual inductive voltage, = Wo — i^ojo. 
The mutual magnetic flux, f , then is impressed upon the second- 
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ary, and as stated above, a part of it, the secondary leakage flux, 
f 'i, is shunted across outside of the secondary circuit, the re- 
mainder, f ' = f ~ f 'i, passes through the secondary circuit and 
corresponds to ri/i. 

118. Applying this to the polyphase induction motor with 
single squirrel-cage secondary. Let 

Yo — g — jb = primary exciting admittance; 

Zo = ro +jxo = primary self-inductive impedance; 

Zi == ri -f- jxi = secondary self-inductive impedance 
, at full frequency, reduced to the primary. 

Let 

fJi = the true induced voltage in the secondary, at full 
frequency, corresponding to the magnetic flux in 
the armature core. 

The secondary current then is 

T — 

^ n * 

The mutual inductive voltage at full frequency, 

j = ]^i + jXiJi 

= -5^1(1 +j^)- 

Thus the exciting current, 

Iqq =Yq^ 

= (ff -i6)(l -P i 

= (21 - , 


where 


qi = g + 


and the total current, 

V lo = Ii + /0O 

- 1 
hence, the primary impressed voltage, 

J^o 4" -Zo/o 

= ^:{l+i^ + (ro+jXo)[^ + 
= El (ci + jct), 


- JQi 
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where 


Cl = 1 + ro + XqQz = 1 + s ~ + fo^i + 

sxi . /s . \ sixi + Xo) , 

02 = -^ + xo[- + gi) - rog2 = — - + 

choosing now the impressed voltage as zero vector, 


Xoq2 
XoQi — roq2j 


gives 


or, absolute. 

ei = - 
'y 

the torque of the motor is 


Eo = eo 


eo 


Cl +jC2 
Cq 


D = /^i, li/ 1 


the power, 


££l 


seo^ 


sei^jl ~ s) 

Ti 


ri{cp + C2^) 
s(l - 


s)eo^ 


ri{ci^ + 02^) 


the. volt-ampere input, 


etc. 


Q 




. As seen, this method is if anything, rather less convenient 
than the conventional method, which starts with the mutual 
inductive voltage 

It becomes materially more advantageous, however, when 
dealing with double and triple squirrel-cage structures, as it 
permits starting with the innermost squirrel-cage, and gradually 
building up toward the primary circuit. See Multiple Squirrel- 
cage Induction Motor,” ^ ^Theory and Calculation of Electrical 
Apparatus.” 


CHAPTER XIII 


REACTANCE OF SYNCHRONOUS MACHINES 

119 . The synchronous machine — alternating-current generator, 
synchronous motor or synchronous condenser — consists of an 
armature containing one or more electric circuits traversed by 
alternating currents and synchronously revolving relative to a 
unidirectional magnetic field, excited by direct current. The 
armature circuit, like every electric circuit, has a resistance, r, 
in which power is being dissipated by the current, I, and an in- 
ductance, L, or reactance, x = 2 wfL, which represents the mag- 
netic flux produced by the current in the armature circuit, and 
interlinked with this circuit. Thus, if = voltage induced in 
the armature circuit by its rotation through the magnetic field — 
or, as now more usually the case, the rotation of the magnetic 
field through the armature circuit — the terminal voltage of the 
armature circuit is 

•5' = ^”0 — (r -H jx) /. 

In Fig. 110 is shown diagranamatically the path of the field flux, 
in two different positions, A with an armature slot standing mid- 
way between two field poles, B with an armature slot standing 
opposite the field pole. 

In Fig. Ill is shown diagrammatically the magnetic flux of 
armature reactance, that is, the magnetic flux produced by the 
current in the armature circuit, and interlinked with this circuit, 
which is represented by the reactance for the same two relative 
positions of field and armature. 

As seen, field flux and armature flux pass through the same iron 
structures, thus can not have an independent existence, but actual 
is only their resultant. This resultant flux of armature self-in- 
duction and field excitation is shown in Fig. 112, for the* same two 
positions, A and 5, derived by Superpositions of the fluxes in Figs. 
110 and 111. 

As seen, in Fig. 112A, all the lines of magnetic forces are inter- 
linked with the field circuit, but there is no line of magnetic flux 
interlinked with the armature circuit only, that is, there is ap- 
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parently no self-inductive armature flux, and no true self-induct- 
ive reactance, x, and the self-inductive armature flux of Fig. Ill 
thus merely is a mathematical fiction, a theoretical component of 
the resultant flux, Fig. 112. The effect of the armature current. 



Fig. 110. 


in changing flux distribution. Fig. IlOA to Fig. 112A, consists in 
reducing the field flux, that is, flux in the field core, increasing 
the leakage flux of the field, that is, the flux which leaks from field 
pole to field pole, without interlinking the armature circuit, and 
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still further decreasing the armature flux, that is, the flux issuing 
from the field and interlinking with the armature circuit. 

In position 112S, there is no self-inductive armature flux either 
but every line of force, which interlinks with the armature circuit,' 



is produced by and interlinked with the field circuit. The effect 
of the armature current in this case is to increase the field flux and 
the flux entering the armature at one side of the pole, and decrease 
it on the other side, of the pole, without changing the total field 
flux and the leakage flux of the field. Indirectly, a reduction of 
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the field flux usually occurs, by magnetic saturation limiting the 
increase of flux at the strengthened pole corner; but this is a sec- 
ondary effect. 



As seen, in 112A the armature current acts demagnetizing, in 
112J5 distorting on the field flux, and in the intermediary position 
between A and 5, a combination of demagnetization (or magneti- 
zation, in some positions) and distortion occurs. 

Thus, it may be said that the armature reactance has no inde- 
pendent existence, is not due to a flux produced by and interlinked 
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only with the armature circuit, but it is the electrical representa- 
tion of the effect exerted on the field flux by the m.m.f; of the arma- 
ture current. 

Considering the magnetic disposition, an armature current, 
which alone would produce the flux. Fig. Ill, in the presence of a 
field excitation which alone would give the flux. Fig. 110, has the 
following effect: in Fig. 112^, by the counter m.m.f. of the arma- 
ture current the resultant m.m.f. and with it the resultant flux are 
reduced from that due to the m.m.f. of field excitation, to that 
due to field excitation minus the m.m.f. of the armature current. 
The difference of the magnetic potential between the field poles is 
increased: in Fig. IlOA it is the sum of the m.m.f s. of the two air- 
gaps traversed by the flux (plus the m.m.f. consumed in the arma- 
ture iron, which may be neglected as small) ; in Fig. 1121 it is the 
sum of the m.m.fs. of the two air-gaps traversed by the flux 
(which is slightly smaller than in Fig. 1101, due to the reduced 
flux) plus the counter m.m.f. of the armature. The increased 
magnetic potential difference causes an increased magnetic leak- 
age flux between the field poles, and thereby still further reduces 
the armature flux and the voltage induced by it. 

In Fig. 1125, the m.m.f. of the armature current adds itself to 
the m.m.f. of field excitation on one side, and thereby increases the 
flux, and it subtracts on the other side and decreases the flux, and 
thereby causes an unsymmetrical flux distribution, that is, a field 
distortion. 

120. Both representations of the effect of armature current are 
used, that by a nominal magnetic flux, Fig. Ill , which gives rise 
to a nominal reactance, the “synchronous reactance of the arma- 
ture circuit,” and that by considering the direct magnetizing 
action of the armature current, as “armature reaction,” and 
both have their advantages and disadvantages. 

The introduction of a syncJiTOTious vcdctuficcj xqj and correspond- 
ing thereto of a nominal induced e.m.f., eo, is most convenient in 
electrical calculations, but it must be kept in mind, that neither 
eo nor xo have any actual existence, correspond to actual magnetic 
fluxes, and for instance, when calculating eflaciency and losses, the 
core loss of the machine does not correspond to eo, but corresponds 
to the actual or resultant magnetic flux. Fig. 112. Also, in deal- 
ing with transients involving the dissipation of the magnetic 
energy stored in the machine, the magnetic energy of the result- 
ant field. Fig. 112, comes into consideration, and not the— -much 
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larger — energy, which the fields corresponding to Co and xo would 
have. Thus the short-circuit transient of a heavily loaded ma- 
chine is essentially the same as that of the same machine at no- 
load, with the same terminal voltage, although in the former the 
field excitation and the nominal induced voltage may be very 
much larger. 

The use of the term armature reaction in dealing with the effect 
of load on the synchronous machine is usually more convenient 
and useful in design of the machine, but less so in the calculation 
dealing with the machine as part of an electric circuit. 

Either has the disadvantage that its terms, synchronous react- 
ance or armature reaction, are not homogeneous, as the different 
parts of the reactance field. Fig. Ill, which make up the difference 
between Fig. 112 and Fig. 110, are very different in their action, 
especially in their behavior at sudden changes of circuit conditions. 

121. Considering the magnetic flux of the armature current. 
Fig. lllA, which is represented by the synchronous reactance, Xo^ 

A part of this magnetic flux (lines a in Fig. lllA) interlinks 
with the armature circuit only, that is, is true self-inductive or 
leakage flux. Another part, however, (6) interlinks with the 
field also, and thus is mutual inductive flux of the armature cir- 
cuit on the field circuit. In a polyphase machine, the resultant 
armature flux, that is, the resultant of the fluxes. Fig. Ill, of all 
phases, revolves synchronously at (approximately) constant in- 
tensity, as a rotating field of armature reaction, and, therefore, is 
stationary with regard to the synchronously revolving field, F, 
Hence, the mutual inductive flux of the armature on the field, 
though an alternating flux, exerts no induction on the field circuit, 
is indeed a unidirectional or constant flux with regards to the 
field circuit. Therefore, under stationary conditions of load, no 
difference exists between the self-inductive and the mutual in- 
ductive flux of the armature circuit, and both are comprised in the 
synchronous reactance, xq. If, however, the armature current 
changes, as by an increase of load, then with increasing armature 
current, the armature flux, a and Fig. Ill, also increases, a, 
being interlinked with the armature current only, increases simul- 
taneously with it, that is, the armature current can not increase 
without simultaneously increasing its self-inductive flux, a. The 
mutual inductive flux, 6, however, interlinks with the field circuit, 
and this circuit is closed through the exciter, that is, is a closed 
secondary circuit with regards to the armature circuit as primary. 
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and the change of flux, h, thus induces in the field circuit an e.m.f. 
and causes a current which retards the change of this flux com- 
ponent, h. Or, in other words, an increase of armattire current 
tends to increase its mutual magnetic flux, 6, and thereby to de- 
crease the field flux. This decrease of field flux induces in the field 
circuit an e.m.f., which adds itself to the voltage impressed upon 
the field, thereby increases the field current and maintains the 
field flux against the demagnetizing action of the armature cur- 
rent, causing it to decrease only gradually. Inversely, a decrease 
of armature current gives a simultaneous decrease of the self- 
inductive part of the flux, a in Fig. Ill, but a gradual decrease of 
the mutual inductive part, b, and corresponding gradual increase 
of the resultant field flux, by inducing a transient voltage in the 
field, in opposition to the exciter voltage, and thereby decreasing 
the field current. 

Every sudden increase of the armature current thus gives an 
equal sudden drop of terminal voltage due to the self-inductive 
flux, a, produced by it (and the resistance drop in the armature 
circuit), an equally sudden increase of the field current, and then 
a gradual further drop of the terminal voltage by the gradual ap- 
pearance of the mutual flux, 6, and corresponding gradual decrease 
of field current to nominal. The reverse is the case at a sudden 
decrease of armature current. 

The extreme case hereof is found in the momentary short-cir- 
cuit currents of alternators,^ which with some types of machines 
may momentarily equal many times the value of the permanent 
short-circuit current. However, this phenomenon is not limited 
to short-circuit conditions only, but every change of current in 
an alternator causes a momentary overshooting, the more so, the 
greater and more sudden the change is. 

122. That part of the synchronous reactance, Xo, which is due to 
the magnetic lines, a, in Fig. Ill, is a true self-inductive reactance, 
X, and is instantaneous, but that part of xo representing the flux 
lines, 6, is mutual inductive reactance with the field circuit, x', and 
is -not instantaneous, but comes into play gradually, and when- 
ever dealing with rapid changes of circuit conditions, the syn- 
chronous reactance, Xo, thus must be divided into a true or self- 
inductive reactance, x, and a mutual inductive reactance, x': 

Xo = X + X.' 

‘See “Theory and Calculation of Transient Phenomena.” 
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The change of the flux disposition, caused by a current in the 
arnaature circuit, from that of Fig. 110 to that of Fig. 112, thus is 
simultaneous with the armature current and instantaneous with a 
sudden change of armature current only as far as it does not in- 
volve any change of the flux through the field winding, but the 
change of the flux through the field coils is only gradual. Thus 
the flux change in the armature core can be instantaneous, but 
that in the field is gradual. 

This difference between self-inductive and mutual inductive 
reactance, or between instantaneous and gradual flux change, 
comes into consideration only in transients, and then very fre- 
quently the instantaneous or self-inductive effect is represented 
by a self-inductive reactance, x, the gradual or mutual inductive 
effect by an armature reaction. 

The relation between self-inductive component, x, and mutual 
inductive component, x', varies from about 2 1 in the unitooth- 

high frequency alternators of old, to about 1 ^ 20 in some of the 
earlier turbo-alternators. 

In those synchronous machines, which contain a squirrel-cage 
induction-motor winding in the field faces, for starting as motors, 
or as protection against hunting, or to equalize the armature 
reaction in single-phase machines, all the armature reactance flux, 
which interlinks with the squirrel-cage conductors (as the flux, c, 
in Fig. 11 IB), also is mutual inductive flux, and such machines 
thus have a higher ratio of mutual inductive to self-inductive 
armature reactance, that is, show a greater overshooting of cur- 
rent at sudden changing of load, and larger momentary short- 
circuit currents. 

The mutual flux of armature reactance induces in the field cir- 
cuit only under transient conditions, but under permanent cir- 
cuit conditions the mutual inductance of the armature on the 
field has no inducing action, but is merely demagnetizing, and the 
distinction between self-inductive and mutual inductive react- 
ance thus is unnecessary, and both combine in the synchronous 
reactance. In this respect, the synchronous machine differs 
from the transformer; in the latter, self-inductance and mutual 
inductance are always distinct in their action. 

123. In permanent conditions of the circuit, the armature re- 
actance of the synchronous machine is the synchronous react- 
ance, Xq ^ X + x'; at the instance of a sudden change of circuit 
conditions, the mutual inductive reactance, x'j is still non-exist- 
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ing, and only the self~inductive reactance, x, comes into play. 
Intermediate between the instantaneous effect and the permanent 
conditions, for a time up to one or more sec., the effective reactance 
changes, from x to Xo, and this may be considered as a transient 
reactance. 

During this period, mutual induction between armature cir- 
cuit and field circuit occurs, and the phenomena in the synchron- 
ous machine thus are affected by the constants of the field circuit 
outside of the machine. That is, resistance and inductance of the 
field circuit appear, by mutual induction, as part of the armature 
circuit of the synchronous machine, just as resistance and react- 
ance of the secondary circuit of a transformer appear, trans- 
formed by the ratio of turns, as resistance and reactance in the pri- 
mary, in their effect on the primary current and its phase relation. 

Thus in the synchronous machine, a high non-inductive re- 
sistance inserted into the field circuit (with an increase of the 
exciter voltage to give the same field current) while without 
effect on the permanent current and on the instantaneous current 
in the moment of a sudden current change, reduces the duration 
of the transient armature current; an inductance inserted into 
the field circuit lengthens the duration of the transient and changes 
its shape. 

The duration of the transient reactance of the synchronous 
machine is about of the same magnitude as the period of hunting 
of synchronous machines — which varies from a fraction of a 
second to over one sec. The reactance, which limits the current 
fluctations in hunting synchronous machines, thus is neither the 
synchronous reactance, xo, nor the trueself-inductive reactance, x, 
but is an intermediate transient reactance; the current change is 
sufficiently slow that the mutual induction between synchronous 
machine armature and field has already come into play and the 
field begun to follow, but is too rapid for the complete develop- 
ment of the synchronous reactance. 

124 ; In the polyphase machine on balanced load, the mutual 
inductive component of the armature reactance has no inductive 
effect on the field, as its resultant is unidirectional with regard 
to the field flux. In the single-phase machine, however (or 
polyphase machine on unbalanced load), such inductive effect 
exists, as a permanent pulsation, of double frequency. The 
mutual inductive flux of the armature circuit on the field circuit 
is alternating, and the field circuit, revolving synchronously 
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through this alternating flux, thus has an e.m.f. of double fre- 
quency induced in it, which produces a double-frequency current 
in the field circuit, superimposed on the direct current from the 
exciter. The field flux of the single-phase alternator (or poly- 
phase alternator at unbalanced load) thus pulsates with double 
frequency, and, by being carried synchronously through the 
armature circuits, this double-frequency pulsation of flux in- 
duces a triple-frequency harmonic in the armature. 

Thus, single-phase alternators, and polyphase alternators 
at unbalanced load, contain more or less of a third harmonic 
in their voltage wave, which is induced by the double-frequency 
pulsation of the field flux, resulting from the pulsating armature 
reaction, or mutual armature reactance, x\ 

The statement, that three-phase alternators contain no third 
harmonics in their terminal voltages, since such harmonics neu- 
tralize each other, is correct only for balanced load, but at un- 
balanced load, three-phase alternators may have pronounced 
third harmonics in their terminal voltage, and on single-phase 
short-circuit, the not short-circuited phase of a three-phase 
alternator may contain a third harmonic far in excess of the 
fundamental. 

126 . Let in a F-connected three-phase synchronous machine, 
the magnetic flux per field pole be If this flux is distributed 
sinusoidally around the circumference of the armature, at any 
time, t, represented by angle, = 2 Trjt, the magnetic flux enclosed 
by an armature turn is 

= 4>o cos <^> 

when counting the time from the moment of maximum flux. 

The voltage induced in an armature circuit of n turns then is 

ei = n -^ = c4>o sm 

where 

c = 2 irfn 

If, however, the flux distribution around the armature circum- 
ference is not sinusoidal, it nevertheless can, as a periodic func- 
tion, be expressed by 

[cos 0 -f- <^2 cos 2(^ — 0 : 2 ) 4“ ^^3 cos 3(^ — as) 4- 

a4 COS 4(0 — a4) 4 - . . . ] 

and the voltage induced in one armature conductor, by the 
16 
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synchronous rotation through this flux, is 

^ = 7r/4>o [sin cj) + 2 a2 sin 2(<^> — 0:2) + 3 as sin + 

4 a4 sin 4:((l> — ai) + . . . ] 

hence, the voltage induced in one full-pitch armature turn, or in 
two armature conductors displaced from each other on the arma- 
ture surface by one pole pitch or an odd multiple thereof, 

e = 2 7r/<l>o[sin <^>+3 as sin 3(<^ — 0:3) +5 as sin 5((^~-or5)+ . . . ] 

that is, the even harmonics cancel. 

The voltage induced in one armature circuit of n effective series 
turns then is 

ei = c^o [sin .+ 63 sin Z(<t> — a^) + 65 sin 5{<t> — a^) + . . . ] 
where 

63^3 as, 65 = 5 as; etc., if all the n turns are massed together, 
and are less, if the armature turns are distributed, due to the 
overlapping of the harmonics, and partial cancellation caused 
thereby. As known, by causing proper pitch of the turn, or 
proper pitch of the arc covered by any phase, any harmonic can 
be entirely eliminated. 

The second and third phase of the three-phase machine then 
would have the voltage, 

e-z = c^o [sin (0 — 120°) ■+• 63 sin 3(<^> — 0:3 — 120°) + 

&5 sin 5(0 — as — 120°) + . . . ] 

= C$0 [sin (0 — 120°) + 63 sin 3(0 — as) + 65 sin 

(5[0 - aj + 120°) + . . .] 

C3 = C$0 [sin (0 — 240°) + bz sin 3(0 — as) + 

65 sin (5[0 — az] + 240°)] + . . .] 

As seen, the third harmonics are all three in phase with each 
other; the fifth harmonics are in three-phase relation, but with 
backward rotation; the seventh harmonics are again in three- 
phase relation, like the fundamentals, the ninth harmonics in 
phase, etc. 

The terminal voltages of the machine then are 

El = 63 — 62 = Vs C$0 [cos 0 — 66 cos 5 (0 — as) + 

67 cos 7 (0 ~ ar) h • . .] 

and corresponding thereto Ez = ci — ez and Ez - ez — Ci, differ- 
ing from El merely by substituting 0 — 120® and 0 — 240° for 0. 
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As seen, the third harmonic eliminates in the terminal voltages 
of the three-phase machine, regardless of the flux distribution, 
provided that the flux is constant in intensity, that is, the load 
conditions balanced. 

126. Assuming, however, that the load on the three-phase 
machine is unbalanced, causing a double-frequency pulsation 
of the magnetic flux, 

<l>o (1 + a cos 2 0), 

assuming for simplicity sinusoidal distribution of magnetic flux. 
The flux interlinked with a full-pitch armature turn then is 

$ = <J)q(i ^ (jQg 2 (j)) cos (0 ~ a) 

= $0 [cos (<!> - a) -h I cos (<^+ a) 4- 1 cos (30- a)] 
and the voltage induced in an armature circuit of n effective turns, 
~ ^~di ~ (0 “ «) + 2 cos (0 -h a) + ^ cos (3 0 — q:)J 

= c0o[sin (0 - a) + I sin (0 -f «) -f- ^ sin (3 0 - a)] 

or, if the magnetic flux maximum coincides with the voltage 
maximum of the first phase, a = 0, 

Cl = c4>o[ [l + I) sin 0 -f ^sin3 0J. 

In the second phase, the flux is the same, 00 (1 -+- a cos 2 0), 
but the flux interlinkage 120° later, thus, . 

0 = $0 (1 -t- a cos 2 0) cos i<l> - a. - 120°), 

and the voltage of the second phase thus is derived from that of 
the first phase, by substituting a -f 120° for «, 

62 = C0O [sin (0 - a - 120°) -f | sin (0 a + 120°) + 

^ sin (3 0 - a - 120°) j 

and the third phase, 

63 = C0O [sin (0 - a - 240°) -f- 1 sin (0 -f- a +. 240°) -f 

^ sin (3 0 — a — 240°)j 
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the terminal voltages thus are, 

El = es — 62 = \/3 c4>o [cos (<^ — a) — | cos (<!>+ a) + 

^ cos (3 ^ — a)J 

and in the same manner, the other two phases, 

E 2 = Vs C $0 [cos (<#> - a - 120°) - I cos (0 + a + 120°) - 

^ cos (3 $ - a - 126 °)] 

Ei = Vs C$0 [cos ($ — a — 240°) — ^ cos ($ + a + 240°) — 

^ cos (3 0 — a — 240°) j . 

For a = 0, this gives 
E\ = Vs c$o[ ^1 — cos ^ ^ cos 3 

E 2 = Vs C $0 [ (1 - I) cos ($ - 120°) - cos (3 $ - 120°)] 

E 3 = Vs C$ 0 [ (1 - I) cos {4> - 240°) - ^ cos (3 $ - 240°)]. 

As seen, all three phases have pronounced third harmonics, 

and the third harmonic of the loaded phase, Ei, is opposite to 
that of the unloaded phases. 

If a = 1, which corresponds about to short-circuit conditions, 
as it makes the minimum value of equal zero, then the quadra- 
ture phase of the short-circuited phase, Ei, becomes 

ei = '^-^(sin <l> + sin 3 <^>)^ 

that is, the third harmonic becomes as large as the fundamental. 

Thus, on unbalanced load, such as on single-phase short-circuit, 
triple harmonics appear in the terminal voltages of a three-phase 
generator, though at balanced loads the three-phase terminal 
voltage can contain no third harmonics. 


SECTIOir III 


CHAPTER XIV 

CONSTANT-POTENTIAL CONSTANT-CURRENT TRANS- 
FORMATION 

127. The generation of alternating-current electric power prac- 
tically always takes place at constant voltage. For some pur- 
poses, however, as for operating series arc circuits, and to a lim- 
ited extent also for electric furnaces, a constant, or approximately 
constant alternating current is required. While constant alter- 
nating-current arcs have largely come out of use and their place 
taken by constant direct-current luminous arc circuits, or incan- 
descent lamps, the constant direct current is usually derived by 
rectification of constant alternating-current supply circuits. 

Such constant alternating currents are usually produced from 
constant- voltage supply circuits by means of constant or variable 
inductive reactances, and may be produced by the combination of 
inductive and condensive reactances; and the investigation of 
different methods of producing constant alternating current from 
constant alternating voltage, or inversely, constitutes a good 
application of the terms “impedance,” admittance,” etc., and 
offers a large number of problems or examples for the symbolic 
method of dealing with alternating-current phenomena. 

Even outside of arc lighting, such combinations of inductance 
and capacity which tend toward constant-voltage constant-cur- 
rent transformation are of considerable importance as a possible 
source of danger to the system. In a constant-current circuit, 
the load is taken off by short-circuiting, while open-circuiting 
causes the voltage to rise to the maximum value permitted by 
the power of the generating source. Hence, where the circuit 
constants, with a constant-voltage supply source, are such as to 
approach constant-voltage constant-current transformation, as is 
for instance the case in very long transmission lines, open-circuit- 
ing may lead to dangerous or even destructive voltage rise. 

128. With an inductive reactance inserted in series to an alter- 
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nating-current non-inductive circuit, at constant-supply voltage, 
the current in this circuit is approximately constant, as long as the 
resistance of the circuit is small compared with the series inductive 
reactance. 

Let 

Eq = Co = constant impressed alternating voltage; 
r = resistance of non-inductive receiver circuit; 

Xo = inductive reactance inserted in series with this circuit. 
The impedance of this circuit then is 

Z = r + jxoj 

and, absolute, 


and thus the current. 


and the absolute value is 


z = 

r — — ^0 

* “ Z r + jxo 


z 


eo 


+ Xq^ 

the phase angle of the supply circuit is given by 

Xq 


and the power factor. 


tan do = 

cos ^0 — 


If in this case, r is small compared with Xq, it is 

eo 1 


t = 


Xo / /5 

r- \ 2 

V'+t 

rj 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


or, expanded by the binomial theorem, 




hence, 




i = ^li 




+ 


= 1 


Sr* 


+ 


Sr* 


2a;o^ 8a:o 


+ 


+ . 


( 6 ) 


a;o I 2 xo* 8 Xo* 

that is, for small values of r, the current, i, is approximately 
constant, and is 

Xo 
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For small values of r, the power-factor 


is very low, however. 

Allowing a variation of current of 10 per cent, from short- 
circuit or no-load, r = 0, to full-load, or r = ri, it is, substituted 
in (2): 

No-load current: ‘ 


\m 


Fig. 113. 


Full-load current: 


Hence, 


and therefore. 


Vr?~+ 


- 0.9 fo. 


= 0.9 % 


ri = 0.485 Xo, 

and the power-factor, from (4), is 0.437. 

That is, even allowing as large a variation of current, 2 , as 
10 per cent., the maximum power-factor only reaches 43.7 per 
cent., when producing constant-current regulation by series 
inductance reactance. 
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As illustrations are shown, in Fig. 113, for the constants: 

eo = 6600 volts applied e.m.f . ; 
a;o = 792 ohms series reactance; 

the current: 

_ 6600 
* “ Vr^ 7922 
8.33 


+ (^) 


amp.; 


and the power-factor: 


- 1 - 7922 


+ (^ 2 )' 


with the voltage at the secondary terminals: 


as abscissas. 

129. If the receiver circuit is inductive, that is, contains, in 
addition to the resistance, r, an inductive reactance, x, and if 
this reactance is proportional to the resistance, 

X = kr, 

as is commonly the case in arc circuits, due to the inductive 
reactance of the regulating mechanism of the arc lamp (the 
effective resistance, r, and the inductive reactance, x, in this 
case are both proportional to the number of lamps, hence pro- 
portional to each other), it is: 
total impedance: 

Z r + j {xq + x) = r + i (^0 + kr) ; 
or the absolute value is 

z = 'x/y-S x)2 = Vr 2 ^ 


thus, the current 


and the absolute value is 


^ r +j{xQ + kry 


a/ - f (xo + Ar)2 iTo A , 2 kr + h-)’ 

y ^0 
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and the power-factor: 

a r r 

cos do = ~ = • 

® Vr^ + (xo + kry 

By the binomial theorem, it is 

i j ^ (2 - 

. 2 kr . 7-2(1 -f xo 4 20 ^ 


(9) 




+ - . 


Hence, the current 

Xq 


Xq^ 

kr 


. ] 1 t ^(2 — fc )^ 


■ I 


( 10 ) 


that is, the expression of the current, i (10), contains the ratio> 

T 

in the first power, with k as coeflSicient, and if therefore k 

is not very small, that is, the inductive reactance, x = kr, sl 
very small fraction of the resistance, r, the current, i, is not 
even approximately constant, but begins to fall off immediately, 
even at small values of r. 

Assuming, for instance, 

k = 0A. 

That is, the inductive reactance, x, of the receiver circuit equals 
40 per cent, of its . resistance, r, and , the power-factor of the 
receiver circuit accordingly is 

r 


cos 6 


it is, substituted in (8), 
I 


+ x^ 

1 

I + k^ 

= 93 per cent. ; 
eo 


As illustrations are shown, in the same Fig. 113, for the constants: 

eo = 6600 volts supply e.m.f . ; 

Xo = 792 ohms series reactance; 

the current: 

8.33 






amp. 


1 + 0.4; 


792/ 


This current is shown by dotted line. 

In this case, in an inductive circuit, the current, f, has decreased 
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by 10 per cent, below the no-load or short-circuit value of 8.33 
amp. that is, has fallen to 7.5 amp., at the resistance r = 187 ohms, 
or at the voltage of the receiving circuit, 

e = i V -f a:^ = n V 1 + = 1.077 n = 1500 volts; 

while, in the case of a non-inductive load, the current has fallen 
off to 7.5 amp., or by 10 per cent, at the resistance r = 395 ohms, 
or at the voltage of the receiving circuit: e = 2950 volts. 

130. As seen, a moderate constant-current regulation can 
be produced in a non-inductive circuit, by a constant series 
inductive reactance, at a considerable sacrifice, however, of the 
power-factor, while in an inductive receiver circuit, the con- 
stant-current regulation is not even approximate. 

To produce constant alternating current, from a constant- 
potential supply, by a series inductive reactance, over a wide 
range of load and without too great a 
sacrifice of power-factor, therefore re- 
quires a variation of the series inductive 
reactance with the load. That is, with 
increasing load, or increasing resistance 
of the receiver circuit, the scries induc- 
tive reactance has to be decreased, so as 
to maintain the total impedance of the 
circuit, and thereby the current, constant. 
In constant-current apparatus, as trans- 
formers from constant potential to constant current, or regula- 
tors, this variation of series inductive reactance with the load 
is usually accomplished automatically by the mechanical motion 
caused by the mechanical force exerted by the magnetic field of 
the current, upon the conductor in which the curremt exists. 

For instance, in the constant-current transformeu-, as shown 
diagrammatically in Fig. 114, the secondary coils, S, an^ arranged 
so that they can move away from the primary coils, P, or in- 
versely. Primary alid secondary currents arc proportional 
to each other, as in any transformer, and the magnetic fudd 
between primary and secondary coils, or the magnetic si.ray fudd, 
in which the secondary coils float, is proportional to (dtlus- (uirrent. 
The magnetic repulsion between primary coils and scH:ondaryc(jils 
is proportional to the current (or rather its anqx'ni-turns), and 
to the magnetic stray field, hence is proportional t.o the sciuaro 
of the current, but independent of the voltage. The secondary 
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coils, S, are counter-balanced by a weight, W, which is adjusted 
so that this weight, TF, plus the repulsive thrust between second- 
ary coils, >S, and primary coils, P (which, as seen above, is propor- 
tional to the square of the current), just balances the weight of 
the secondary coils. Any increase of secondary current, as, for 
instance, caused by short-circuiting a part of the secondary load, 
then increases the repulsion between primary and secondary coils, 
and the secondary coils move away from the primary; hence more 
of the magnetic flux produced by the primary coils passes between 
primary and secondary, as stray field, or self-inductive flux, 
less passes through the secondary coils, and therefore the second- 
ary generated voltage decreases with the separation of the coils, 
and also thereby the secondary current, until it has resumed the 
same value, and the secondary coil is again at rest, its weight 
balancing counterweight plus repulsion. 

Inversely, an increase of load, that is, of secondary impedance, 
decreases the secondary current, so causes the secondary coils 
to move nearer the primary, and to receive more of the primary 
flux; that is, generate higher voltage. 

In this manner, by the mechanical repulsion caused by the cur- 
rent, the magnetic stray flux, or, in other words, the series induct- 
ive reactance of the constant-current transformer, varies auto- 
matically between a maximum, with the primary and secondary 
coils at their maximum distance apart, and a minimum with the 
coils touching each other. Obviously, this automatic action is 
independent of frequency, impressed voltage, and character of 
load. 

If the two coils P and S in Fig. 114 are wound with the same 
number of turns and connected in series with each other and with 
the circuit. Fig. 114 is a constant-current regulator, or a regulating 
reactance, that is, a reactance which varies with the load so as to 
maintain constant current. If P is primary and S secondary 
circuit. Fig. 114 is a constant-current transformer. 

Assuming then, in the constant-current transformer or regula- 
tor or other apparatus, a device to vary the series inductive 
reactance so as to maintain the current constant. Let 
^0 = ^0 = constant = impressed e.m.f., 

Z ^ r jx, 

= r (1 -f- jk) the impedance of the load, and let 
xo = inductive series reactance, as the self-inductive 
internal reactance of the constant-current transformer. 
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The current in the circuit then is 


Co 


or, the absolute value, 


r+jiixo + x) 




Co 


+ (.^0 + 

and, to maintain the current, i, constant (i — ^), 
then requires 

^0 = 


Co 


or, transposed, 
or, for 




*• ” ^/© 

X = hr, 

Xo 


r- — X 




— hr 


( 11 ) 


( 12 ) 


that is, to produce perfectly constant current by means of a 
variable series inductive reactance, this series reactance must be 
varied with the load on the circuit, according to equation (11) or 
( 12 )- 

For non-inductive load, or a: = 0, it is 

the maximum load, which can be carried, is given by 

Xo = 0 

and is ^ ,, 

2 = -f = r Vl + /o“ = ^ (14) 


As seen from equation (13), the decrease of inductive reactance, 
Xo, required to maintain constant current with non-inductive 
load, is small for small values of resistance, r, when the under 
the root is negligible. With inductive load, equation (11), the 
inductive reactance, Xo, has still further to be decreased by the 
inductive reactance of the load, x. 

Substituting: 


as the value of the series inductive reactance at no-load or short- 
circuit, equations (11), (12), (13) assume the form: 
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General inductive load: 


Xo = zqq^ — — Xy 

(14) 

X 

Inductive load of - = k: 

r 


Xo = \/ xoo^ — — kr 

Non-inductive load : 

(15) 

o 

11 

1 

(16) 

131. As seen, a constant series inductive reactance 

gives an 


approximately constant-current regidation with non-inductive 
load, but if the load is inductive this regulation is spoiled. 
Inversely it can be shown, that condensive reactance, that is, a 
source of leading current in the load, improves the constant- 
current regulation. 

With a non-inductive load, series condensive reactance exerts 
the same effect on the current regulation as series inductive re- 
actance; the equations discussed in the preceding paragraphs re- 
main the same, except that the sign of Xo is reversed and the cur- 
rent always leading. 

With series condensive reactance, condensive reactance in the 
load spoils, inductive reactance in the load improves the constant- 
current regulation. 

That is, in general, a constant series reactance gives approxi- 
mately constant-current regulation in a non-inductive circuit, 
and with a reactive load this regulation is impaired if the react- 
ance of the load is of the same sign as the series reactance, and the 
regulation is improved if the reactance of the load is of opposite 
sign as the series reactance. 

Since a constant-current load is usually somewhat inductive, it 
follows that a constant series condensive reactance gives a better 
constant-current regulation, in the average case of a some- 
what inductive arc circuit, than the constant series inductive 
reactance. 

Let 

Ed — eo = constant = impressed, or supply voltage. 

Z = r + jx = impedance of the load, or the receiver 
circuit, and 

X = kr, 

that is, 

Z = r (1 + jk) 
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or, absolute, 


z = r V 1 + 

Let now a constant condensive reactance be inserted in series with 
this circuit, of the reactance, —Xcj then the total impedance of the 
circuit is 

Z' = r — j (xc — kr). 

The current is 

/ = ^0 

r — j{Xc — krY 

or, the absolute value is 


(17) 

(18) 


^0 


\/r^ + (Xc — krY 

_ ~~~ 
r 

r 

\/r2 + {Xc — Air) ^ 


the phase angle is 

tan 00 = 
and the power-factor is 
cos 00 = 
for 

fc = 0, 

or non-inductive load, equations (19) and (21) assume the form: 


(19) 

( 20 ) 
( 21 ) 


eo 


+ Xc^ 


and cos 0 


+ 


that is, the same as with series inductive reactance. 

From equation (19) it follows, that with increasing current, t, 
from no-load: 

Co 


r = 0, hence: to 


( 22 ) 


the current, to, first increases, reaches a maximum, and then 
decreases again. When decreasing, it once more reaches the 
value, to, for the resistance, ri, of the load, which is given by 

Co Co 


to 


hence, expanded, 


V ri^ + {Xc — kviY 
2 kxc 


1 + (23) 

and the maximum value through which i passes between r = 0 
and r = ri, is given by 

di 


dr 


0 , 
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or 


^.{r^ + (xc - kr)^ = 0 = 2r - 2kixc - kr)-, 


hence, 


hxc 


1 + 2 

This maximum value is given by substituting (24) in (19), as 


^2 


A/r+~p; 


for 

this value is 


= U^/ l + h^ 
h = 0.4, 


(25) 


p = 1.077 u, 

that is, the current rises from no-load to a maximum 7.7 per cent, 
above the no-load value, and then decreases again. 

As an example, let 

eo = 6600 volts impressed e.m.f. 
and 

Xc = 880 ohm condensive reactance, 

Xc being chosen so as to give 


^0 


6o 


= 7.5 amp.; 


for 

then, 


h = 0.4, 


6600 


Vr^ + (880 - 0.4 r) 
r 


cos 00 = • ■ ■ ■ : 

Vr2+ (880 - 0.4r)2^ 

e = zi = 1.077 ri. 

These values of current and power-factor are plotted, with the 
receiver voltage as abscissae, in Fig. 115. 

132. The conclusions from the preceding are that a constant 
series reactance, whether condensive or inductive, when inserted 
in a constant-potential circuit, tends toward a constant-current 
regulation, at least within a certain range of load. That is, at 
varying resistance, r, and therefore varying load, the current is 
approximately constant at light load, and drops off only gradu- 
ally with increasing load. 
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This constant-current regulation, and the power-factor of the 
circuit, are best if the reactance of the receiver circuit is of oppo- 
site sign to the series reactance, and poorest if of the same sign. 
That is, series condensive reactance in an inductive circuit, and 
series inductive reactance in a circuit carrying leading current. 





= 

-r-lS-J 

1 Xn 

I 

^ JC 1 


give the best regulation; series inductive reactance with an in- 
ductive, and series condensive reactance with leading current in 
the circuit, give the poorest regulation. 

Since the receiver circuit is usually inductive, to get best regula- 
tion, either a series condensive reactance has to be used, as in Fig. 

115, or, if a series inductive reactance 
is used, the current in the receiver cir- 
cuit is made leading, as, for instance, 
by shunting the receiver circuit by a 
condensive reactance. 

Assuming, then, as sketched diagram- 
matically in Fig. 116, in a circuit of 
constant impressed e.m.f., Eo = eo = constant, a constant in- 
ductive reactance, Xo, inserted in series; and the receiver circuit, 
of impedance, 

Z = r + jx = r(l + jk) 


I 


± 


Fig 116. 


k - tangent of the angle of lag 


X 


where 
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let the receiver circuit be shunted by a constant condensive react- 
ance, Xc] let then: 

E = potential difference of receiver circuit or the condenser 
terminals, 

I = current in the receiver circuit, or the ^^secondary current,^’ 

I I = current in the condenser, 

/o = total supply current, or “primary current/^ 

Then Jq = f 

and the e.m.f* at receiver circuit is 

= Zl 

at the condenser, 

= —jXch 

hence, 

,Z 


(26) 

(27) 

(28) 


and, in the main circuit, the impressed e.m.f. is 

N a = ea + jxU 

Hence, substituting (26), (27) and (29) in (30), 

.Z 


(29) 

(30) 


^0 


or 

eo = 

f -Xq 



1 Xc 

and 

/ = 

€q 


= z/+jxo(/-by|/) 


V JXf, 


(31) 

(32) 


If Xc Xq, that is, if the shunted condensive reactance equals 
the series inductive reactance, equations (32) assume the form. 


JXo Xo 

and the absolute value is 

i = 

Xq 


(33) 

(34) 


that is, the current, i, is constant, independent of the load and 
the power-factor. 
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That is, if in a constant-potential circuit, of impressed e.m.f., eo, 
an inductive reactance, a:o, and a condensive reactance, a;., are 
connected in series with each other, and if 

x<. = xa, (35) 

that is, the two reactances are in resonance condition with each 
other, any circuit shunting the capacity reactance is a constant- 
current circuit, and regardless of the impedance of this circuit, 
Z = r + jx, the current in the circuit is 

• = £? 

Xo 

133 . Such a combination of two equal reactances of opposite 
sign can be considered as a transforming device from constant 
potential to constant current. 

Substituting, therefore, (35) in the preceding equation gives. 
(33) substituted in (29) : 

Current in shunted capacity 


or, absolute, 


h = 


'll 


5 Co 




zeo 

Xo^ 


and, substituting (33) and (36) in (26) : 
primary supply current is 


io = 


J^o 




Co 


or the absolute value is 


tQ == 

‘4 


Xq 


2 Vr* -f (a^o — xy 


and the power-factor of the supply current is 

Xq — X 


tan do = 


cos do = 


■\/r* + (xo — xy 


(36) 

(37) 

(38) 

(39) 

(40) 


In this case, the higher the inductive reactance, x, of the 
receiving circuit the lower is the supply current, io, at the same 
resistance, r, and the higher is the power-factor, and if x = xo 


h 


Xo* 


and cos 6 = 1 


(41) 


that is, the primary, or supply circuit is non-inductive, and the 
primary current is in phase with the supply e.m.f., and the 
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power-factor rs unity, while the secondary or receiver current 
(33) is 90° in phase behind the primary impressed e.m.f., eo. 

Inserting, therefore, an inductive reactance, Xi = xo — x, in 
series in the receiver circuit of impedance, Z = r + jx, raises 
the power-factor of the supply current, io, to unity, and makes 
this current, io, a minimum. Or, if the inductive reactance, 
xo, IS inserted in the receiver circuit, thus giving a total imped- 
ance, Z + jxo = r-i-j (x + Xo) by equation (38), substituting 
A + jxo instead of Z, gives the primary supply current as 


Io = 


or the absolute value as 


Zeo 

Xo^ 


to = 


zeo 

Xo^ 


and the tangent of the primary phase angle 


tan 00 = - = tan 0, 
r ^ 


(42) 

(43) 


that is, the primary power-factor equals that of the secondary. 

Hence, as shown diagrammatic- 
ally in Fig. 117, a combination 
of two equal inductive reactances — x- 
in series with each other and with ; 
the receiver circuit, and shunted 
midway between the inductive re- | 
actances by a condensive reactance 
equal to the inductive reactance, 
transforms constant potential into constant current, and inversely, 
without any change of power-factor, that is, the primary supply 
current has the same power-factor as the secondary current. 

With an inductive secondary circuit, the primary power- 
factor can in this case be made unity, by reducing the inductive 
reactance of the secondary side, by the amount of secondary 
reactance. 

134 . Shunted condensive reactance, Xcj and series inductive 
reactance, Xo, therefore transforms from constant potential, 
eo, to constant current, i, and inversely, if their reactances are 
equal, Xc == xo, and in this case, the main current is leading, with 
non-inductive load, and the lead of the main current decreases, 
with increasing inductive reactance, that is, increasing lag, of the 
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receiving circuit. The constant secondary current, i, lags 90“ 
behind the constant primary e.m.f., Co- 

Inversely, by reversing the signs of Xo and Xc in the preceding 
equations, that is, exchanging inductive and condensive react- 
ances, it follows that shunted inductive reactance, Xa, and 
series condensive reactance, Xc, if of equal reactance, Xc = Xo, 
transform constant potential, Co, into constant current, i, and 
inversely. In this case, the main current lags the more the 
higher the inductive reactance df the receiving circuit, and 
the constant secondary current, i, is 90° ahead of the constant 

primary e.m.f., Co. . , , • 

In general, it follows that, if equal inductive and condensive 
reactances, Xo =. x., that is, in resonance conditions,^ are con- 
nected in series across a constant-potential circuit of impiessed 



e.m.f., Co, any circuit connected to the common point between 
the reactances is a constant-current circuit, and caiiies the 

current, i = “ • 

Xq 

Instead of connecting this secondary or constant-current 
circuit with its other terminal to line, A, so shunting the con- 
densive reactance with it, and causing the main current to lead 
(I in Fig. 118), or to line, B, so shunting the inductive reactance 
with it, and causing the main current to lag (II in Fig. 118), it 
can be connected to any point intermediate between A and B, 
by a autotransf ormer as in III, Fig. 118. If connected to the mid- 
dle point between A and B, the main current is neither lagging nor 
leading, that is, is non-inductive, with non-inductive, load, and 
with inductive load, has the same power-factor m the load. 

The two arrangements, I and II, can also be combined, by 
connecting the constant-current circuit across, as in IV, Fig. 118, 
and in this case the two inductive reactances and two conden- 
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sive reactances diagrammatically form a square, with the con- 
stant potential, Co, as one, the constant current, z, as the other 
diagonal, as shown in Fig. 119. This arrangement has been 
called the monocyclic square. 

The insertion of an e.m.f. into the constant-current circuit, 
in such arrangements, obviously, does not exert any effect on 
the constancy of the secondary current, i, but merely changes 
the primary current, i^y by the amount of power supplied or 
consumed by the e.m.f. inserted in the secondary circuit. 

While theoretically the secondary current is absolutely con- 
stant, at constant primary e.m.f., 
fectly constant, due to the power 
consumed in the reactances, but 
falls off slightly with increase of 
load, the more, the greater the 
loss of power in the reactances, 
that is, the lower the efficiency of 
the transforming device. 

Two typical arrangements of 
such constant-current transform- 
ing devices are the T-connection 
or the resoncding-circuitj diagram 
Fig. 117, and the monocyclic 
Square, diagram Fig. 119. From 
these, a very large number of different combinations of in- 
ductive and condensive reactances, with addition of autotrans- 
formers,* and of impressed e.m.fs., can be devised to transform 
from constant potential to constant current and inversely, and 
by the use of quadrature e.m.fs. taken from a second phase of 
the polyphase system, the secondary output, for the same amount 
of reactances, increased. 

These combinations afford very convenient and instructive 
examples for accustoming oneself to the use of the symbolic 
method in the solution of alternating-current problems. 

Only. two typical cases, the T-connection and the monocyclic 
square will be more fully discussed. 

A. T-Connection or Resonating Circuit 

136. General . — A combination, in a constant-potential circuit, 
of an inductive and a condensive reactance in series with each 


practically it can not be per- 


A Xo 



Fig. 119. 


262 ELECTRIC CIRCUITS 

other in resonance condition, that is, with the condensive react- 
ance equal to the inductive reactance, gives constant current in 
a circuit shunting the capacity. This circuit thus can be called 
the “secondary circuit” of the constant potential constant- 
current transforming device, while the constant-potential supply 
circuit may be called the “primary circuit.” 

If the total inductive reactance in the constant-current cir- 
cuit is equal to the condensive reactance, the primary supply 
current is in phase with the impressed e.m.f. 

Let, as shown diagrammatically in Fig. 117, 
xo = value of the inductive and the condensive reactances which 
are in series with each other. 

xi = the additional inductive reactance inserted in the constant- 
current circuit. 

Z = r + jx,ovz = = the absolute value of the im- 

pedance of the constant-current load. 

Assuming now in the constant-current circuit the inductive 
reactance and the resistance as proportional to each other, as 
for instance is approximately the case in a series arc circuit, 
in which, by varying the number of lamps and therewith the 
load, reactance and resistance change proportionally. Let, then, 

jj, _ 5 _ ratio of inductive reactance to resistance of the load, 
or tangent of the angle of lag of the constant-current circuit. 
It is then 

Z = 

and z=r-Vl + fc“ 

let, then, 

Ea = eo = constant = primary impressed e.m.f., or sup- 
ply voltage, 

El = potential difference at condenser terminals, 

E = secondary e.m.f., or voltage at constant-current 
circuit, 

7o = primary supply current, 

/i = condenser current, 

/ = secondary current, 

then, in the secondary or receiver circuit, 

I? = zi 

at the condenser terminals 


( 2 ) 
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and, also, 
hence. 


= ^ + jxj 
= fZ + jxt)l 

fh = — jxah 


/> - i 


and the primary current is 

U = 

hence, expanded, 




/o = 7 + /x = { + U / 


Xq 


= 

Xq 

and the primary supply voltage is 

6o = El + jxo/o; 

hence, substituting (3) and (6), 

eo =[(Z + jxi)-{Z — j(xo—Xi)}]I, 

or, expanded, 

eo = + jxol 

or, the secondary current is 

r ^ _ ^0 

^ Xo 

and, substituting (8) in (6) and (5) : the primary current is 
/o = 

the condenser current is 
or,’ the absolute value is 


r _ Z - jiXo - Xi) ^ 

10 — 5 6o 

Xo^ 


J 


t — 


Xo 


■ _ + {xo — Xi — xY ^ 

^0 “ eo 

i, = y^E±¥±i^e, 

Xo^ 

X 

tan 6 = - = k gives the secondary phase angle 


and 


(3) 

(4) 

(5) 


( 6 ) 


(7) 

( 8 ) 

(9) 

( 10 ) 

( 11 ) 

(12) 

(13) 

(14) 


tan do = — — — gives the primary phase angle (15) 
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This phase angle = 0, that is, the primary supply current is 
non-inductive, if 

xa — — X = 0, 


that is. 


Xi = Xo —X. 


(16) 


The primary supply can in this way be made non-inductive for 
any desired value of secondary load, by choosing the reactance, Xi, 

according to equation (16). • ••./•• 

jf ^ that is, a non-inductive secondary circuit (series in- 
candescent lamps for instance), Xi = xo, that is, with a non-in- 
ductive secondary circuit, the primary supply current is always 
non-inductive, if the secondary reactance, xi, is made equal to the 

primary reactance, iCo. . 

In this case = rro, , with an inductive secondary circuit 


tan ‘da = - = tan 0; that is, the primary supply current has the 

same phase angle as the secondary load, if all three reactances 
(two inductive and one condensive reactance) are made equal. 

In general, xi would probably be chosen so as to make / o non- 
inductive at full-load, or at some average load. 

136. Examvle—-^ 100-lamp arc circuit of 7.5 amp. is to be 
operated from a 6600-volt constant-potential supply Co - 6600 
volts, and i = 7.5 amp. 

Assuming 75 volts per lamp, including line resistance, gives a 
maximum secondary voltage, for 100 lamps, of e — volts. 
Assuming the power-factor of the arc circuit as 93 per cent. 

lagging, gives 

cos 9 = 0.93, or tan 0 = 0.4; 


hence, 

or 

if 

hence 


k = - = 0.4, and Z = r{l 0.4j), 
r 

z = 1.077 r at full-load, 
e' = 7500 volts, 

2 ' = 1 = 1000 ohms, 

% 

r' = 0.93 s' = 930 ohms, 
x' = 0.4 r' = 372 ohms. 


Xq 


7 or Xo 


£0 

i 


6600 

7:5 


880 ohms. 


and 
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To make the primary current io non-inductive at full-load, or for 
x' — 372 ohms, this requires 

Xi = xo — x' = 508 ohms. 

This gives the equations 

i = 7.5 amp., 
e = 7.5 z = 8.08 r volts. 


to 


= -t- (372 - 0.4 r) 2 x 


6600 

8802 


= 7.5 


880 




-f 0.423 


r Y 


tan do = 


372 — 0.4 r 


0.4 - 


372 


hence, leading current below full-load, non-inductive at full-load 
and lagging current at overload. 

137 . Apparatus Economy. — Denoting by z', r', x' the respective 
full-load values, the volt-ampere output at full-load is 

Q = i^' = ^' = gg'2-Vl -h A2 
volt-ampere input, 


— • ^oV 
^ 


(18) 

That is, the volt-ampere input is less than the volt-ampere 
output, since the input is non-inductive, while the output is not. 
The power output is 


P = iV' = 


£oV 

Xo^ 


(19) 


which is equal to the volt-ampere input, since the losses of power 
in the reactances were neglected in the preceding equations. 

The volt-amperes at the condenser are 

Q' = ii^xa; 

hence, substituting (13), 

Q’ = ^ a:,)^ , _ r'2 -|- {W + a^x)* 

^o3 — eo (20) 

The volt-ampere consumption of the first, or primary inductive 
reactance, xo, is 

Q"=ifi^Xo-, 
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hence, substituting (12), 

n" ~ 60 ^ = ~ (21) 

the volt-ampere consumption of the second, or secondary induct- 
ive reactance, a;i, is 

Q'" = 
or 

Q'"=^eo^ (22) 

•To 

The total volt-ampere rating of the reactances required for the 
transformation from constant potential to constant current then is 

Q = Q' + Q''+ Q'" 

2 r'Kl 4- ifc") -t- 2 kr'{2 a:i - xo) + (xg^ - U X i + 2x^^) 

“ Xq^ 

and the apparatus economy, or the ratio of volt-amperes output 
to the volt-ampere rating of the apparatus is 

f _ Qo ■r'xoVl + 

^ 0 2 r'Hl + k‘‘) + 2 kr' {2 xi - Xo) + {xo^ - xuxi+ 2 xi^) 

(24) 


this apparatus economy depends upon the load, r', the power- 
factor or phase angle of the load, k, and the secondary additional 

inductive reactance, xi. ^ 

To determine the effect of the secondary inductive reactance, 
xi: The apparatus economy is a maximum for that value of 

secondary inductive reactance, Xi, for which = 0. 


Instead of directly differentiating /, it is preferable to simplify 
the function / first, by dropping all those factors, terms, etc., 
which inspection shows do not change the position of the maxi- 
mum or the minimum value of the function. 1 hus the numera- 
tor can be dropped, the denominator made numerator, and its 
first term dropped, leaving 


f — 2 kr' (2 Xi — Xo) -t- (ko® — 2 : 0 X 1 2 Xi^) 


as the simplest function, which has an extreme value for the same 
value of xi, as /. Then 

= 4 fcr' — Xo -h 4 Xi = 0, 

dxi 

iTo — 4 fcr' 


and 


Xi == 


4 


(25) 
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substituting (25) in (24), gives 


/i 


8 r'xa-y / 1 + 
l^r'^ -Skr'xa+7 


(26) 


To determine the effect of the load r': 

/i becomes a maximum for that load, r', which makes 


or, simplified. 


dr' 


7 = 0, 


16 r'2 - 8 kr'xo + 7 xa^ 
/, = , 


1 = r'(32 r' -8 kxo) - (16 r'^ - 8 kr'xo + 7 xo^) = 0, 


hence 

C 

dr 
hence 

and, substituting (27) in (26), 


r' = 

4 


/2 = 


hence, for A; = 0: 


Vl + k^ 

V7 -k 


(27) 

(28) 


for k = 0.4: 


/2 = = 0.378, 

V7 

r> = 52^ = 0.662 xo, 

Xi=^ = 0.25 a:o, 

h = = 0.478 

VT - 0.4 

r' = 52^ = 0.662 xo 
z' = VHe = 0.712 Xo 

xi = (1 - 0.4V7) = - 0.016 Xo 

= approximately zero. 

At non-inductive load 

fc = 0 

and with non-inductive primary supply, that is, 

Xi =^Xqj 
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by substituting these values in (24), the apparatus economy is 


, _ r'xo 
] - 2(r'2 + a:o“) 
which is a maximum for 

r'=xo 



(29) 

(30) 

(31) 


which is rather low: . . 

That is, non-inductive load and supply circuit do not give very 
high apparatus economy, but inductive reactance of the load, and 
phase displacement in the supply circuit, gives far higher appa- 
ratus economy, that is, more output with the same volt-amperes 

in reactance. . . 

By inserting in (23), with the quantities, Q , Q , and Q , 
coefficients ni, n^, n,, which are proportional respectively to the 
cost of the reactances per kilovolt-ampere, the expression 

wiQ' + n^Q" -h nsQ'" ^^2) 


then represents the commercial economy, that is, tlie maximum 
of this expression, derived by analogous considerations as before, 
gives the arrangement for minimum cost at given output. 

138. Power Losses in Reactances . — 

In the preceding equations, the losses of power in the reactances 
have been neglected. However small these may be, in accurate 
investigations, they require consideration as to tluur efiect on the 
regulation of the transforming device, and on the eflic.ieiuiy. 

Let 

a = power-factor of inductive reactance, that, is, loss of pow(>r, 
as fraction of total volt-amperes. 

I = power-factor of condensive reactance, that is, loss of power, 
as fraction of total volt-amperes. 

Here a and h are very small quantities, in general h, tlui loss in 
the condensive reactance, being far smaller than the loss in the 
inductive reactance. 

Approximately, the inductive reactances are (a ■+■ i)a:o and 
(a + 3)xi respectively, and the condensive reactance is {b ■~j)xa. 

Assuming the same denotations as in the priicialing paragraphs, 
receiver circuit 


I? - Z/ 
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at condenser terminals 

El = E + (a + j)xil 
= {Z + (a + j)xi}l 


and also 
hence 


El = (fi — j)xoh 

j Z + (a + j)xi 

(h-j)xo * 


h = I + Ii 

_ Z (b — j)xo + (a + j)xi _ 

(b — j)xo * 

= ^ ~ j(xa - Xi) + (bxo + axi) 

(6 - j>o ^ ^ ^ 

and the impressed e.m.f. 

Co = -Jli + (cs + i)a:o/o; 

hence, substituting (35) and (37), 

a:o+ { Z(a+6) —jxo(a—b) +jxi{a-\-b ) } + { Xoab-\-Xia{a+b ) } ^ 

«• tZTj 1 

(38) 

Since a and b are very small quantities, their products and 
squares can be neglected, then 

^ __ Xo + {-Z’(a + 6) — jxo(a — 6) + jxi{a + 6)} ^ 
eo ^ 4 

or ^ 

7 ^ , ('40') 

Xo + {Z(a + 6) — jxo (a — b) jxi{a + b)} 
this can be written 

T jeo l+jb 


jeo 

*• 1 + 

{-(a + b) - 

^=-£1 



hence 


that is, due to the loss of power in the reactances, the secondary 
current is less than it would be otherwise, and decreases with 
increasing load still further. 




270 ELECTRIC CIRCUITS 

Equation (41) can also be written 

f - - 1" 1 + '’>] - 

here the imaginary component is very small in the paienthesis, 
that is, the secondary current remains piactically in Quadiature 
with the primary voltage. 

The absolute value is, neglecting terms of secondary oidei, 

i = ---(« + 6) |- (43) 

:ro I ^0 i 

The primary current is, by equation (37) and (40), 

Z - jjxo - xi) + (bxi) + ,axi) 6o 

^0 + Z(a + 6) — jxo{a — h) + jxi{a + b) Xq 


eo 

Xo 


^ _ j(l _ 2i) (h + 

Xo ■'\ xU \ xU 

1 4 - {a + h) - j {a - h) 

Xq 


139. Example . — 

Considering the same example as before: a constant-potential 
circuit of eo = 6600 volts supplying a lOO-lamp scries arc circuit, 
with i' = 7.5 amp., and e' = 7500 volts at full-load of 93 per cent, 
power-factor, that is, fc = 0.4, and Z = (1 - 0.4 i)r. Assuming 
now, however, the loss in the inductive reactance sis 3 per cent., 
and in the capacity as 1 per cent., that is, a =0.03 b =0.01, the 
full-load value of the secondary load impedance is: z' =1000 
ohms, r' =930 ohms and x' =372 ohms. 

To give non-inductive primary supply at full-load, the follow- 
ing equation must be fulfilled : 


Xi = Xo — x' == Xq — 372. 


From equation (43), the secondary current, at full-load, is 


or 


hence 




930 X 0.04 
Xo 




Xo = 840 ohms, and xj = 468 ohms. 
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Substituting in (42), (43), (44), 

/ - - 7.86 ,■ ( (l - 0.04 glj) + ,■ (0.052 - 0.016 j 

•■- 7.86(1 - 0.04^) 
e = iz = 1.077 n 
-8.46r(l- 0.043^) 


(sJo + "-H 

1- 



/ 0.04r 

\ ^ 840 J 

l+il 



and herefrom the power-factor, efficiency, etc. 



In Fig. 120, there are plotted, with the secondary, e.m.f., e, 
as abscissae, the values: secondary current, primary current, 
primary power-factor, cos B, and efficiency. 

140. In alternating-current circuits small variations of fre- 
quency are unavoidable, as for instance, caused by changes of 
load, etc., and the inductive reactance is directly proportional, the 
condensive reactance • inversely proportional to the frequency. 
Wherever inductive and condensive reactances are used in series 
with each other and of equal or approximately equal reactance, 
so more or less neutralizing each other, even small changes of 
frequency may cause very large variations in the result, and in 
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such cases it is therefore necessary to investigate the effect of a 
change of frequency on the result: for instance, in a resonating 
circuit of very small power loss, a small change of frequency at 
constant impressed e.m.f. may change the current over an enor- 

Since in the preceding, constant-current regulation is produced 
by inductive and condensive reactances in series with each other, 
the effect of a variation of frequency requires investigation. 

Let, then, the frequency be increased by a small fraction, s. 
The inductive reactance thereby changes to aro(l + s) and 
x{l + s), and Z = r + i(l + s)x respectively, and the conden- 

Xo 

sive reactance to ^ 

Leaving all the other denotations the same, and neglecting the 
loss of power in the reactances, 

E = Zl 

El = {Z + j(l + s)xi}l 

i£o/jL 

“ T + s' 


hence. 


and 


thus 


, .(I + S) {Z+j{l + s)x^j 

^ t 


/() = / + i 


* (1 + - (1 + syxi] 


Xq 


eo == jpi +i(l + 

= [Z + j{l + s)a:i-(l +‘ syz +i(l + s) {a;o - 

(1 + syxi}]i 

hence, expanding and dropping terms of higher order, 

eo = +i/ {a;o + s(a:o - 2 Xi + 4: Zj)-sH3 Xi + 2j)}, 


or 




( 45 ) 


arc I \ xo ' Xi, 

Hence, the current is not greatly affected by a change of 
frequency. That is, the constant-current, regulation of the 
above-discussed device does not depend, or reiiuire, a constancy 
of frequency beyond that available in ordinary alternating- 
current circuits. 
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B. Monocyclic Square 

141. General . — 

A combination of four equal reactances, two condensive and 
two inductive, arranged in a square as shown diagrammatically 
in Fig. 119, page 261, transforms a constant voltage, impressed 
upon one diagonal, into a constant current across the other 
diagonal, and inversely. 

Let, then, 

flo = eo = constant = primary impressed e.m.f., or supply 
voltage, 

= secondary terminal voltage, 
fJi = voltage across the condensive 
reactance, 

^2 = voltage across the inductive 
reactance, 

and 

/o primary supply current, 

/ = secondary current, 

/i = current in condensive reactance, 

I 2 = current in inductive reactance, 

these currents and e.m.fs. being assumed in the direction as 
indicated by the arrows in Fig. 119. 

Let 


xq — condensive and inductive reactances; 

hence, 



Zi = jxo= condensive reactance 

(1) 


Z 2 = + jxo = inductive reactance 

(2) 

Then, at the dividing points. 


and 

/o — /l + /2 

(3) 

hence, 

1 

II 

(4) 

and 

r -lo-f 

h 2 

(5) 


r /o + / 

2 

(6) 

In the 

e.m.f. triangles. 


18 

eQ=Zili + Z 2 I 2 

(7) 
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and 

and 


E = Z\Ji — Z-H 2 


E = Zl 

substituting (1) and (2) in (7) and (8) gives 
eo = ~ (J 1 ~ /a) 

and 


ZI = — jxo ill + h) 
and, substituting herein the current, 

60 = + 

and 


Zl = - jxolo 

hence, the secondary current is 

/ = - 

the primary current. 


jeo 

Xa 


, eoZ 


the condenser current, 


Z jxo 
~ 2 x^ 


and the current in the inductive reactance, 

■j _Z - jxn 

" 2 ¥o “ ‘ 

The secondary terminal voltage is 
E = - ieo 

the condenser voltage, 

Ei= - = 


Z 


Xr, 

j{Z + ia^o) 


and the inductive reactance voltage. 


2 ^0 


Co 


E^ ~ ~\~jXoli — + 


jiZ - jxo) 


2 Xo 


Co. 


The tangent of the primary phase angle is 


tan do = - => tan 6 
r 


hence, the absolute value of the secondary current is 
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of the primary current, 


of the condenser current, 


. eoz 
^0 = — 5 
Xo^ 


n 


Vr^~+' (xo + xy 

2xo^ 


eo 


and of the inductive reactance current 


V _ '\/r^ + (xo — xy 
‘2 ^ e0‘ 


2x0^ 

The secondary terminal voltage is 


the condenser voltage, 


z 

e = ~ eo 

Xq 


. _ + (Xq + x)^ 


(23) 

(24) 

(25) 

(26) 
(27) 


62 = 


■60. 


(28) 


and the inductive reactance voltage, 

_ Vr^ + (xq — xy 
2 Xq 

142. From these equations follow the apparent powers, or volt- 
amperes of the different circuits as: 

Output, 


Qq — ei = 


Input, 


60^2? 

Xq^ 


Oi — ^0^ 0 — 


Xq^ 


(29) 


(30) 


Hence the input is the same as the output. This is obvious, 
since the losses of power in the reactances are neglected, and it 
was found (21), that the phase angle or the power-factor of the 
primary circuit equals that of the secondary circuit. 

Apparent power of the condensive reactance, 


Inductance, 


n, ^ _r2+(xo + a:)2 , 

Q, - -eol 

n — « ; _ + (*o — x)^ „ 

Qi - e2*2 — ^ eo^• 


(31) 


(32) 

and, therefore, total volt-ampere capacity of the reactances is 

Q = 2 (Qi, -f Qs) 


276 


hence 


electric circuits 


^2 4 - a ;2 + 

eo , 


Xo^ 


Q = 


2^_+_£n^ 

Xo® 


eo^ 


and, 

apparatus economy, 


ZXo 


» _ ^ _ 

• ~ Q 2“ + 


(33) 

(34) 

(35) 


(36) 


hence a maximum for z - xb 

and this maximum is equal to /o = Vi, or 50 per cent. , 

That is, the maximum apparatus economy of the monocyclic 
square, as discussed here, is 50 per cent., or m other words, tor 
ewy kovolt-ampere output, 2 kv.-amp. m reactances have to 

'^^This apparatus economy is higher than that of the 7'-connex- 
tion, in which under the same conditions, that is for Xi = xb, the 
apparatus economy was only 25 per cent. 

The commercial, or cost economy would be given by 

. ^0 = maximum (37) 

2 (uiQi 

wli0r6 

m = price per kilovolt-ampere of condensive ri'actanee, n, = 
price per kilovolt-ampere of inductive react ance. 

143 . Example . — , . n * * 

Oonaidoring the same problem ■« ...xler A. iro.u » eonstant 

impressed e.m.f. e. - 6600 volts, a KHMami. m e.reml, of 
per cent, power-factor, is to be operated, requiring 
i » 7.5 amp. 

Z ^r+jx 
= r (1 4- jh) 


where 

hence 

and at full-load 

Then, from (22), 
eo 

Xo = 7- = 


X 

r 


0.4; 


Z 


T (1 + 0.4 i). 
7500 volts. 


i 880 ohms, 


, c 

sa 


1000 ohms; 
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x' = kr' = 372 ohms, 


hence 

r' = 930 ohms, 
and, therefore, 

i = 7.5 amp., 
io = 7.5^amp., 
e = 7.5 z, 

and at full-load, or r = 930, when denoting full-load values by 
prime, 

i' = 7.5 amp., 

^'o = 7.93 amp., 
i\ = 6.65 amp., 

1^2 = 4.52 amp., 

e' == 7500 volts, 
e'l = 5850 volts, 
e '2 = 3980 volts, 

p/""' _ I 56.25 kv.-amp. 

aQ — J 

P'a^ = 38.9 kv.-amp. 

P'a = 18.0 kv.-amp. 

P' a — 113.8 kv.-amp. 

/' = 0.4943 

or 49.43 per cent, that is, practically the maximum. 

144. Power Loss in Reactances . — 

In the preceding, as first approximation, the loss of power in 
the reactances has been neglected, and so the constancy of 
current, i, was perfect, and the output equal to the input. Con- 
sidering, however, the loss of power in the reactances, it is 
found that the current, i, varies slightly, decreasing with increas- 
ing load, and the input exceeds the output. 

Let, then, 

Zi = (b — j) xo — condensive reactance, 

Z 2 — (a + j) xo = inductive reactance, 

otherwise retaining the same denotations as in the preceding 
paragraphs. 

Then, substituting in (7) and (8), 

~ d)li + +i)/2 (38) 

ZI 






( 39 ) 
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Assuming 


Substituting in 


fi = _ 4- /j) + ci(/i - I i) - (■■iil I + / a. 

Xa 

substituting herein from equations (3) and (4) gives 

i.9 ~ (^2 + j)I + 


and from these two equations with the two variables, / and Jo, 
it follows from (43) that 

«>•«<- 1 (44) 

0 + Ca)a;o 

Substituting (44) in (42), transposing, aiul dropping terms of 
secondary order, that is, products and squares of Ci and Cj, gives 


substituting (45) in (44), and transposing. 


then, substituting (45) and (46) in (5) and (6) 

r _ eo ( Zi + jXtt , Cl - cj , .,r 2 Ca 


and the absolute value is 


CONSTANT-CURRENT TRANSFORMATION 279 
or, approximately, 

146 . Example , — 

Considering the same example as before, of a 7.5-amp. 100- 
lamp arc circuit operated from a 6600-volt constant-potential 
supply, and assuming again as in paragraph 139: 

3 per cent, power-factor of inductive reactance, or a = 0.03. 

1 per cent, power-factor of condensive reactance, or b = 0.01. 
It is then, 

Cl = 0.02, C2 = 0.01, 

and at full-load, 


i' = ^(i-cA 

Xq \ Xo/ 

7 . 5 - 0 , 02 ???); 

Xq \ Xo / 


hence, 

Xq ~ 861, and i = 7.66^1 
and we have, approximately. 






h = 3.83 


- 7 (. 


e = zi == 1.077 ri. 

In Fig. 121 are plotted, with the secondary terminal voltage, e, 
as abscissse, the values of secondary current, primary current, 
^’o,* condenser current, ii; inductive reactance current, ^ 2 , and 
efficiency. 

As seen, with the monocyclic square, the current regulation 
is closer, and the efficiency higher than with the T connection. 
This is due to the lesser amount of reactance required with the 
monocyclic square. 

The investigation of the effect of a variation of frequency 
on the current regulation by the monocyclic square, now can 
be carried out in the analogous manner as in A with the T 
connection. 
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C. General Discussion of Constant-potential Constant- 
current Transformation 

146. In the preceding methods of transfonnation between 
constant potential and constant current by reactances, that is, 
by combinations of inductive and condensivc reactances, the 
constant alternating current is in quadrature with the constant 
e.m.f. Even in constant-current control by series inductive 
reactances, the constancy of current is most perha^t for light 
loads, where the reactance voltage is large and thus tlu; constant- 
current voltage almost in quadrature, and the constant-current 
control is impaired in direct proportion to the shift of phase 
of the constant current from quadrature relation. 
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Fia. 121. 

The cause hereof is the storage of energy requir'd to change 
the character of the flow of energy. That is, the energy supplied 
at constant potential in the primary circuit, is storial in l,lui nuict- 
ances, and returned at constant current, in th<! H<‘condary circuit. 

The storage of the total transfornuid eiuirgy in tlu; nyic.tances 
allows a determination of the theoretical miuinmin of reatstive 
power, that is, of inductive and condensivii reactances rcHiuinid 
for constant-potential to constant-curnnit transformation, since 
the energy supplied in the constant-current (rircuit must bt^ stored 
for a quarter period after being received from the constant-po- 
tential circuit. 
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Let 

V = P(1 + cos 2 Q) 

— Power supplied to the constant-current circuit; 
thus, neglecting losses, ^ 

Po = P(1 — cos 2 e) 

— Power consumed from the constant-potential cir- 
cuit, and 

Po — p = 2 P cos 2 ^ 

= Power in the reactances. 

^ That is, to produce the constant-current power, P, from a 
single-phase constant-potential circuit, the apparent power, 2 P, 
must be used in reactances; or, in other words, per kilowatt con- 
stant-current power produced from a single-phase constant-po- 
tential circuit, reactances rated at 2 kv.-amp. as a minimum are 
required, arranged so as to be shifted 45° against the constant- 
potential and the constant-current circuit. 

The reactances used for the constant-potential constant-cur- 
rent transformation may be divided between inductive and con- 
densive reactances in any desired proportion. 

The ^ additional wattless component of constant-potential 
power is obviously the difference between the wattless volt-am- 
peres of the inductive and that of the condensive reactances. 
That is, if the wattless volt-amperes of reactance is one-half of 
inductive and one-half of condensive, the resultant wattless volt- 
amperes of the main circuit is zero, and the constant-potential 
circuit is non-inductive, at non-inductive load, or consumes cur- 
rent proportional to the load. 

If A is the condensive and B the inductive volt-amperes, the 
resultant wattless yolt-amperes is B—A] that is, a lagging watt- 
less volt-amperes of B-A (or a leading volt-ampere of A-B) 
exist in the main circuit, in addition to the wattless volt-amperes 
of the secondary circuit, which reappear in the primary circuit. 

147. These theoretical considerations permit the criticism of 
the different methods of constant-potential to constant-current 
transformation in regard to what may be called their apparatus 
economy, that is, the kilovolt-ampere rating of the reactance used, 
compared with the theoretical minimum rating required. 

1. Series inductive reactance, that is, a reactive coil of constant 
inductive reactance in series with the circuit. This arrangement 
obviously gives only imperfect constant-current control. Per- 
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• npr cent in the value of the current (that 

“SadTutL ta sV cent. Icsa than cu™„.) and 

iuming 4 per cent, ta in the react, veeod. a veactanee rated a^t 
-..np. is required per kilowatt eoaat, u, Current load. 
tS apparaL operates at 87.9 per cent, ceono.uy and 30 per 

"l^rir^s'io*^r cent, variation in the value ot the current, 
rea^le rLed at 2.22 kv.-amp. i. requue,! per luhnvatt eonetania 
current load. This arrangement operaU's at an eeoiioiny of J1.8 

a nower-factor of 49.5 per ceutu 

^^In the’ first case, the apparatus economy, that is, the ratio of 
the theoretical minimum kilovolt-ampere rating of the ieact.ajice 
io the actual rating of the reactance is 88 per cent, and in lie last 
case 92 per cent., thus the objection to this method is not tlu high 
rating of the reactance and the economy , but t lu' pool constant- 
current control, and especially the very low power-fact oi. 

2 Inductive and condensive reactaric^ustn resonance amddum 
the condensive reactance being shunted liy thii 
circuit. In this case, condensive reactance rat eil <it 1 kv.-amp. 
and inductive reactance rated at 2 kv.-amp. are reipiired per kilo- 
Tatt constant-current load, and the main circuit gives a constan 
Ittless lagging apparent power of 1 kv.-amp Assuimag again 
4 per cent, loss in the inductive and_2 per vont. o.ss in t hmmidi ns- 
ive reactances, gives a full-load efficiency o . p< i <•< ii - at i 
power-factor (lagging) of 74 per cent. The apparatus (‘coiiomy 

bv this method is 66.7 per cent. . 

3. Inductive and condenme rcactanaiH in rmmanrr cmdihon 
the inductive reactance shunted by the const aid -inirrent cii cui ,. 

^ In this case, as a minimum, per kilowatt constuiit-currHi 1 a 1 
condensive reactance rated at 2 kv.-amp. and imluc n e iea< t.ui , . 
rated at 1 kv.-amp. is required, and the mam circuit gives a < o i - 
stant wattless leading apparent power of 1 kv.-amp. in 
ciency of transformation is at full-load !>2.i> per cmi ., jc p i 
factor (leading) 73 per cent., the apparatus economy (>(ki per ccn ,. 

4. T-connection, that is, two equal inductive reactances in w.- 
ries to the constant-current circuit and shunted midway l.y an 
equal condensive reactance. In this casi' per kilowal 1. cons an 
current load, condensive reactance rated at, 2 kv -aiuji. ami in- 
ductive reactance r^ted at 2 kv.-amp. arc reiiuired. 

The main circuit is non-inductive at all non-uiductivc loads, 
that is, the power-factor is 100 per cent. 
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The full-load efficiency is 89.3 per cent, apparatus economy 50 
per cent. 

5. The vioTwcyclic sQuo/re, In this case a condensive reactance 
rated at 1 kv.-amp. and inductive reactance rated at 1 kv.-amp. 
are required per kilowatt constant-current load. The main cir- 
cuit is non-inductive at all non-inductive loads, that is, the power- 
factor is 100 per cent. The full-load efliciency is 94.3 per cent., 
the apparatus economy 100 per cent. 

6. The monocyclic square in combination with a constant- 
potential polyphase system of impressed e.m.f. In this case, per 
kilowatt constant-current load, condensive reactance rated at 0.5 
kv.-amp. and inductive reactance rated at 0.5 kv.-amp. are re- 
quired. The main circuits are non-inductive at all loads, that is, 
the power-factor is 100 per cent. The full-load efficiency is over 
97 per cent, the apparatus economy 200 per cent. 

148 . In the preceding, the constant-potential to constant-cur- 
rent transformation with a single-phase system of constant im- 
pressed e.m.f., has been discussed; and shown that as a minimum 
in this case, to produce 1 kw. constant-current output, reactances 
rated at 2 kv.-amp. are required for energy storage. The con- 
stant current is in quadrature with the main or impressed e.m.f., 
but can be either leading or lagging. Thus the total range avail- 
able is from 1 kw. leading, to zero, to 1 kw. lagging. Hence if a 
constant-quadrature e.m.f. is available by the use of a poly- 
phase system, the range of constant current can be doubled, that 
is, reactance rated at 2 kv.-amp. can be made to control the po- 
tential for 2 kw. constant-current output in the way shown in Fig. 
122 for a three-phase, and Fig. 123 for a quarter-phase system of 
impressed e.m.f. 

In this case, one transformer feeds a monocyclic square, the 
other transformer inserts an equal constant e.m.f. in quadrature 
with the former, which from no-load to half-load is subtractive, 
from half-load to full-load is additive, that is, at full-load, both 
phases are equally loaded; at half-load only one phase is loaded 
and at no-load one phase transforms energy into the other phase. 

The monocyclic e.m.f. square in this case, when passing 
from full-load to no-load, gradually collapses to a straight line 
at half-load, then overturns and opens again to a square in the 
opposite direction at no-load. That is, at full-load the trans- 
formation is from constant potential to constant current, and at 
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no-load the transformation is from constant c.urrtuit to constant 

potential. , „ . . , 

Obviously with this arrangement the efhcumcy is greatly 
increased by the reduction of the losses to one-half, and the con- 
stant-current control improved. 



o ^ 



o ^ 



^ r 

'o 

o 

- 

CONSTANT CURRENT 

e - 


SINGUE-PHASE 


Fia 122. 

At the same time, the sensitiveness of the arrangement for dis- 
tortion of the wave shape, as will be discussc'd later, is greatly 
reduced, due to the insertion of a constant-potential e.m.f. into 
the constant-current circuit. 

Obviously the arrangments in ligs. 122 and 12.1 arc not the 
only ones, but many arrangements of inserting a (umstant-quad- 
rature e.m.f. into the monocyclic square or triangle arc suitable. 





Fig. 123, 

Different arrangements can also be used of t he const ant, -current 
control, for instance, the inductive and c.oiuli'usive nnictaiuKw in 
resonance condition with their common eonm'ction (S)nnectcd 
to the center of an autotransformer or transformer, with the 
insertion of the constant-potential (puidraturi' e.m.f. in the lat.ter 
circuit as shown in Fig. 124, or the 'r-connection, shown applied 
to a quarter-phase system in Fig. 125. 
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Constant-potential apparatus and constant-current single- 
phase circuits can also be operated from the same transformer 
secondaries in a similar manner, as indicated in Fig. 124 for a 
three-phase secondary system. 

^ In Figs. 122 to 125 the arrangement has been shown as applied 
to step-down transformers, but in the estimate of the efficiency 



the losses in these transformers have not been included, since 
these transformers are obviously not essential but merely for the 
convenience of separating electrically the constant-current cir- 
cuit from the high-potential line. It is evident, for instance, in 
Fig. 124, that the constant-current and constant-potential cir- 



cuits instead of being operated from the three-phase secondaries 
of the step-down transformers can be operated directly from the 
three-phase primaries by replacing the central connection of 
the one transformer by the central connection of the auto- 
transformer. 
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D. Problems 


149 In the foUetring problem* relcrring to ..,„.*tm,t,p„tenta 

to S^BtLlouHont tranriortnation by roaobmee*, .t » roeom- 

“'fofro derive the ccination ol all the curr.-.,t* ami e.m Is in 
compfa qtotitica as well as in absolute terms, while neglecting 

the loss of power in in the different parts of 

(t) ^ To determne derive the 

the ^ tn hnd its’ maximum value, and on which 

apparatus economy, Xio uuu 

“;f^"lSt-the^^oaofind- 

ct the supply »■“* 

it ScoLT^minimum, or tho primary supply heeome. non- 

“ «rTLdetcnmne the equations of (he problem, while eon- 
;,a; xo iwis ri*)U‘t!UUH*s. uiul apply lluw. cqua- 

fits to fnXXl I^oUhm all the mttn'astinK vnhios. 

Z To investigate the effect of a ehangc> of fmiueucy on the 
PQuations more particularly on tlu^ eonstiUttHnirreiii regulation. 
T) To mvestfgate the effect of lUKlorti.m of wave shape 
that is the existence of higher harmonu-s m the nnpre^cd 
e^m f.,”and their suppression or n'uppearaitee m (he secondary 

study the reversibility of the prohlmu, that, is, apply 
(a) to 0) to the reversed problem of tmiisforiuaf ton from constant 



and constant current are; 

reactances, of equal values, in senes witl. each olhc » * 

stant-potential Lcuit. and tho one reactance shunted by 
constant-current circuit. , . * » \ 

(6) T-oormoction, as partially discussed in t A). 

(c) The monocyclic square, as partially thseussed in C - 

(d) Tho monocyclic triangle: a condensive readauti 

inductive reactance of equal values, in senes ^ . 

across tho constant-potential eimiit, the eonstant-turr , 


m 


m 
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circuit connecting between the reactance neutral, or the common 
connection between the two (opposite) reactances, and the 
neutral of a compensator or autotransformer connected across 
the constant-potential circuit. Instead of the compensator 
neutral, the constant-current circuit can be carried back to the 
neutral of the transformer connected to the constant-potential 
circuit. 

B. Polyphase, 

(а) In the two-phase system the two phases of e.m.fs., co 
and jeoj are connected in series with each other, giving the 
outside terminals, A and B, and the neutral or common con- 
nection, C. A condensive reactance and an inductive reactance 
of equal values, in series with each other and with their neutral 
or common connection, D, are connected either between A and 
Bj and the constant-current circuit between C and D, or the 
reactances are connected between A and C, and the constant- 
current circuit between B and D. In either case, several ar- 
rangements are possible, of which only a few have a good appara- 
tus economy. 

(б) In a three-phase system, a condensive reactance, an induct- 
ive reactance equal in value to that of the condensive reactance 
and the constant-current circuit, are connected in' star connec- 
tion between the three-phase, constant-potential terminals. 
Here also two arrangements are possible, of which one only 
gives good apparatus economy. 

(c) In a constant-potential three-phase system, each of the 
three terminals. A, B, C, connects with a condensive and an 
inductive reactance, and all these reactances are of equal value, 
and joined together in pairs to three terminals, a, &, c, so that 
each of these terminals, a, 6, c, connects an inductive with a 
condensive reactance, a, &, c, then, are constant-current three- 
phase terminals, that is, the three currents at a, b, c, are constant 
and independent of the load or the distribution of load, and 
displaced from each by onq-third of a period. This arrange- 
ment is especially suitable for rectification of the constant al- 
ternating-current, to produce constant direct current. 

160. Some further problems are: 

1. In a single-phase, constant-current transforming device, 
as the monocyclic square, the constant current, is in quadrature 
with the constant impressed e.m.f., cq. By inserting a constant- 
potential e.m.f., Esj into the constant-currenli circuit^ the appa- 
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„ hP neatly increased, in the maximum can ■ 
ratus economy can constant-power output, 

be doubled; that IS, ' V transformation is from con- 

and from no-load . ^^.’ntial, that is, a part of the power 

stant current to con. . '1 circuit, of e.m.f., Co, that 

supply, ft, Abovo h«lt-l,md the drsuit 

current, into the „,>„.i,„luctiye 

Since t rs ^ secondaiy Icnnimd vuUiiKe, ]>,, in 

secondary load, that n, should also be in phase 

phase with the seconda y inductive st'condary load, of 

with i, that IS, f ^ j phase with that is, leading i 

phase angle, 6, U _ ( d uf). 

by angle 6 , or to investigate how the equation of 

It is interesting, devices are changed 

the constant-potential non-iuductivc as 

well as at inductive su<h an iMU.f., of 

either case, and also h derived ditvetly or liy trans- 

the proper 

formation from a two-p notentiul constant-current transfonn- 
2 . If in the ^ailnally ehange.l. increased 

Td^rdr^its tirrZ 



no-load current o[ llic aycl'-m dern-ms, 

With incrcMO of load, tho t«.q W 

duo to the dccrcoainK , , j ,),c rated (luiiait. It, 

of the aystem i» an ^ „( il,„ trcucncy 

»thoro.a«o-a- 



is reduchd. /if freunem’V, «, can there- 

Such a drop of sp^ and . ^ j with pi-rfect e<iuaUty 

fore he found, that the f Z uodon.l, whcni 

between the roactanc««, eq ^ variation of 

the reactance a^ not of the 

frequency compensates for the. uHompm 
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current, caused by the energy loss in the reactances. Further- 
more, with a given variation of frequency, s, from no-load to full- 
load, the reactances can be chosen so as to be slightly unequal 
at full-load, and more unequal at no-load; the change of current 
caused hereby compensates for the incomplete current regu- 
lation, that is, with a given frequency variation, s (within 
certain limits), the current regulation can be made perfect from 
no-load to full-load, by the proper degree of inequality of the 
reactances. 

It is interesting to investigate this, and apply to an example, 
a, to determine the proper s, for perfect equality of reactance at 
full-load; 6, with a given value of s = 0.04, to determine the in- 
equality of reactance required. Assuming a = 0.03; 6 = 0.01. 

3. If one point of the constant-current circuit, either a 
terminal or an intermediate point, connects to a point of the 
constant-potential circuit, either a terminal or some intermediate 
point (as inside of a transformer winding), the constant current 
is not changed hereby, that is, the regulation of the system is 
not impaired, and no current exists in the cross between the two 
circuits. The distribution of potential between the reactances, 
however, may be considerably changed, some reactances re- 
ceiving a higher, others a lower voltage. 

It follows herefrom, that a ground on a constant-current 
system does not act as a ground on the constant-potential system, 
but electrically the two systems, although connected with each 
other, are essentially independent, just as if separated from each 
other by a transformer. So, for instance, in the monocyclic 
square, one side may be short-circuited without change of 
current in the secondary, but with an increase of current in the 
other three sides. It is interesting to investigate how far this 
independence of the circuits extends. 

In general, as an example, the following constants may be 
chosen: In the constant-potential circuit: eo = 6600 volts and 
i'o = 10 amp. at full-load. 

In the constant-current circuit: i = 7.5 amp., e' = 7500 volts 
at full-load. 

Or, especially in polyphase systems, e', respectively, To 
corresponding to the maximum economy point, 

and a == 0.03 ; h = 0.01* 


19 
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E. Distortion of Voltage Wave 

1B1 It is of mteiest to invostigoto what etot the distortion 
of the Toltsge wavo, that is, tho ostistenco of h.ghot harraomes 
to Se Ivo of supply voltage, has on the regulat.on of tho ton- 
slantofltcntial constottourrent transfoemattou systems d.s- 

tmront is produced by inductive reactance 
onlThighcr harmonics in the volt,«c wave natundly arc su,v 
p„Ldthemorc,thclarRer the inductive reactance and the higher 

tVio order of tlio liirriiionic. , i • * 41 j. 

A^Lreasc of the intensity of the harmonics in the current 

wave over that in the voltage wave, ami with it an impairment 
of the constant-current regulation, could thus hi' < xpe cted only 

-'T“7 

of fte impmssed voltago wavo on the T eonnection, and on the 

“The'^^mhohrmethod of treating g..,,™d altor.ialiiig waves 
rmiv L used as discussed in (’hapter XW H, <>1 “ theory and 
Calculation of Altcrnating-curnmt PlKmomena,” fifth edition, 
page 379. That is, the voltages wav<‘ is r(‘pr(‘seut«d by 


go 


and the impedance by 


T 4" jn 


4 - - 1 - 


where 


ordtn* nf harimmic. 


A. T ConLii6Gtion or Rosonating Circuit 

162. Assuming the same denotation as b<*fore, wt> have, for 

the nth harmonic: 

primary inductive reactance, 

Zo “ 4“ jn-Tui 

secondary inductive reactance, 




condensive reactance, 

Z% 


n 


and also 

hence, 

and 
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when neglecting the energy losses in the reactances, 
load 

2 = r{l+jnk) 

therefore, also for the nth harmonic. 

= ril+jnk) h 
El = E ZJ 
= [r (l+jnk) + jnxi] /, 




T = 7 r 


/o — I + / 1 


_ i^o ~ — nr(l + jnk) 

jxo • ’ 

hence, 

= ■S'l + ■Z’o/o 

= { b" (1 + jnk) + jnxi] + n [jxo —jn^Xi — nr (1 + jnk)\ ) { 
= { — (n^ -l)r(l jnk) — jnxi (nV- 1) + jnxo}l; 

hence, 

- i-Fo 


/ = 


nxo — nxi{n^ — 1) + j (n^ — 1) r (1 + jnk) 
~ i-^o 


nxo — (n^ — l)[n (xi + kr) +ir]’ 
hence, approximately, for higher values of n, 

I = -] ^ • 

n^(xi + kr)’ 

that is, for larger values of n, 7 = 0, or the higher harmonics in 
the current wave disappear. 

Herefrom, by substituting in the preceding equations, the 
supply current, /o, the condenser current, /i, their respective 
e.m.fs., etc., are derived. 

It is then, in general expression ; 

If 


00 

Eq = ^{en — jner}) = impresscd e.m.L 





electric circuits 


00 in(^w 

+'•■’■) +^'1 




the equation of the secondary current. 

For instance, let _ 0 25 id 

E.- 6100 lU, 

= constant-impressed < .m.t. 

or, absolute, AfrX'n'w 4- '+‘ 

e, = 6600 Ml + 

= 6600 X 1-01® 

= 7010 volts, , , 

. • +V.O mime valm^B as before, in paragraph 146, 

and choosing the same vmu 

= 880 ohms, 
a;j = 608 ohms, 
r' = 980 ohms, 
fc * 0.4; 

it is, substituting, __ ,jg ^ _ gO .4. j .2 

/ = - 7.5i 4 508 4”0.4 r 

or, absolute, 4H,H»'4 8.0“ b 1.2* 

I = ^71)^ + (508 4" 0.4 r)* 

f iHM.OOO 


+' 0.4 r)*’ 


hence, at no-load, ^ ^ ^ ^ ^ 


and, at full-load, 


f m 930 1 


i m l.h X 1.(K««18. 


■ 


the »ur...t wv„ 

regardless of the distor .ion 0 harmoiiie of 82 

“is;:;; ; »«■ 

- 

shape of e.m.f. waves. 



CONSTANT-CURRENT TRANSFORMATION 293 

B. Monocyclic Square 

Assuming the same denotation as before, we have for the Tith 
harmonic : 

inductive reactance, 


condensive reactance, 


currents, 


Z 2 = + jnxo; 


17 A 


Z = r(l +jnk); 
T h- I 


T _ /o + / 

e.m.fs., 

fJo = Ziji + Z%fi, 

Zl = Z,u - Z,f,- 
hence, substituting, we have 

^0 = -jxo(^^-xh), 
r(l + jnk)I = - > 0 ^^^ + n/ 2 ) ; 


r(l + jnk)l = - ^ j/„(i + 2 ^) _ _ n) } ; 

then, combining, we obtain 

+l)+r(l +jnk)r{n-l) - +f /( („+})’- („-!)’ 

= + 2 jxol, 

and , 

2 a:o + jV(l + jnk) 

_ — jJEp (n^ + 1) 

2 nxa + jr(n^ — 1){1 + jnk)’ 
and herefrom h, I u J 2 , etc. 
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4 

Approximately, for higher vahu>s^of «, a.nl for high loads, r, 


and, approximately 


iiHCtl pruporlionnl to t he order of the 
it no-lo!ul, in the monoeyelie Ktiuare, 
cd I'.ni.fH. produee inereaaed 
■a of enrrent, that is, tin* wave-shape 
iirnniideH, 


That is, the Cl 

harmonics, or in _ 

the higher harmonica of imiireaat 
values of the higher hartuomes. . .. 
distortion is incr('aaed the more, tin 

In general exprc'Haion: 


un press* 


, % i»(n' + DO" - 

* ” + - ltd i 

and herefrom fu, ht hf ‘*f 
li’or instance, let 

Bo » 6(KK) {ii - o.'iOs - n.2r» js - 

- conBtant-imjm'HWHi e.tn.f., 

or, absolute, 

fio « 7010 volts, 
and, choosing the same valiU'S as hi-fore, 

Xt) HHO ohms, 

/ a> ohms, 


it is, substituted 


(2.5 - 2 js) «UH> ; 

5280 - (M - K j)r KNHJ 
lO.Htth 

+ 12,32K) - (i:d.l ihjF 
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herefrom follows, 

at no4oad, r — 0, 

/ =7.5 (3.12 2.5 jz) — 2.92 -f* I.6I7. 

That is, at no-load, the secondary current contains excessive 
higher harmonics, for instance, a third harmonic, 

■\/3.12^ + 2.5^ = 4.0, or 53.3 per cent, of the fundamental. 
Absolute, the no-load current is 

i = V7.52 + 3.122 + 2.52 + 2.92^ + 1.612 = 9 jg ^mp. 

At full-load, or r = 930, it is 

/ = 7.5 + (2.18 + 1.07 is) + (0.51 + 0.32^5) - (0.14 -f 0.06 jt) ; 

that is, at full-load, the harmonics, while still intensified, are less 
than at no-load, and decrease with their order, n, more rapidly. 
The absolute value is 

i = V7.52 + 2.182 + 1.072 + 0.51= + 0.32^+ 0.142 + o.Od^ 
= 7.91 amp. 

Instead of 7.5 amp., the value which the current would have 
at all loads if no higher harmonics were present, the higher har- 
monics of impressed e.m.f. raise the current to 9.13 amp., or by 
21.7 per cent, at no-load, and to 7.91 amp., or by 5-5 per cent, at 
full-load, while the impressed e.m.f. is increased by 6.2 per cent, 
by its higher harmonics. 

It follows also that the constant-current regulation of the sys- 
tem is seriously impaired, and between no-load and full-load the 
current decreases from 9.13 to 7.91 amp., or by 15.4 per cent., 
which as a rule is too much for an arc circuit. 

164 . It follows herefrom: 

While the T connection of transformation from constant poten- 
tial to constant current suppresses the higher harmonics of im- 
pressed e.m.f. and makes the constant current a perfect sine wave, 
the monocyclic square intensifies the higher harmonics so that the 
higher harmonics of impressed e.m.f. appear at greatly increased 
intensity in the constant-current wave. The increase of the 
higher harmonics is different for the different harmonics and for 
different loads, and the distortion of wave shape produced hereby 
is far greater at no-load, ^nd the constant-current regulation 
of the system is thereby greatly impaired, and at load the dis- 
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cortion is less, aad very high harmonics are fairly well sup- 
pressed, and the operation of an arc ciicuit so feasible. 

Assuming, then, that in the monocyclic square of constant- 
potential constant-current transformation, with a distorted wave 
of impressed e.m.f., we insert in series to the monocyclic square 
into the main circuit, /o, two reactances of opposite sign, which 
are equal to each other for the fundamental frequency, 

that is, a condensive reactance, Z 3 “ J j and an inductive 

reactance, = + jnx^. Then for the fundaniental, these two 
reactances together offer no resultant mqx'.daucc', i)ut ueuf,ralize 
each other, and the only drop of voltage produca^d by tlu'in is that 
due to the small loss of power in_ them. At the nth harmonic, 
how6ver, the resultant reEct^ince is 

or, approximately, 

= -I- jxsin, 

and two such impedances so obstruct tlie lugluw harmonics, the 
more, the higher their order while passing tlu^ fundument.al sine 
wave. 

Such a pair of equal reactances of opposit.e sign so can (xilh'd 
a “wave screen. ’’ 

Further problems for investigatiem by tin* HtmUmt. then are: 

1. The investigation of the elTcct of the tlisiortion of the wave 
of impressed e.m.f. on the constant curnmt, with other trans- 
forming devices, and also the revers<i problem, th<^ investigation 
of the effect of the distortion of tho constant-current, wave*, as 
caused by an arc, on the system of transformation. 

2. What must be tho value, Xi, of the rea<-tance of a wave 
screen, to reduce the wave-shape distortion of the s<-condary 
current in the monocyclic square to the same pereentag(‘ as tho 
distortion of the impressed e.m.f. wav«>, or to any desircsl jwr- 
centago, or to reduce the variation of tla^ comstanf current with 
the load, as duo to the wavo-«hai>e distortion, below a given 
percentage? 

3. Determination of efficiency and r«‘gulation in the mono- 
cyclic square with interposed wave scn-eti, .ri, assuming apiin 
3 per cent, loss in the inductances, I pt‘r cent . loss in the capacities 
and choosing X4 so as to fill given coniiifion.s, regarding wave- 
shape distortion, or regulation, or (iflicimu-y, etc. 


CHAPTER XV 


CONSTANT-VOLTAGE SERIES OPERATION 

166, Where a considerable number of devices, distributed over 
a large area, and each consuming a small amount of power, are to 
be operated in the same circuit, low-voltage supply — 110 or 220 
volts— usually is not feasible, due to the distances, and high- 
voltage distribution— 2300 volts — with individual step-down 
transformers at the consuming devices, usually is uneconomical, 
due to the small power consumption of each device. 

In such a case, series connection of the devices is the most eco- 
nomical arrangement, and therefore commonly used. 

Such for instance is the case in lighting the streets of a city, etc. 

Most of the street lighting has been done by arc lamps operated 
on constant-current circuits, and as the universal electric power 
supply today is at constant voltage, transformation from constant 
voltage to constant current thus is of importance, and has been 
discussed in Chapter XIV. 

The constant-current system thus is used in this ease: 

(a) Because by series connection of the consuming devices, as 
the arc lamps in street lighting, it permits the use of a sufi&ciently 
high voltage to make the distribution economical. 

(b) The dropping volt-ampere characteristic df the arc makes it 
unstable on constant voltage, as further discussed in Chapters II 
and X, and a constant-current circuit thus is used to secure sta-? 
bility of operation of series arc circuits. 

The condition (6), the use of constant current, thus applies only 
where the consuming devices are arcs, and ceases to be pertinent 
when the consuming devices are incandescent lamps or other con- 
stant-voltage devices. 

The modern incandescent lamp, however, is primarily a con- 
stant-voltage device, that is, at constant-voltage supply, the life 
of the lamp is greater than at constant-current supply, assuming 
the same percentage, fluctuation from constancy. The reason is: 
a yariation of voltage at the lamp terminals, by p per cent., gives 
a variation of current of about 0.6p per cent., and thus a variation 

297 


298 ELECTRIC CIRCUITS 

of power of about 1.6?) per eont., while vnrint inu uf .-urreut, in the 
lamp, by p per cent., give«a variatiou v..Un«.‘ of uh.n.t pet 
cent.,andthuBavariati(m<.fiH.werufab.ntt ll ! „ ‘i.C,??, 

with the inemusing une of i.wan.ieBeeot lamps for street 
illummatiou, sericH operati.>u i» a euustaot-v.atage e.naaf, be- 
comes of increasing iniiKtrtanee. 

If e = rated voltage, / - rated eurret.t uf bunp ur other eon 

sumtag dovicc, mi «. - «■!■* ''"‘"'K''’ ” " 

erated in ^riea on tho nonnlnnl-voUag.- If «„w „„ 

uL ma out by tho filamont l.r.'utiliE, all lli.' Ialn|i» ol llio aonra 
out, if 0 . i. - 1 -i' “ '-f ■■ «" “■■"."■ai hold i„ 

the lamp or tho fixtuns and mure <.r less dost ruy t he eimnt . 

Thus in series connection, esiK'eiall.v at higiiei suppl> voltage, 

eo, some shunt protective device is neceswtry to mjuntaui circuit 
in case of one of the consuming devices (,pen-cin-mting 

On constant-current supply, a short -cireiiil mg tie vice, stich as a 
film cutout, takes care of this. With series euimeetiun on con- 
stant-voltage supply, it. is t«‘>t {KTintssih e, Imwevmr, to sho^ 
circuit a disabled consuming devieis as this vvuuhl increase the 

voltage on the other deviees. Thus the shunt prut eetiyc device 

in the constant-voltage series system must he sueh, that ui ease of 
one lamp burning out. the shunt consumes sueh a vu tuge as to 
maintain tho voltage on the other ileviees the same us hefore. A 
film cutout, with another lamp In wries, would ae«miphsh this, 
if a lamp bums out, its shunting film cutout pnnrtnres and puts 
the second lamp in circuit. However, in general such arraiige- 

ment is too complicated for use. 

As practuiaUy all sueh circuits would In- uUernatmguuim'ut 
circuits, and thus alternating eurnnits only need t<. te* eonsiderwl, 
tho question arises, whether a reaetunei* slumting eu<’h lamp 
would not give the desiretl effect. Supjstse l•uch lamp, of resist- 
ance, r, is shunted by a reactance, x, which is sutticienily large not 
to withdraw too much current fmm the lamp: as.^auiung the cu^ 
rent shunted by ® is 20 per cent, of t he eitrirnt in t he lamp, or » 
= 6 r. With 6.6 amp. in r, * thus wtuild t uke 1 .62 amp., and the 
total, or line current would be: t »• Vti O* d 1-62’ <'.76 amp., 

thus only 2 per cent, more than the lamp enrrmt . IS m 'W a lamp 
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burns out; the total current flows through x, instead of 20 per centw 
only, and the voltage consumed by x is increased flvefold— assum- 
ing X as constant— this voltage, however, is in quadrature with the 
current, thus combines vectorially with the voltages of the other 
consuming devices, which are practically in phase with the cur- 
rent, and the question then arises, whether, and under what con- 
ditions such a reactance shunt would maintain constant voltage 
on the other consuming devices, or, what amounts to the same, 
constant current in the series circuit. 

Such a reactance shunting the consuming device could at the 
same time be used as autotransformer (compensator), to change 
the current, so that consuming devices of different current re- 
quirements, as lamps of various sizes, could be operated in series 
on the same circuit, from constant-voltage supply. 

156. Let n lampsof voltage, d, and current, ii, thus conductance 


be connected in series into a circuit of supply voltage. 


eo = nei 


and each lamp be shunted by a reactance of susceptance, b. 

In each consuming device, comprising lamp and reactance, the 
admittance thus is, vectorially, 

Fi = - jb ® 


if, then, 

I = current in the series circuit, the voltage consumed y 
the device comprising lamp and reactance, thus is 

E -1 = —L- ( 4 ) 

“ Fi g- jb 

in a consuming device, however, in which the lamp is burned out, 
and only the reactance remains, the admittance is 

Fa = - jb ® 

hence, the voltage, with the entire current, I , passing through the 
admittance, F 2 , . 

If, then, of the n series lamps, the fraction, p, is burned out, 
leaving w(l — p) operative lamps, it is. 


^i = 3r = 



electric circuits 
300 ^ 

vott^e consumed by operative devte: 


with burncd-ovit lamps 


voltage consumed "by devic 


■cuit voltage 


or, absolute 


admittance of ope 


hence 


the lamps thus is 


is the current in 


hence; 


0, or all devices operative (“ full-loa< 


for . • 

p = 1, or all lamps out (“no-loa<i"), it i« 
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+ 


thus smaller than at full-load. 

As seen from equation (13) , the current steadily decreases, from 
p = 0 or full-load, to p = 1 or no-load, and no value of shunted 
reactance, b, exists, which maintains constant current. With de- 
creasing load, the current, ii, decreases the slovrer, the higher b is, 
that is, the more current is shunted by the reactive susceptance, b, 
and the poorer therefore the power-factor is. ^ 

Thus shunted constant reactance can not give constant-voltage 

regulation. 

However, with b = 0.2 g, at no-load the shunted reactance 
would get five times as much current as at load, and thus have five 
times as high a voltage at its terminals. , • . i. 

The latter, however, is not feasible, except by making the 
reactance abnormally large and therefore uneconomical. 

In general, long before five times normal voltage is reached, 
magnetic saturation will have occurred, and the reactance thereby 
decreased, that is, the susceptance, b, increased, as more fully dis- 
cussed in Chapter VIII. i, 

This actual condition would correspond to a value, °i> 
shunted susceptance when shunted by the lamp, and a different, 
higher value, h, of the shunted susceptance when the lamp is 

^Theliuestion then arises, whether such values of bi and b^ can be 
found, as to give voltage regulation. The_ increase of b, over i, 
naturally depends on the degree of magnetic saturation in the r 
actance, that is, on the value of magnetic density chosen, and 
thus can be made anything, depending on the design. 

167 . Let then, as heretofore, 

Eq = eb- constant-supply voltage. 

I = current in series circuit. _ I 

n == number of consuming devices (lamps) in senes. (15) 
p = fraction of burned-out lamps. 

g = conductance of lamp. ■* 


02 


electric circuits 


,nd let 


let , , 

i, = shunted susceptancc with the lamp m circmt, 
that is, exciting susceptancc of reactor or auto- 
transformer, and . , , 

y ^ y/f TW = admittance of compUhn c.ousunung 

6, = shimteTsuscoptancai with the lamp burneil out 

md let 


(16) 


?)i 


g ^ = (exciting current as fra<d ion of load 

£/ current: c < 1- 


a = ^ = saturation factor of reactor or 
^2 autotransforiner; « > I- 


(17) 


it is, then: 


voltage of lamp and ri'-actor: 

voltage of reactor witdi lamp burncfl out; 


(18) 


(1 






(19) 


S pn lamps burned out, and (l»P)n lamps burning, it ia 
total voltage, 
eo » 


( 20 ) 


n/| 


substituting (17), 


I - f' 4- ; 
g — jhi li% 


Co 


ri / ( I 


1 


(2i: 


or. 


Co 


rii I --_p(l — '"d "I' 


1 - jv 


hence, absolute, 


- J Vll i 


nt 

? 


(2S 


since, 

y m gy / 1 + C® 

thus, the mrrmi. in the serk® circuit. 




n 


iVH - /Kl- 


(2 
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168. For, -p = 0, or full-load, it is 


i = , — ^ 

'\/[l — p(l — ac)Y 4- aV 

The same value of fo as at full-load is reached again for the 
value p = po, where the square root in (24) becomes one, that is. 


hence. 


[l-po(l — ac)]^-l-a2 Po^ = 1. 

2(1 — ac) 

~ + (1 _ acY 

for, p = 1, or no-load, it is 


The current is a maximum, i = im, for the value of p = p™, gbren 


or, from (26), 


this gives 


— = 0 
dp ’ 


-{ [1 - p(l - dc)]* + a^P^} = 0, 

1 — oc 

~ + (1 - acY 


as was to be expected. 

Substituting (29) into (26), gives as the value of maximum cur- 
rent 

and the regulation q, that is, the excess of maximum current over 
full-load current, as fraction of the latter, thus is 
im — io 


= \/l + 


1 — ac\ 



(31) 
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If Q is small (31) resolved by the binomial; gives 

1 /I - OC\ 2 
^ ~ 2\ a ) 

As seen, with the shunted susceptance increased by saturation 
at open circuit, the current and thus lamp voltage are approxi- 
mately constant over a range of p. That is, with decn'asing load, 
from full-load p = 0, the current i, and proportional tlua-eto the 

lamp voltage increases from to to a maximum vahu' 4, at p =|?, 
then decreases again, to lo at p = pa, **■’*‘1 detutiasc's further, to 
at no-load, p = 1- 

Thus, there exists a n^gulating range' from p =--= 0 to p a little 
above po, where the current is approximattay <'onstant. 

Instance: 


Saturation: a 
Excitation: c 
Regi|lation: q 
Range: Po 


= 1 5 1.5 1.5 2.0 2.0 ;2,0 2.5 2.5 2,5 

= 0*1 0.2 0.3 ;0.1 0.2 !o 3 O.l ;o.2 0.3 

= 0 . 147 0 . 103 0 . 007i0 . 077 0.014*0 020 i\ . 044 0 . 020 0 . 005 
= 0.573 0.51010.432 0. 27.5 0 102 0,220 0. 1.54 0.079 


Fiu. 120. 


As illustrations are shown, in Pig. 12<l, Ih 

II* regulat ion curves, 

from equation (26), for: 


a ■> 1.5 c " 0.2 

i 'urve 1 

- 2.5 - 0.1 

II 

- 2.0 - 0.3 

111 
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169. By the preceding equations, it is possible now to calculate 
the values of exciting susceptance hi, and saturation 62, required 
by the shunting reactors to give desired values of regulation with- 
in a given range. 

From (32) follows: 

c = ^ - (33) 


Substituting (33) into (27) gives : 


a = 


2V¥q 

Pod -\-2q) 


. ^ Po(l + 2 g) - 4g 

2Vi 


(34) 


From chosen values of q and po, a and c thus can be calculated, 
from a and c and the conductance g of the consuming device, 61, 
62, i, etc., follow. 

Instance: 

' n = 100 lamps of "ii = 6 amp. and Ci = 50 volts, are to be oper- 
ated in series on constant-voltage supply, with negligible line re- 
sistance and reactance. The regulation shall be within 4 per cent, 
in a range of 30 per cent. That is, q = 0.04 and po = 0.30. 

It thus is : 

H 
ei 

ff 
n 
? 

Po 

From (34) follows: 

a 
c 

Hence by (17) : 

hi 
62 

and by (16) : 

y 


= 6 
= 50 

= - = 0.12 
ei 

= 100 
= 0.04 
= 0.30 

= 1.75 
= 0.287 

= 0.0345 
= 0.0685 

= 0.1248 


by (2): 


eo = 5000 volts 




3QQ. KIEV fine VUWl //.s 

and by (25) : 

= 6.24 amp. 

thus, by (20)- 

* “ Vl - ;> + .'Ul 

Fig. 127 shows, as curve I, the values of q 
cent., that is, the regulation, with p ns nhs<.iss;.>. 

m-rnTTcra r-; : 


i ♦ ♦ 

i . I * . I 


~~n 1 ik ik u m ,lLJ*-ILJ»aU 

Pm. 127. 

160. In general, the rt'Kintiinee niul reiirtnnee (jf the eireuit or 
lino is not negligible, tw assumeil in the preceding, ntnl the re- 
actors, especially if use*! tl>** >«‘**n* *•*”'’ **** nututrnnsh»rii»*rs, 
contain akmkage reactance, which acts ns a «-rie^ reactance in Uu! 
circuit, and the lamp circuit of coiuluetanee y also u.ay eontam a. 
small serie.s reactance. 

Let then: 

Ta - line rosMtance; 

®o " line reactance; 

05 *“ seri^ or leakagr* nwtaiiee per HUteiranHoriiicr 
or consuinpliot* »ievice. 

The most convenient way is to n-preta-nl r„, and x hy their 
cquivahiiit in lam{w or reactor*. The »»d»utlanee of each con- 
sumption device, comprising lamp »«hI reaet,ti itr jiutotmn«- 
fonuer, is 




CONSTANT-VOLTAGE SERIES OPERATION 307 


Yi = g - jbi 


thus the impedance, 


and by (23), 


7 

' Yi ff(l - jc) gil + cY 


ffO- - jc), 

1 -\-jc 


Zx 


1 + jc 
yVi + c 


If, then, we add to the resistance n a part cro of the reactance, 

we get an impedance, 

Z = ro(l + jc), 

which has the same phase angle as Zx, and thus can be expressed 
as a multiple of Zi, 

Z = UiZi, 

where 

nx = Y^ = uy-s/l + (36) 


thus is the “lamp equivalent” of the line resistance ro plus the 
part cro of the reactance. 

This leaves the reactance. 


Xi == Xo + n(l — p)x — croj 


and as the reactance of a reactor without lamp is 

= h 

the reactance Xi can be expressed as multiple of X 2 , 


where 


Xi = 712^2 


Hi 

?>2 


^2 == Xib 2 = &2 [xo + n(l ^ 'p)x — CTo] 


(37) 


thus is the “lamp equivalent’^ of the line reactance xo and leakage 
reactances Xi in burned-out lamps. 

Thus the addition of the line impedance ro + jx^y and the 
leakage reactances Xy is represented by ni lamps with reactors, 
and ut burned-out lamps, or a total of ui -j- lamps. 

Thus the circuit can carry ni — (ni + 712 ) lamps, and its regula- 


tion curve starts at the point — and ends at p = 1 


n 


Til "f" 72-2 
71 


of the complete regulation curve. 
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However, in this case, the full-I<)u<l eunvnt, fcr p - C, would 

already be slightly higher than in a eireuil wit hotu line i.npeda.ute, 
and all the current value, s would thus have to t>e proport umnlly 

reduced. 

Instance: 

In the case 

a =2.0 

c = 0.3 

given as curve III of Fig. 12(> let: 

n = 100 

g = 0.12 

ro = 50 

Xa - 0.5 
hence, 

==> eg ^ 0.036 

y + bi* 0.126 

08 ^ W O.lHl, 

thus, 

tti Toy V 1 "{■ "" 6.64 

n» « 5i 1*0 + n (1 --?»)* - «•»! - 7'0 

Jii + tij ■■ 13.64. 


Thus, the regulation curve alarts at p 


0.07 of curve 


HI, Fig. 126, and end» Jit p - 1 - - ■ 
For p “ 0.07 it is, by equation (26), 
i - 1.017, 


0.036 <»f this curve. 


thus, all values of curve III, Pig. 126, arc rcducml by dividing 
with 1.017, and then pbtlwl from p - 0.07 on, and then give 
the regulation curve inclusive line n'sisliutre shown »•* curvt* IV. 

As seen, the regulation range is riHluced, hut the regulation 
greatly improved by the lino inirs'tinnce. Tins in dom- ewen- 
tially by the line reactancs! and leakage reactawf, but ind by 
the resistance. 

161. Iimteiwl of approximating tin* eOeri ,,f line impedance 
and leakage reactance by equivalent hunpn and rt uciorH, it mnlte 
directly calculated, as follows: 
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Let 

vq = line resistance 
xo = line reactance 
X = leakage or series reactance per 
autotransformer 

the other symbols being the same as (15), (16) and (17). 

It is then : 

voltage consumed by line resistance tq: 

n I 

voltage consumed by line reactance xq: 

jxo I 

voltage consumed by leakage reactances x of the n(l — p) lamp 
devices : 

jxn(l - p)I, 

thus, total circuit voltage; 

eo = l\ +j^ + U+ jxo + j{l - p)nx\ (39) 

substituting the abbreviation, 

ftx = ^ ■ 
n 

n 

hz = xg 

and substituting (17) and (40) into (39), gives 

fio = “I + ip® + ^1 + jhi + i(l — P)hz^ 

- 7 ( [^ + '“] + 4 ^”+ + ». + (1 - P)H 1 («) 

hence, absolute, 

.. - f +'•■]+ + !»+ ^ + 0 - H ’ <«) 


hence, the current. 








ELEVTUIV viurnis 

for p = 0 (-12) and (43) givi*« t hf full-lmt,! cHrr, nt ami milage 


where (12) 


ia the full-load liiu' tnirrenl, for fi - MlUmd lamp .’unent. 
' 162. Let, in the inatanee |jara«niph t.V.t and Idg. 12(»: 

n - 60 
*1) « <5 


the other eonstanta remaiiiinK tin* aaine aa in paragraph ISfl, 
that ia; 

I, » (I 
n « UW 

g m 0.12 

{,, - 0,0345 
6s - 0.00H5 
y - 0.124H 
a •“ 1.75 
e - 0.287 

It is then (40), 

hi - O.M 
hf - 0.09 
hi - 0.(M1 

hi'uee, hy (45), 

lo - l.fM X 0 - 0.21 limp. 

by (44), 

eo - 5200 V(0,923 f «.O0)' 4 W.'JtM i »h»«» | iUW| 

- BMO VCMIKI* + 11 1* 

- 6200 Vl 137 

- 6200 X l.WHI 
e# m 6540 voltn 

and hy (43), 

tt.iWi ^ 

* " - 0.023 BJ» 4- 10 H I f 1 l-*n u> ' 
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^6^65 

^1.137 - 0.634 p + 2.886 p® 

- - (46) 

Vl - 0.558 T + 2.54 

Fig. 127 shows, as curve II, the values of — 1 from 

equation (46), that is, the regulation, as modified by line imped- 
ance and leakage reactance, with p as abscissae. 

The regulating range, po, of equation (46) is given by 


1 - 0.558 po + 2.54 Pc’* = 1, 

hence, 

Po = 0.22. 

Thus the regulation range is reduced by the line impedance and 
leakage reactance, from 30 per cent, to 22 per cent. 

The maximum value of current, im, occurs at 

p,„ = 1“ = 0.11 


and is given by substitution into (46), as. 


04 


1.015, 


or, 

q = 0.015. 

That is, the regulation is improved, by the line and leakage 
reactance, from g = 4 per cent, to 5 = 1.5 per cent, as seen in 
Fig. 127. • 

163 . In paragraph 161 and the preceding, the shunted react- 
ances, hi and bt, have been assumed as constant and independent 
of p. However, with the change of p, the wave-shape distortion 
between current and voltage changes, as with increasing p, more 
and more saturated reactors are thrown into the circuit and dis- 
tort the current wave. 

As 61 is shunted by g, and carries a small part of the current 
only, and g is non-inductive, the change of wave shape in 61 
will be less, and as hi carries only a part of _ the current, the 
effect of the change of wave shape in hi thus is practically neg- 
ligible, so that hi can be assumed as constant and independent 01 p. 

hi, however, carries the total current, at fairly high saturation, 

and thus exerts a great distorting effect. 

At and near full-load, with all or nearly all conductances, g, m 
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circuit, the entire circuit is pnw'ticjilly u<ui-iu(lu<-tivc, dial ia, the 
current has the same wave shape as tlie v<tltaK(‘. Assuiniiifr 
sine wave of impressed vollaKC, <■«, I he current, i, uf and near full- 
load thus is practically a sine wave, and the shunt iiiK reactance, 
bi, thus has the value corresi«)jidinK to a suu‘ wave of curn-nt 
traversing it, that is, the value <lenot(Hl as •‘eoustant-<-urrcnt 
reactance,” ate, in Chapter VIIL 
At no-load, with all or nearly all conduetanees.f/.opcn-eircuited, 
the entire circuit consists t)f a series of « react ivt'suweptunces, 

If, then, the impressed voltagts, Co, is a sine wave, each suseeptance, 
bi, receives 1/n of the impressed volttige, thus also a sine wave. 
That is, at and near no-loii<l, the shunted reaelnnee, b.,, has the 
value corresponding to an impnused situ* wave of v«iltagi>, that 
is, the value denoted as “constant-ixdential react anet',” ar„, in 
Chapter VIIL 

Xo, however, is materially larger than and the shunting nv 
actance thus decrcjisea, that is, the shunting susi-eptnnee, h,, in- 
creases from full-load to no-load, or with increasing p. 

Due to the changing wav«vHhnpe distorfitm, hj thus is not con- 
stant, but increases with increasiiig p, thus can la* denoted hy 

bt - f>«(l + »p) (47) 


this gives 


«» 


(48) 


1 + »p 

Substituting (48) into (48) gives, as the equaliiui iif eurreiit, 
allowing for the change of wave-shais! distort itui, 


l-fc’ 


geo 

1 + c» ^1 + »p 




(lit) 


Assume, in the instanen paragraphs l/itt and Hit, and Fig. 127, 
that the shunted suseeptance, 6», itiereioo's from full-htatj i« no- 
load hy 40 per cent. 1’hat is, 


it is, then, 


0.4; 


a - 


Oo 


I ■+• 0.4 p 

Assuming now, that at the eml of the regulatutg range, 
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a has the same value as before, 

a == 1.75, 

this gives 

1 75 -- 5^0 

1 + 0.4 X 0.22 
a = 1.90 


““r+0.4p (50) 

Substituting now the numerical values in equation (49), gives 

^ 6.65 I 

Vta^3 - 0.923 py + (0.414 + (a - 0.324)29)2 

6^4 

\/[0.928 - 0.866 + [0.388 + (0.938 a - 0.304) , 

Fig. 127 shows, as curve III, the values of ^ from equation 

(51), that is, the regulation as modified by the changing wave 
shape caused by the saturated reactance. 

The maximum value of current, 4, occurs at = ^ = 0.11, 

A 

and is given by substitution into (50) and (51), as, 

a = 1.82 


that is, 

g = 0.011 

thus, the regulation is still further improved, by changing wave 
shape, to 1.1 per cent. 





CHAPTER XV£ 

LOAD BALANCE OF POLYPHASE SYSTEMS 

163. The total flow of iwwer of a balunt'otl Hyiiuuftrinil poly- 
phase'system is constant. That is, th(‘ sum of t lu* instunfuiicous 

valuesof power of all the phiusos is constant throuniu.uf the cycle. 

In the single-phase system, however, or ina [.olyphnscsystcmwith 
unbalanced load, that is, a systtun in which the diircrcnf pluiscs 
are unequally loaded, the total flow of power is pulsating, with 
double frequency. To balance an unbalaiice.i pulyplmse system 
thus requires a storage of energy, lienee can not be doiu« by 
any method of connection or transfonnai ion, 'I'hus niecluuiical 
momentum acts a.s energy-storing device in the use as phase bal- 
ancer, of the induction or the synchronous machine. I'ih-ciricnlly, 
energy is stored by inductance and by cniiacily. 'Hie tpicstbn 
then arises, whether by the use of a ivactor, or a condenser, con- 
nected to a suitable phase of the system, an tme«|mdly loiuicd 
polyphase system can be balanced, so as to give constant jsiwer 
during the cy(de. 

In interlinked polyphMO circuits, sueli as th*’ lliree-phase syn- 
tem, with unbalanced load carried over lines of aiiprei-iahle im- 
pedance, the voltages of the thnw phases beeome unequal, 'rids 
makes voltage regulation tnore complieated than in a balanced 
system. A great unbalancing of the load, stteh as ptoduced by 
operating a heavy single-phase load, as a single-|thase rathvay nr 
electric furnace, greatly rwtuees the jaiwer cnpueil.v of lines, trans- 
formers and generators. Unbalancetl load on the generalnrs 
causes a pulsating armaturti rmiction; at singh‘.phas<* load, the 
armature reaction pulsatea iKitwwn more limn twii e the average 
value, and a small reversial value, l«*twis-n /‘teo*! .» i ll and 
F(co8 a — 1), where cos « is the jsiwer-fnetor of ifie single.phase 
load. Especially in alternators of very high armature reaction, 
as modern steam-turbine alternators, a puls!iti*«n of the .armature 
reaction is very objeetionahle. It causes a pulsation •>{ t!»i* field 
flux, leading to exetmive eddy-current losse*. and conM ipienf n** 
duction of the output. The use of a squirrebcage winding in the 
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field pole faces of the single-phase alternator reduces the pulsation 
of the field flux, but also increases the momentary short-circuit 
stresses. 

Thus, it is of interest to study the question of balancing unbal- 
anced polyphase circuits by stationary energy-storing devices, as 
reactor or condenser. 

164. Let a voltage, 

e = E cos 4> (1) 

be impressed upon a non-inductive load, giving the current 

i = I cos <l> (2) 


The power then is 


p = ei = El cos^ <j> 
WT 

~ (1 + cos 2 (j)) 

” Q "h Q cos 2 (j) 


where 


that is, » 

ill a non-inductive single-phase circuit, the power consists of a 
constant component, 

Q = —y 


and an alternating component, 

^ El 


cos 2 


of twice the frequency of the supply voltage, and a maximum 
value equal to that of the constant component. The instantane- 
ous power thus pulsates between zero and 2 Q, by equation (3). 

If the circuit is inductive, of lag angle a, the current is 

i = I cos (0 — a) (5) 

and the instantaneous power thus, 

p ^ El cos <t) cos {<!> — a) 

— cos a + cos (2 (j) — 

= P + Q cos (2 0 - a), 
thus consists of a constant component, 

p == ^ cos a = Q cos a (7) 


( 7 ) 
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and an alternating component, 
Q cos (2 4) ■ 


a)-, 


it thus pulsates between a small m'gative and a large positive 
value, P - Q and P + Q. 

If the circuit is completely inductiv»>, that is, the enrnmt lags 
90° or I behind the; voltage, the current is 


f = / COH^^ — 
and the instantaneous power thus, 

p = El 008 ^ cos (</> - 2 ) 
El 


( 8 ) 


2 


' sin 2 4> 


Q cos(2<^ - 2 ) 


( 8 ) 


Thus, the power comprises only ati alternating conijmnent, hut 
no continuous comrKmont; in other words, m> powm' is consumed, 
but the power surges or alternates between 4-^ aiui -Q, that is, 
power is stored and then again returned fe» tla* circuit. 

If the circuit is closed by a (aipaeity, the current huids the 

impressed voltage by g, thus is 

I - /C08(<^ + 2 ) (10) 

and the instantaneous ixjwor thus, 

p « El cos ^ mm (^4) 4 - ^ 

^QiMm(^Z4 + l) (ll) 

thus, comprises only an alternating coiijjMutent, surging be- 
tween -Q and +Q, with double fr«*<j»»enfy. 

The power consumed by a condens«*r, (•tiualion ( I i 1, is itpjKwih) 
in sign and thus in direetbn, from that eynsumed by a n-jn-tor (9), 

Q cos *#' ”1" 1 ) “ ““ •’**** ( i#> — * I ■ 

166. If a number of voltagra, 

Ci * EiWai4> — Ji) '12) 

* “Engineering Mnthematlci,'' Chftpter III, iKrrdgmptcs lU, tn n't. 
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of a polyphase system, produce currents, 

ii = li cos (0 — — ai) ^0^ 

the instantaneous power of each voltage is 
pi ~ ^d'i 

= cos ai + cos (2 - 2 7< - ai) } (14) 

and the total instantaneous power of the system thus is 
V = 

= 2Qi cos ai + ZQi cos (2 <j> — 2 yt - ai) 

= P Q cos {2 tj> — a) (15) 

where 

P == 2 Qi cos ai (15) 

is the total effective power of the system, and 

Q = i:Qi cos (2 0 -- 2 7 — ai) (17) 

is the total resultant alternating component of power, or the 
resultant power pulsation of the system. 

Thus, the power of the polyphase systeipa pulsates, with double 
frequency, between P — Q and P + Q. 

In this case, P may be greater than Q, and frequently is, and the 
power thus pulsates between two positive values, while in the 
single-phase circuit (6) it pulsated between positive and negative 
value. 

It thus can be seen, that in any system, polyphase or single- 
phase, with any kind of load, the total instantaneous power of the 
system can be expressed, 

p = P + Q cos (2 0 — a) (18) 

where P is the constant component of power, and Q the amplitude 
of the double-frequency alternating component of power, and Q 
may be larger or smaller than P. 

It must be noted, that Q is not the total reactive power of the 
system — which would have to be considered, for instance, in 
power-factor compensation etc. — ^but Q is the vector resultant 
of the reactive powers of the individual circuits, while the total 
reactive power of the system is the algebraic sum of the individual 
reactive powers (see “Theory and Calculation of Alternating- 
current Phenomena,^’ Chapter XVI). 

Thus, for instance) in a system of balanced load, even if the 
load is reactive, Q = 0. Thus, Q is the unbalanced reactive 
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power of Iho sj-Hiem, and dm-n mi tn. lii.l. «h. iv.u Hv.. jwnvr, 
which in hnlanmi lH-lw»a'ii ihr phaMv. ami lit. jrl.y «:iv,‘.s 
as vector resultanf. 

166. The expreasuHi of the jmw. r of a |H.h pltaM- hvk!,.!„ „f 
oral uubalaiieed toad i.'» hy (!.•) 

p m }■ Q Vit'i i'J ^ n) ||,,j 

this also is the espressimt of iM.w.'r of the •‘inRli-pluwe load nf 
lap; angle «, <d the inipressetl vohnge ami i iixriit, 

0 m K r<l|4 ^ I 

1 « / cos {lit ~ «»J I 


where, from (2(1), 



(,( »ti» If 

f.7 


( 21 ) 


while in the general ease (10) /* and ij inn> have a»iv vaIiim, 
8up{K)Ke now we select from the ;Milyp)ittse nyslem a volti^v 

" r' » K’ cot* I 0) ^22) 

and load it with an imlnelive liwid of mwii jmwcf.fartiir, 


i' « 0 

that is, we eninieet a reactor of x *• j, into the phase i**. 
The power of (22) (22) t hen is 

whew 



(2:1) 

( 21 ) 

(■3) 


and the total jsiwer of the system, e,»i«pri«ijjg ( ip) iin,| 
ia 

p« " P + p' 

- i’ + C/eos(2* ~ «) 4 </' em (2^ ^4 *1 

mf 

and this would become constant, »nd the d<od4e fo (n, !«•*. t.r® 
<*litniiiated, that is, the system would Is* I»ahi*«cr4, i! f)’ ;»!i4 4sfe 
ohomm no that 

<? a» (2 « - «) + «?• r»si (2 4> - 2 it - ’l ~ 0 
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hence, 


O' = Q 

(27) 

2 0 - 2 i3 - ^ = 2 - a - 

ir 

or, 


d =- + ^ 

2^4 

(28) 

ET ^ 




II 

(29) 

E' E'^ 

(30) 

~ r~ 2Q 

thus, 


e' = B'cos + 

I (31) 

is the voltage, which, impressed upon a reactor of reactance. 

E'^ 

(30) 

'^~2Q 

balances the power. 


p = P + Q Gos (2 (l> — a) 

(24) 

of an unbalanced polyphase system. That is, 

e' = E' cos[0-(| + ^)] 

(31) 

impressed upon the reactance, x, gives the current. 

2Q /a , Z IT) 

l = -^ cos [</. - (2 + -^] 

1 ] (32) 

and thus the power. 


p' = Q cos <;> - -h 1) ] cos y> - 

(I+t)] 

= — Qcoa {2 4> — a) 

(33) 


and this reactive power, p', added to the unbalanced polyphase 
power, p, gives the balanced power, 

p = p + p' 

= P. 

167. Comparing (31) with (20) or (24), it follows: 

The unbalanced load of a single-phase voltage, 

e = jEJ cos <!>, 
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of lag angle, a, or in general, the luihalaiicf.i lo.-nl df a polyphase 
system with the resultant instantaneous jxiwer of lag angle, «, ' 

= P + Q eos (2 4 > ~~ <*) 

can be balanced by a wattless naietive load, p', liaving the same 
volt-amperes, Q', as the alternating etunjMUieid, Q, of the unbal- 
anced load, and having a phaat! of voltage lagging by 

a , T 


or by 45° plus half the lag angle, a, of tin* unbahuu'iHl load orun- 
balanced single-phase current. 

Just as the unbalanced jxjlypluise h»ad, p, (24) tnay Igisingl©. 
phase load on one plnise, or the vector n*su!tatif td tlu' hmds on 
different phases, so the wattless reactive eo»u{«*}>sating volt- 
amperes (33) may be due to a single reactor eonnertetl into tho 
compensating voltage, c', (31), or may be the vector resultant of 
several voltagtis, e'l, loadwi by reaetaiuHV, r,, that theh 
vector resultant is p' (38). 

If a capacity is used for energy storage in balaneing unbalanced 
load (24), tho comp<insating v<»Uage (22), 

c' >• E' am (4> — (f), 

impressed upon the capacity gives the reactive leading current, 
i' - /' cm(^^ ~ ^ + 
hence the comiKuisating reactive {Kiwer, 

p' » ii'Tc<»(2^~2d4-S 

and therefrom, by the saimi reasoning as Isdttre, 


(34) 

(85) 

o'ti'o 


E' am 4 — ^ 


, 3 ir 
2 ^ 4 


I? cosj#. - (.J + 


(87) 


That is, when using a capacity for bahmeitig the load, the com- 
pensatme voltatw * • • - 
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or, what is the same as regards to the power expression, 


thus lags by half the phase angle, a, minus 45° (or plus 135°) 

168. As instance may be considered a quarter-phase system 
with one phase loaded. 

Let 

Cl — E cos <j> 

62 = jE cos (^<j> — ^ 08 ) 


be the two phase-voltages of the quarter-phase system. 

Let the first phase, ci, be loaded by a current lagging by phase 
angle, a, ^ 

. ii = I cos (<f) — a) ( 39 ) 

while the second phase, e^, is not loaded. 

The power then is 

V = eifi 
_ 

— cos a cos(2 <j> — a)} ( 40 ) 

and is compensated or balanced by a reactance connected to a 
compensating phase, 

c' = E' cos (<#)— /3) ( 4 j) 

and consuming the reactive current, 

f' = /'cos(^ ( 42 ) 

where the - ^ represents inductive reactance, the + ^ capacity 
reactance. 

The compensating reactive power then is 


p' = e'i' 


and this becomes equal to 


^ 008^2 0 -2/3T0 


cos (2 <f. — a), 


E'P = El 
^ 2^4 
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and the compensatinK circuit IIiuh is 

e' =* A’'cos^</i — “ j P 

t' = r i-m(4 - :i ♦ 


( 45 ) 


it is, then, 


hence, 


for 


p‘ a Hi' 

* K'l' vm {'2 4 — It ! ff) 
a —AY cos (2 *f> — o) 

po a ji 4 ' // 

El 

a » 0, t»r iHin-iiiiiurf ii*i* linni, if, jn 
/ M ii* mm ^ 4 * p 


heneo, if ahcKM%», 
hence, 

it is 




u 

W‘\ 





E" a E \/2 , 


/ 

V2’ 


J' « 

«' ■ f| ± Cf 


Ilf.) 


that is, connecting the two phases in wries, gives t!ii< compi-iiwii. 

ing voltage for non-imJurfive lomi. «Jr: 

“Non-inductive singUs-phaiH? hmil, on one phaw! of a quarter 
phase systcin, can la* hHlnnctaf hy ctnineefing a reuetanee aen^ 
both ph!tH(!s in Hcries, of such value as to eonsittne a current (Sjttal 
to the KinKl(‘-phit8e bad current divide<n»y \/2, that iH.lijiviiigthe 
same voIt-amiK'rc as tfie singiis<phiise load.” 

169, In the general case of inductive loarl of iMtwiT'faclor, a, 
the comjjensating voltage (4S) can lai written, 

d ■ A''|m (2 ± j)ro«* + t « 

■ ± 4 )“»* ± '“(.t ^ .;)■»(■<■ - :) j. 
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or, choosing, 


thus, 

it is, by (38), 
where 


I' = I, 


e' = flifii + 0262 



(47) 


and the upper sign applies to the reactor, the lower to the con- 
denser as compensating circuit. 

, The current then is 


i' = I cos 



3 7r \ 

4 / 


(48) 


The compensating voltage e' thus can be produced by connect- 
ing a transformer of ratio Oi into the first phase, ei, a transformer 
of ratio, 02 , into the second phase, 62 , and connecting their second- 
aries in series across a reactor or condenser of suitable reactance. 

The current, i', in the compensating circuit consumes a current, 
aii'j in the first phase, ei, and a current, a2i', in the second phase, 
^2. As the latter phase has no load, the total current in the 
second phase is 

12 = = I cos(| + cos - I If 

the total current in the first phase is 
fi** = ii “(■ ciii' 

= /jcos {4> - a) + COS ± cos “ I T I 
= j|cos(</> - a) -f- 0.5 cos (<^' T I) + 0.5 cos (.^ - a + ir)| 

= 0.5 /| cos (<l> - a) + cos ^ | 


f ^ /a 

7r\ / 

a 

7r\ 


^ 4 / “ 

” 2 



hence has the same value as but differs from it by ^ or 90° in 
phase, thus has to its voltage, ei, the same phase relation as ^2 
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has fo its voltago, <’s. Thu* is, thi* sy.strtu Itui jjj.-,.,! in load in 

phase luul in ariinifurt' roiielioii, * 

In the unbalanetnl single-plmsr Ifiin!, t!ie |»n\iT*faefor k 

III etiH II 

in the ImlanccHi hind, the |«nvrr*fiwiiir m 


ih 


fti . w\ 

‘■'“1 2 ' l) 


thus, is matc'rially wiumi for » roartur 


' ns + ; 

4 * 


it is ill gwiorul incmwd for a i‘utii|«*nsfr 


MS fi.injtoiwulor, 


170. Instciwi of varying tJu» mig|.« i.f tho fomjx.jisatiiig 

voltage,!;', with varying phasi* niigl**, i«. of th<’siugli*.|j(iiwt. 
compensation can 1 k> pn«hteeil Uy euiniM-jisnling vollagt**) of 
constant-pluwe angle, utilissiiig hvn snelt vi.hnges luni varying the 
pro{X)rtioii.H of their reactive enrreiits, with ehiing|.« yf j*. 

Thus, if 

ft - / eoH {•!> Ill, 

is the load cut pham*, 

»! •• K eos #, 

and the second pham; 

fi A* vm(4t ~ . 

is not loadwl, thus giving the uiihahinciil piiwiir. 

Kl 

p - j eiw a P row t2 %*> - ,il| (4|) 


as comiKUisating voltage may la? used, 

tho voltage of iKifh phaaea eimnecUnl in wriea, 

i f| + f| 

- AV2ciw(# - P (M) 

and tile vnltiige «if itii! 

e, - K nw . (51) j 

last, then, 

(■ - - Y)- 

be fJie nm-tiwi current tit tjin rrmipt'inniiinit i.JiiLc-, r, nlni 
i'l ■ /'i eoB (# — »), 
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= — /'a cos <j} 

the reactive current of the compensating phase, ej. 

The powers of the two compensating circuits then are 


p' - ei' 


EI'y/2 


2 

E rV2 


- cos (2 (j) — t) 
COS 2 <!> 


and 


p '2 = e2i\ 


cos 




and the condition of compensation thus is 


EI 


cos (2 <l> — (x) 


ErV2 


cos2<3{) + ^ qos(2 0 - (54) 


(52) 


(53) 


or, resolved, 

(/ COB a — r\/2) cos 2 <#> + (J sin a — 1 ^ 2 ) sin 2 0 = 0, 
and as this must be an identity, the individual coefficients must 
vanish, that is. 


I cos a 

^ ^ V2 

J '2 == I sin Q! = J cos 0 


(55) 


thus, the compensating voltages and currents, which balance the 
single-phase load, 


are 


and 



e = 




C 2 == 




E COB <!> 

I cos ((j> — a) 

61 + 62 

cos (^(l> — 

/ cos a I 3 7r\ 

E cos - I) 

— 1 cos ^ cos (}> 
I sin a cos <t> 


(56) 


(57) 


( 58 ) 


m.Kt Tkir nm i ir.-^ 



.TJ«< KLKt'THit' I'lkt l ir.s 

Ah sin'll, this nii'jiiis InniiuiK tlx' Hi-niud wiih . 
giviiiK fhf snini- %'iiil-uiiij»'ri*s, 

hi 

r-ji I «« ^iii 11 ^ 

IW fhi* uiiliHlniiiH'ii MinKli-iilj.ijw. lt„4,j |.>nvi, am! f}ii.rt.tn* ba!; .* 

the nwdvi* i‘..iii|Hiiii'nt .,r luml. ,mu| l.alannug ( 

(if the U,n,| |,y ihi' .. . 

ff fill' singli-pl.iw liiaii w nmiicrl,.,! ,„„hm i„„j, 
the qimi1fr-|ihttw Jimrliim- in w rn s, ' ** 


••i ! r, 

f.'VJ vtm{^ i p 
/ 


■j '‘"'i 


# f ■ 


ill till* iMiiiti' tiiiiitiit'r thi" Ilf riiiii|M-iiHj|||i,)| pjijj jjg jjj. 

rivcii, iiud giv(‘ itn< nri’iMl, 


whitjii 

F»»r Innil. 

thw givtw 


r * •“ iC nm ^ - ’ * J 

r/' - ki. 

If - ij, 


(M) 




that IH, imr Ilf thi< two jiJuwio* m ri.iiiiK i^nhoj^ j.ba#. ^ 

171. As further I(u.lttt(r.i may lio cm^.h rra ih- !.il ,«»■»« t,f 

w«Kh-|ih(Wc< Imul oi, mm uf n Hiri't-i.ldwr 

liOt . " 


(P| •“ A' riw 9> I 

tt - A‘ v,m^p - 

ft "• j 

l» till* fhris' voJt««wi Mwoeu ibo ihreo hi,,* mcl i?„. u.-atral 
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The voltage from line 1 to line 2, then, is 


= 61 — 62 


E^/Z eos(^<l> + ^ 


(62) 


and if a = lag of current behind the voltage, the current produced 
by voltage, e, is 


thus the power, 
P 


EIVS 


■■ I cos((t> +-- 
cos a + cos ^2 <#> + I — 


(63) 


and this is balanced by the compensating voltage and current, as 
discussed before, 


it is 


6' = 7iV3cos(0-(| + i)) 
. = 7eos(.-(f + ^^)) - 


(64) 


p' — e'i' 


thus. 


2 

mVs 


cos (2_(j> — a — 
cos^2<^)-« + |) 


(65) 


po = p + 7>' 

ElVz 


COS a, 


thus balanced. 

The balancing voltage (64), 

6' = EV^ cos (<^ - I ” ^) ■ 
lags behind the load voltage, e (62), by 

01 , TT 

^ "r 

or by half the lag angle of the load, plus 45°. 

If 

TT 

a ~ g, 
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or 30° lag, it is 

thus the eoiiipcnKiiting voltug<s /, is displuccii in phjis(' frorn tho 
load voltago, (*13 (02), by 0<f, if Hh* tug jutgb* nf Jhc loud is 
in this case, the second phase of the lluriH'-phusi* sysfeia thus can 
be used as eointHUisaling voltage, 

Cis » I’l - Ci 

E\/'A eos^<,'i 

IW 

In the general ease, for any lag angle, the eomii,.„Hufitig vol- 
tage (64) can be produeeii by tin' eoinbiiiutuui of fb,. fwo-phjiHa 
voltages, Cl and <'3, as 

«■' -■ «t»i j 

similar Jis was dw'ussed in the fpiurltT-phusi' sysfein, 

The second pluwe, cia, as«nn|M'nsating vnlingi.. louded hy a nc 

actor, halam-es the loud of phase nttgle, ir nr atj ', |.’„r 

angles of lag, either another phase angh* «.f the l.iduncing voltage 
is necessary, or, if using the same haluneing voUtig... ih,. hainnw 
is incomplete. 

Let thus: 
th(( load 


e,j m eoH^^ I *J, 

» <■ / eos^^ if “ '*)' 

be balanced by reaetive haul on tlie w'eon.l plow, 
ifi3 ■■ E\/n 


it is: 

power of the load, 


p • #i»i 

eiVa I 


I e<w It 


balancing [hiw 


+ eci* (2 y. I ,* 


IT, 


p' - «„l' 


mV'A 

2 


n) 
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thus, total power, 


Po = P + p' 


and 


ElVZ ) 

COS a + cos 

2 1 

ElVl^ 

1 cos a + sin 

2~ ' 

. /tt \ 

- 

a) 


cos a ’ 


(2<#.+|-a^-cos(2<^ + |)j 

(e ~ 2) + i)}> 


is the ratio of the remaining alternating component of power, 
to the constant power, and may be called the coefficient of 
unbalancing. 
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CIRCUITS WITH DISTRIBUTED LEAKAGE 

172. If an uninsulatt'd dwtric cirt-tiit in inuni'mcd in a higj,. 
resiatanco conducting tiuHliiait, nuch an wafer, flic current doca 
not remain entirely in the “cinniil,” hut more or h^tt leaka 
through the aurrounding nuniiuim 'I’he current , then, in n<if |ho 
same throughout the entirt! circuit , hut vnrica from {K»int to |K)int: 
the currentH at two i«>intH of the circuit differ from each other by 
the current which leaka from tlie circuit la-t w<*cn Iheae t wtj jiointa. 

Such circuitH with iliatrihuted leakage are the rail return tdreuit 
of electric railwaya; the lead armora of cahlea laid directly in the 
ground; water and gaa pijx'a, et*-. With leati-armored cahlea in 
ducta, with railway return eircuita whef»> the raila arc aupiairted 
above the ground by a!cei>era, w in interurhnn roada, the leakage 
may bo localized at fretjtjtudly recurring jaunta; the hn-aka in the 
ducts, the alw'iMfra aupfwrting tlie raila, etc.. h»jt even then an 
assumption of ihatrdiutiai leakage prohahly la'ai re|irea(*nta the 
conditions. I he same apphi*a to low*voltage <hatrdaiting ays* 
toms, telephone and t«*h*griiph linea, efe. 

The current in the comluchir witli diafritmtiai h*akage may 
bo the result of a voltage impreawHi h|>oh a cireuit of which the 
leaky conductor la a part, aa la the case with the rail return of 
electric railwaya, or oeeura whiui a eahie eimdutior grounds on 
the cable armor, and the current thereby reltirnH over the armor; 
or it rnay Iw indum! in the leaky conduelor, aa in the lead armor 
of a single-conductor cable travemei! by an alternating eurreut' 
or it may enter the conductor aa leakage curreiil, an is the case 
in cable armors, gas amt water pijai*. etc., in those cases where 
they pick up stray railway return eurrenis, etc. 

When dealing with {Ureet-eurreiit circuits, the inducfance and 
the capaeity of the conductor do not come into con'fidcralion 
except in tlie trnnsientaof current eliatige, amt in slufionary con- 
( itions such a eirenit thus is one of diatrihuttol writ's rcfistaiice 
and shuntwl conduct anw, 

Inductamic also is iilwent with the current imiuce.i in the cable 
armor by an alternating current imvcming tlie rnhle conductor, 

aao 
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and with all low- and medium-voltage conductors, with the com- 
mercial frequencies of alternating currents, the capacity effects 
are so small as to be negligible. 

In high-voltage conductors, such as transmission lines, etc., in 
general, capacity and inductance require consideration as well as 
resistance and shunted conductance. This general case is fully 
discussed in “Theory and Calculation of Transient Electric Phe- 
nomena and Oscillations,” and in “Electric Discharges, Waves 
and Impulses,” more particularly in the fourth section of the 
former book. 

173. Let, then, in a conductor having uniformly distributed 
leakage, or in that conductor section, in which the leakage can 
be considered as approximately uniformly distributed, 

r = resistance per unit length of conductor (series resistance), 
g = leakage conductance per unit length of conductor (shunted 
conductance), 

and assume, at first, that no e.m.f. is induced in this conductor. 

The voltage, de, consumed in any line element, dl, of this con- 
ductor, then is that consumed by the current, i, in the series 
resistance of the line element, rdl, thus: 

de = irdl. (1) 


The current, di, consumed in any line element, dl, that is, the 
difference of current between the two ends of this line element, 
then, is the current which leaks from the conductor in this line 
clement, through the leakage conductance, gdl, thus: 

di = egdl. (2) 


Diff(!rcntiatii»g (2) and substituting into (1) gives 


dH _ 

d& 


rgi. 


(3) 


This equation is integrated by (see “Engineering Mathematics,” 
Chapter 11) 


i = Ae—'. 


(4) 


Substituting (4) into (3) gives 

= rgAe~‘^ 

hence, _ 

a - ±-\/rg, 

and thus, the current, 

i = Ai«-''w« -f- A2 «+v'toJ 


( 5 ) 
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Substituf.uig (5) into (2) givos an the mlhiyr, 

Jill 

174. (a) If the conductor m of infinite lonL'tii :. , *■ . 

great len^h, that the current which nwdu's tlu-’etul negliaihi' 
compared with the current entering the <-onduc(or, it 'is 

™, . . * “ 0 for I - M. 


This gives 
hence, 


“ 0, 

i a® 

e m - /I \ 

I 


That is: ^ ^ 

that pS,ru cw 

ductot at co„z;'£.“ 

at constant-current innut mn/tK i <!onsum(‘<l 

® ihth. oonduc J!r;::;’'tirj“ t ^ " «■ 

f = 0 for f =» fo, 
hence, substituted into (6) 

0 = ^jg+vwi. 

and, putting 

^ = Aie-v7dh =, -.A.ie+V^h, 

It IS 

f = 4 { 6 +Vr7 ih~D _ J 


'sfg^ {e'^Vw do-n 4- e-viJClo-D} 
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(c) If the conductor is grounded at the end I = lo, it is 
c = 0 iov I = lo, 
hence, substituted into (6), 

0 = A2€+v'?»!o^ 


and, putting 
it is 


A = Aae+v'rflJo 

i = A{( + ^ri(,h-l) + €“V'ra(lo-n} 

e = -yj- A — €-■ \A5(!o-i)} 


( 10 ) 


(d) If the circuit, at I = lo, is closed by a resistance, R, it is 
^ = R for I = Zo, 


hence, substituting (5) and (0), gives 

4 - a 2<+''’^''’ /r 


hence, 


^ JL-r 

A* = 

4 +“ 


Thus, 


R 


4 


i - - «-(2!«-0Vra} 

R + 


■4 


0 SB 


R- F- 


R + 


4 


( 11 ) 


176. Substituting, 


ro 


4 


( 8 ) 


as the “effective resistance of the leaky conductor of infinite 
length,” 
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and 


a 


dh“«< 


« » 4 . ;; _ 


'I'" l.•»ky i, ,, 

■ f;".— -“I ' ' 

« + To ‘ 

Thoyaro kllanstoKt! "' fann« 

"■W'* uaually ™n.alm,ra„ f"'""" 

flowlwXl'rf - n,,. „„t. 

ond tonnH nn tlu, mil ..‘f I '•..,HjH.Hiv..|y, thnwHs 

circuit of <Iis(.rihut(.<i loukuKo ' r!!fr''r'*”’ 

occurring at thn rcsisfanct*, an 

of current occurH,^whiIoVhe nJumvU ^^**^*’ ^ i-<‘f!(.clion 

corning voltagf;. If » » „ ^turn v«l ago adds it^alf to tlic in- 

If /e<ro. the aeanfl 

of voltage occurK,'whil^Thr2l:!‘'"‘'’ 
incoming current. If Jq n..’ Z? 

If ” ro, the Bccorui tel 1 f 1 
-- of (7). of an infini 

conductLM^JTmtaJ of i'S"’*'"' «'“I »l.i.i,l,.,l 

anco partially reflects the culnraL? • ' 

a lower resistance partially reflects <lio wKng.s and 

current. Infinite resistance <riw«> voltage and incr<>as<‘s the 
and doubles the voltage whifo reflection of .uirn-nt 

™>‘«8C and dUli the” ■“ ">• 
The term,r. . V>uetaheei„direet.eum,ntcir„uil» the 

portion as the E ® 

rent circuits. V ^ V F alternating-cur- 
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176. Consider an instance: it has been proposed, for the pur- 
pose of ('ffeetively grounding the overhead ground wire used for 
pro(,ect ion of transmission lines, to run a bare underground con- 
duel.or, a fc'w fe<d; below the ground surface, and to connect the 
ovorlu'ad ground wir(^ to the underground wire at every pole. 
Assuming the underground conductor to be a bare copper wire 
having 0.4 1 cm. diameter, the overhead ground wire a steel cable 
cciuivalent in conductivity to a copper wire of 0.52 cm. diameter. 
What is the elT(Hitive ground resistance of the underground wire 
alon(% what f.hat of the; underground and overhead wire together? 
Assuming the leakage r(^sistance of the underground wire to be 
3 X 10”^ mhos per meter? 

The rcisistance of t.lui underground wire is 1.3 X 10"® ohms, that 
of the overluuul ground wire is 0.82 X 10"® ohms per meter. 

The effective resistance of one underground wire then is 



r «■“ 1.3 X 10"®; = 3 X 10"®, hence, 

ro = 0.66 ohm 

thus, l.w<) underground wires in multiple, in the two different di- 
rections, give! an effective ground resistance of 

0.33 ohm, 

including the overhead ground wire, the resistance is 

r = . . = 0.5 X 10-®; g = 3 X 10-®, 

L3“X l 6 ‘® 0.82^6-® 

hence, 

ro =« 0.41 ohm, 

thus, tin*, two uiulergroimd and two overhead wires together give 
an effective resisi-aiK^e of 

0.205 ohm. 

This is a vc^ry much lower ground resistance than most local 
grounds possess. 

Assuming that /o is t-hc current which enters this ground wire 
at one |)oint, I = 0 , then the equation of current distribution, by 
(7), is 

r = 0.25 X IO 7 ®; p = 6 X 10"* (two in multiple, m 
the two opposite directions) 





M Mtvm in kibnipi 
rioiw tjiulttiin'** fn 
iiH'tam thm b; 


jHMJit, fii, 


Oonaidp 


DWerontiating (is) 


« 1 VPM 


M integratod by 
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and by substituting (17) into (16), we get 

= rg (18) 

hfuicc, the current, 

I = A, 6-“' + 426+“' + (19) 

where __ 

a == -{■'s/rg 

and Ai and A^ are complex imaginary integration constants. 
Substituting (18) into (15) gives the voltage, 

= r„{4,«-“'- 4 j6+“'} (20) 

where 

ro = , (21) 

178. Suppose now no voltage is impressed upon the conductor, 
but the only existing voltage is that induced in the conductor, 
as for instance the cable armor. 

(a) Suppose the conductor is open at both ends: I = +la and 
I — — lo, having the length 2 la. 

It then is 

1 = 0 for 1 = +Zo 
Substituting this in (19) gives 

416-“'" + 426+^" + y = 0 


JB 

4i«+»'« + 426-^" + -jr = 0 


hence, 

=a ^2 = 

— Eo 

and 

~ r-(«'^‘“ + 

6+“' + 1 



^—alo aioj 

■ ^+al _ 1 

o 

11 



in the center of the conductor, for Z — 0, it is 


j. Eo 

ft 2 _ 


/-V' 

[A e-Mo + e-^ 


E = 0 



22 


KLKVTlitc r 7 /;f‘r/T,s' 
the- of It,,, rtiiHlm-liir, for I ™ » f,, ,t in 

i t i 

■r« 


^ +. «l* 


with «'» t« !oti«, M) that # *'• i„ 


, . , * r - ± 

i'or nn mli,iii,.|y h,|,j^ pj j j ^ , 

R iiiiMt Inr, f» » « , ,,qu(,t )„„„ 122) 

t 

I m 

f 

■» 0 

a« Wfw to l»t oxptntti'tl. 

»pln ' uTS",! '" '■"" " 

# - 0 for I m 0 
/-Oforl-lfl, 

'"“X "" ""■■•■ “ “ ™ 

« inflmjy loilTZSteW "''"■ *'■" ' 

That »: to“hotLf„T“,‘,“‘ °’ ' »"■ ■''■«“«“*•• ' 

VOQT oloM to the on* il i, »*!U! <'»Ii 
“ 01108, It 18, approximately, 




r 

0 


^ “ »‘W to h, r 

form, ^ equations (22) thuHiwHume 


Jlo 


■ 1 ~ 0 1 




( 25 ) 
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179. As an instaiua^, consider the lead armor of a single-conductor 
cable, 10 km. long, carrying an alternating current such that it 
iiulma's (K) volls pi-r kilometer. The armor is open at either end, 
and of in(('rnal diamotc'r of 4.2 cm., external diameter of 4.6 cm. 
The k-akagi^ conducianc.e from the cable armor to ground is 1 
mho per kilomcder. What is the voltage and current distribution 
in <h(^ cabli'? What is it with 10 mhos, what with 0.1 mho per 
kilometc'r k^akago conductance? 

A k'ad section of the armor of (2.3“ — 2.P) tt = 2.7 cm.^, at 
tlu^ sp('c.ific resistance of lead p = 19 X 10~*, gives: r = 0.7 ohm 
p('r kilometer. 

It is, then, 

r = 0.7 
1 

Zo = 5 

Eo = 60 


thus, 

0 = 0.84 
ro = 0.84 


hence, 

/ = 86(1 - 0.015 1 



(26) 


= 1.08 j 

TliUB the maximum current in the cable armor is, 1 ^ ^ ^ 


A, *1. ViiCl V**.Vi * I,,* €**-».*** A v**<«-* w V** * v-*- 1 • 1*11 

83.4 arnp., and this current decreases very slowly, and is still, or 

Z = 2; / = 79 amp. . . 

The maximum voltage between cable armor and grormd is, tor 
I - ±ry. E ~ 72 volts, and decreases fairly rapidly, being, tor 
Z = ±4: 7i’ = 31.1 volts. 

If the cable is laid in very well-conducting soil. 


9 


10 


it is 


- 2.661 


)} 


(27) 


a = 2.65 
ro = 0.265. 

/ = 86{1 - 1-75 X + e" 

in this case, the current is practically constant, I 

voltage zero over the entire cable armor excepve^ ^ 

where it rises to E ^ 22.7 volts for Z = 5^ “in 1 ^ from 
the ends, or for Z = 4, it is still: / = 80; S = 1.6. That is, over 


KUivTMv cimi'irs 


most of tho It'iiKfh. the ouiili* iiriiior iiiroiuiy n<-ts as an iiifitut<>ly 
long comiuctor. 

llonoo, for values of I near the eiul of the eoiuiuetor, / and ^y’are 
more conveniently expressed by the eipnititm ('dfi), 


/ 8t> i I “ « 


■J tlHA ~ l\ , 


Inversely, if the enhle is laid in tluctu, whieh are fairly dry, and 
the leakage {jonduetance tlnw i« only 
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hence, 

/ = 8G { 1 - 0.25 + ,-o.266i)} 1 

|/ = 57 { £+0.20f.i _ g-0.286i j (29) 

In this case, the maximum voltage between cable armor and 
ground is, at Z = ±5 :E = 200. 

As illustrations arc shown, in Fig. 128, with Z as abscissae, the 
curves of I and E, calculated from equations (26), (28) and (29). 

180. Considering now the case of a conductor, which is not 
connected to a source of voltage, nor has any voltage induced in 
it, but is laid in a ground in which a potential difference exists, 
due to stray currents passing through the ground. Such, for 
instance, may be a water pipe laid in the ground parallel with a 
poorly bonded railway circuit. 

Assuming the potential difference, Co, exists in the ground, per 
unit length of coiuhictor. The conditions obviously are the same, 
as if the ground were at constant potential, and the potential 
difference, -eo, existed in the conductor per unit length. Thus 
wo get the same equations as (22) and (23). If the potential 
difference is continuous, as when due to a direct-current railway 
circuit, obviously the quantities I, E, Ai and Ai are not alternat- 
ing vector quantities, but scalar numbers: i, e, etc. That is, 

_ ra t+gt _ 

Assuming thus as an instance a water pipe of 5 km. length: 
Zo = 5, (ixtemding through a territory having 50 volts potential 
differemea^, or : co = 10. Assuming that it is connected with the 
return circuit so that there is no potential difference at one end: 

e = 0 for Z = 0. 

Let tlui r(!sistanc<^ of the water pipe be r = 0.01 ohm per kilo- 
met(u-, and the leakage conductance be g = 10 mhos per kilometer. 

It is, then, 

r = 0.01 
9 = 10 
Zo = 5 
eo = 10 

thus, 

a = 0.316 
To = 0.0316 
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OSCILLATING CURRENTS 
Introduction 

181. An electric current varying periodically between constant 
maximum and minimum values — that is, in equal time intervals 
repeating the same values — is called an alternating current if the 
arithmetic mean value equals zero; and is called a pulsating cur- 
rent if the arithmetic mean value differs from zero. 

Assuming the wave as a sine curve, or replacing it by the 
equivalent sine wave, the alternating current is characterized by 
the period or the time of one complete cyclic change, and the 
amplitude or the maximum value of the current. Period and 
amplitude are constant in the alternating current. 

A very important class arc the currents of constant period, 
but geometrically varying amplitude; that is, currents in which 
the amplitude of each following wave bears to that of the pre- 
ceding wave a constant ratio. Such currents consist of a series 
of waves of constant length, decreasing in amplitude, tha,t is, in 
strength, in constant proportion. They are called oscillating 
currcsnta in analogy with mechanical oscillations — for instance 
of th(i pendulum — in which the amplitude of the vibration de- 

creascw in constant proportion. 

tlu'. ainj)litudc of the oscillating current varies, constantly 
decreasing, the os(ullating current differs from the alternating 
current in so far that it starts at a definite time and graduaUy 
dies out, r('.aching zero value theoretically at infinite time, prac- 
tically in a very short time, short usually even in comparison 
with tluilimeof one alternating half-wave. Characteristic con- 
stants of the oscillating current are the period, T, or frequency, 

/ = the first amplitude and the ratio of any two successive 

amplitudes, the latter being called the decrement of the wave. 
The oscillating current will thus be represented by the product 
of a periodic function, and a function decreasing m geometric 
proportion with the time. The latter is the exponential 

function, 

343 



iL'!!!!::! 

m 


Fiq. 131 . 

where >® 2rft; t!i<it ih, the {)eriod ia reprtWDied hy it ctuiiitlef 
rovolulioii. 

In the Hamo way tin uHeitlatlng e.m.f. will lie rei»ri*.*!f*ntt‘il by 
s e«""* eoi ( ^— &), 
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Such ail oscillating e.rn.f. for the values, 

e = 5, a = 0.1435 or = 0 , 4 ^ 6 = 0, 
is reiu-esi'utcd in rectangular coordinatesdn Fig. 130, and in polar 
(!ourdinat(‘s in Fig. 131. As seen from Fig. 130 the oscillating 
wav(> in rectangular coordinates is tangent to the two exponential 
curves, 

y = ±ee~“'^ 

In iiolar coordinate's, the oscillating wave is represented in Fig. 
131 by a spiral curve passing the zero point twice per period, and 
tangent to tlu^ exponential spiral, 

y = ±ee-“^ 

'Pile lat.t.('r are called the envelopes of a system of oscillating 
wavi's. Oiu' of them is shown separately, with the same con- 
stants as Figs. 130 and 131, in Fig. 132. Its characteristic feature 
is: 'The angle which any concentric circle makes with the curve, 
y = is 



Fuj. 132 . Fig. 133. 


which is, therefoni, constant; or, in other words: “The envelope 
of t.he oscillating curri'ut is the exponential spiral, which is char- 
acterizi'd by a constant angle of intersection with all concentric 
circh's or all radii vectori's.” The oscillating current wave is 
tlui product of the sine wave and the exponential or loxodromic 
spiral. 

183. In Fig. 133 let;/ = represent the exponential spiral; 

let 2 = e cos (<t> — 6) 

represent the sine wave; 
and lot E = cos (</> - 
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represent the oacillnting wave. 

We have then 

fiii 

~ (4f — 6) ~ rt etw -< 0) 

” tuts {ij^ — 0) 

« — {tan («^ ■“ 6) + **! ! 

that is, while tlu^ slope of tlie sine wave, s » r ch>m - o), is 
represented by 

tan 7 t* — tan (4> — S), 
the slope of the exjKniential apiral, y ■* ft’'"*, is 
tail « « — a ■« eoiistant, 

that of the oscillating wave, fij « cos ~~ 11} , is 
tan jS *a — I tan — 0) f « ! • 

Hence, it is increased over that of the alternafitig sine wave 
by the constant, a. 

The ratio of llu* amplitudes of two etmsecpient }M>ri«dH is 


A is called the numerical decreimujt of the twcillating wave, 
a the exponential decrement of the oHeiltating wave, « the angu- 
lar decrement of the oacillating wav«!. The oseillating wave ean 
be representtsl by thi; equal iotr, 

E "• ft”***”" coa (4> ■“ ff). 

In the example nspreseiiteil by Fip. HMl and KJI, we have, 
A - 0.4, a - 0.1435, « « H.2^ 

Impedance and Admittance 

184 . In coitjplex imaginary quantities, the alternating wave, 

E “> i! eoa — 0 ) 

is ropnwent<Kl by the aymlHd, 

« e(coH 0 —J Bin 0) « Cl ~ y>s. 

By an exhnision of the mtaming of tluH symladic expression, 
the oscillating wave, E • ft~“* cm (<p - $}, ean !w expressed hy 
the symbol, 

E “ c(cos 0 -J sin 0) dec a *• (ci - jct) <!ee «. 
where a » tan « is tlus exp<jnential deerement, «« the angular 
decrement, «"**»“ the numerical decrement. 
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186. L(4. r = resistance, L = inductance, and x -2irjL = 
n'iudance, 

in a circ.uit (^xc.itt'd l)y the oscillating current, 

[ iV cos {(j) — d) — i(cos 6 j sin d) dec a 
- (ii dec a, 

when' i\ =- I cos 0, it = {sin d, a = tana. 

We havc^ then, 

the e.m.f. (ronsumed by the resistance, r, of the circuit, 

Er = rl dec a. 

The t^.in.f. <s>nsuni(al duc^ to the inductance, L, of the circuit. 


„ r o n 


dl 


dt " ^ d<t> ~^d^ 

H<'nc<' E, "• XM “''’(sin — 0) + a eos {<j> — 6)] 

X/ ... „ . . 

B- «*. r A 0 -..j-. 

(H)s a ^ 

ThiiH, In HynihoUc^ (‘Xi)rcHHion, 

w — ^ j HlU — a) — j cos {d — a)] dec a 


(!OS (« 

xi(a ~ j) (cos d — j sin 9) dec a; 
xl (a “ i) dec a. 


that is, ’ 

Il('n(‘<' tb(^ appan'ut reactance of the oscillating-current cir- 
cuit is, in symbolic expression, 

A" « x(a — j) dec a. 

Hence it. contains a power component, ax, and the impedance 
is 

{t-~ X) ch'c a ^ jf — x(a — jf) } dec a = (r —ax ■+■ jx) dec a. 

Capacity ^ 

186. Let. r resistance, C = capacity, and Xc = 

(U'lisivc' react mice. In a circuit excited by the oscillating current, 

/, the e.m.f. cdiisumed due to the capacity, C, is 


I'L 
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or, by subatit ut ion, 

Exc = J r (’OH i4> ~ 6) 


i~+ ■' “ <■*'” <4» ~ »)! 

Tk~'‘* . . ^ . 

« 8111 C© **- fi ** ctj* 

(I 4- «-J (‘OH II '' '* 

hence, in symbolic! cxiirc'HHion, 

•&»o ~ 7T^"'„3'c7.‘(wTi- ^ ~ “ j + *''^1 (t 


(1 + a“) eoH II 


Is (« - J) («»« 0 - J H"‘ ®) (lee »»; 


hence. 


(_ ti „ j) f ,i,.,. 


I + ,|9 ( ~ J! ( IK-*- «, 

that is, thc! appan-nt capacity reactance of tlic oHcillatiiiK circuit 
is, in symbolic eexpreasion, 

1 + ,{a(" « - j)»lec o. 

187. We have* them: 

in an osciUating*(*urrc^nt eireiilt of tvmHUmoOf iiiciiiftivi* rf* 
actance, a?, and coiulennivn miHmwo, witli iiri vxpinmtikl 
decrenannt a, ihn apparent in nytiiladie i^xpriwinn, 




* fa + ja:„; 

and, absolute, 

Zb ’m y/ f^a ..J. 2!„a 

™ Vf/ ~ "(* 


1 -f rt* 


1 + aV 


- i) I (ic 

3“, \ I 

I b ciV l‘ 


1 4' «* 


Admittance 

188. Let 

/ » fe "* coH i^-9) « eumint. 

Then from thci precculinK diMeusHion, the e.m.f. conHmned by re- 
sistance, r, mduetive reactance, i, ami comleimive reactance, x„ m 

£-<.-*{ „„ « , I _ „ 


a 

i -b a**' 


mi (4* — #) 


ecm 1)^ 


1 + J 
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whore 


X — 


tan B 


1 + a2 


r ^ ax — 


Za = 


1 CL 




\ % / a \ 2 

l+fiV+V l + a^C’ 

BubHtituting B + ^ for 0^ and e - iza we have 
E = cos {(t> B)j 

= <!e— V. I ‘'‘’‘ll cos (<#) - 0) + sin ((;> - 0) [ ; 

V *tt 

IwnHUi in oomplox (inautitics, 

I'J = c((r()s 0 — i sin 0) dec a, 

I c.os^S _ ■ sin 5 
' ' Za ^ Z~ 

or, 8ul)st.it,ti( ins?, 


f J _jeJ)deca; 

' I Za Za J 


/ - IS 


r - ax - Y'jr72^<‘ 
I + CL 




ax — 


1 + 




1 -f 0® 




ax 


1 + a2 


dec O'. 


189. 11mH in coniploK quantities, for oscillating currents, we 
have: coudiudanco, 

a 


r^ax- 


il = 

HUHCCpiaiU-C, 

h r. 




X 


Xc 


1 + 


(■»•“ 1 i'«i) +(''-«^-r+a»“'”) 


admit fanco, in ahsoluUi vahu'S, 

y — Vtf'" + 




•2; 
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in symbolic ('xpn'ssion, 

Since the iinpecianee in 

Z = (r - ^ J.) +i(4- ~ J » r„ (. jx,., 

we have 

v»" 1 1 /*t| - X(( 

) « y « ; y » • /, 

« *M «« «.l" 

that is, the same n'latioiiH tw in the eotuples (jttnnfitie.H in altt'r- 
nating-ciirrent cireiiitM, except that in the jiniHent ea«‘ alt the 
constants, Va, lo, Za, (/, s, y, «leiM'ntl uiM»n the tieerejiient, a. 

It is interesting to note that with ewif fating eiirrentH, resist- 
anco as well !is coiuiuetanee have u negative ierin athieel, which 
depends on the decrement «. Hiadi a negative nwistanee repre- 
sents energy production, ami its imnining in the present {‘asew, 
that with tho decrense (tf the oscillating current. luni voltage, 
their stored magnetic ami dielectric energy Iwcoine available. 


Circuits of Zero Impedance 


190 . In an oscillating-curreut cirenit. of <!eerement, a, of 
resistance, r, inductive reactance, jt, and eondensive ren»*tiuice, z„ 
the impedance was represented in syniladic expri'SHion by 

z - r. + j*. ^ , 

or numerically by 



1 "f" <1* 




" X. Y 

1 4 - li*/ ' 


Thus tho iuduotivci roiiotAuo<»| tw woll iw I ho fimiloiwivo 
reaotanco, do not ropromuit wuttloim r.niJn* m in iiii alt f*roiithig» 
cunreut circuity but iutroduoo jniwor wiiijioutuitu of iiogativo 


CtiX ^ ’! ^ 

1 + 11^ * 

that moans, in an o-scillatingHnirmtit circuit, the cotmf<‘r ('.m.fs. 
0 self-induction w not in (juadrature Ih’IuiuI the current, but lags 
ess than 90 , or a ejuarter }H*riod, atitl the charging mirrent of a 
condenser is less than 90", or a quarter period, ahead of the im- 
pressed e.m.f. 
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191. Tn consoqunnec of the existence of negative power com- 
pononfs of n'uctance in an oscillating-current circuit, a phe- 
nomenou can (ixist which has no analogy in an alternat- 
ing-current circuit; that is, under certain conditions the total 
iiupcdaiuH' of tlu^ oscillating-current circuit can equal zero: 

Z = 0. 

In this case we have 


/V Xe 

r ~ ax — = 0; X - — = 0, 

1 + ^ 1 + ' 


Huhstituling in this (‘(piation, 

a; = 2 tt/L; Xc 


2rfC’ 


and expanding, we. hav<5 




2 ah' 


That is, 


if in an oscillating-current circuit, the decrement. 


0 


1 


1 


T 

and tl«‘ frccpicncy / - j the total impedance of the circuit 

is zero; thal is, this oscillating current, when started once, will 
contiinic witlmut external energy being impressed upon the 
circuit. 

192. 'I'hc physical meaning of this is: If upon an electric 
circuit a ccHaili amount of energy is impressed and then the 
cinmit. left to itself, tin; current in the circuit will become oscillat- 

ing, and the oscillations aasume the frequency, / = and the 





'I'hat is, the oscillating currents aro the phenomenon by which 
an electric circuit of disturlxul (Hiuilibrium returns to equilibrium. 

This ftniture shows t h(^ origin of the oscillating currents, and 
the means of producing stich currents by disturbing the equi- 
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librium of iho clcdrio cirruif ; for itintunn*, by tho •lischurKo of a 
condonscr, by makc-.'uui-bronk of tho cirouif, by Muiilcii 
jstatic clmrKo, as Iig;hfninn, otc. Obviously, (he most imporfatit. 
oacillating currents are flutso iu a circuit t(f zero impedance, 
rcpn'SC'.ntinK oscillating discharges of tin? circuit. Lightning 
strokes frecpiently bedong t«» this class. 


Oscillating Discharges 

193. The, conditi(»n of an oscillatiiig tlischnrgc is Z 
I „ , r r / l I4 


b, that is. 


rHl ‘ 


r j\ i 
2 1 4 ^rH 


If r — 0, that is, in a eircuit wit h»ml resistance, we ha%'e n « () 

1 * 
/ = ;s~ 7 , is, the currents arc allernating with im dccrc- 
i TT V 

mont, and ih liial trf ivm-mmm\ 


jf iiiiMgirmry; 

that in, tho cliHchnrgf* (^*1-1111*^ tii Im ciHtillittr^ry, An l♦ifr■trieal 
discharge aHHunioH an twcilliilirig iiiiliirn inily, if r < In 

the case r « 2-^^ we have a »?»,/-. O; that is, flic current 
dies out without oscillation. 

From the fort^going w« have m*n that «»sci!liiting disi-lmrgcs 
— as for instance the phenomena taking place if a condenser 
charged to a given potential is diseharged through a giveti eircuit, 
or if lightning strikes thts line circ.uit~*ure defined by t!m e<psution, 
Z 0 dec a. 

Since 

/ ® («t “ it's) tine a, «■ /r »lec «, 

“ - xfiti - j) dee «, ^ 2 'ioc 

1 ■’T* tt 

we have 


1 + n* 


' I + a* 

he.nee, by substitution, 

"• x/ (— a — j) doc a. 
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l'lu‘ two coustanls, /, and of the discharge, are determined by 
the initial eoiulifioiis that is, the c.m.f. and the current at the 
tilin', t 0. 

194. Let a. eoinleusi'r ot capacity, G, be discharged through a 
eireuit, of re.sisfaiiei', r, and inductance, L. Let e = e.m.f. at the 
eondi'iiser in tiu' nioiuent of closing the circuit— that is, at the 
time t 0 or <t> 0. At this moment the current is zero-^that is, 

I == ik, k = 0 . 

Hineo « .!•/ (- « - j) doc a = e at <^> = 0, 

we have xi-is/l a" <; or ^ 

Substituting this, we have, 

^ X Vl - 1- a- 


xVl + a 

Nr^-je 


A , (I -i-Ju) 'Ice (t, A'l 

V I + 


X Vl + a2 

c 

(1 — ja) dec a, 


VT+a^ 

the I'qiint ioiiH of tlu> oseillating discharge of a condenser of initial 
voltage, c. 

Since 

/ Ku 2 jt/L, 

1 


ft L 
NrH: 


2 7r/ 


r 

2 «// 

w<‘ have 

/• r lil. 

m M I 

2 ft 2\rH 
lienee, by substitution, 


.<• »•< . M — 1; 


/ » 

- 

a 


Je j 

{L “ - jer yjj- 

4 l (\lri ~ 

1 ■+• jj dec a, 

,r IC / jlL 
2 \\r^C 

~ 1 — jj dec a, 

1 

ft L , 

^ /j .| 0 



4 wL * 


dec a. 


the linal e<|ualions of the oseillating discharge, in symbolic ex- 
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A 

Admittance, with oscillating cur- 
rents, 348 

Air gap in magnetic circuit reducing 
wave distortion, 145 
Alloys, resistance, 2 
Alternating component of power of 
general system, 317 
current electromagnet, 95 
magnetic characteristic, 51 
Alternations by capacity inductance 
shunt to arc, 187 
Aluminum cell as condenser, 10 
Amorphous carbon resistance, 23 
Annealing, magnetic effect, 78 
Anode, 6 

Anthracite, resistance, 23 
Apparatus economy of constant po- 
tential, constant current 
transformation, 281 
of monocyclic square, 276 
of T connection, 265 
Arc as alternating current power 
generator, 187 
characteristics, 34 
condition of stability on con- 
stant current, 173 
on constant voltage, 169 
conduction, 28, 31, 42 
constants, 

effective negative resistance, 
191 

equations, 35 
as oscillator, 189 
parallel operation on constant 
current, 175 

shunted by capacity, 178, 184 
and inductance, 184 
by resistance on constant 
current, 172 

singing and rasping, 188, 189 
tending to unstability, 164 
transient characteristic, 192 
as unstable conductor, 167 


Arcing ground on transmission lines, 
199 

Area of BH relation, 53 
Armature flux of alternator, 233 
reactance flux of alternator, 232 
reaction of alternator, 236 
Attenuation constant, leaky con- 
ductor, 334 

of synchronous machine oscil- 
lation, 213 

B 

Balance of quarterphase system on 
singlephase load, 322 
of singlephase load, 319 
of threephase system on single- 
phase load, 325 

of unbalanced power of system, 
319 

Bends in magnetic reluctivity curve, 
49 

Bismuth, diamagnetism, 77 
Bridged gap in magnetic circuit, 
wave distortion, 148 

C 

Cable armor as circuit, 330 

equation of induced current, 336 
Capacity, 1 

and inductance shunting circuit, 
181 

inductance shunt to arc pro- 
ducing alternations, 187 
with oscillating current, 347 
and reactance as wave screen, 
154 

in series regulating for constant 
current, 247 
shunt to arc, 178, 184 
to circuit, 178 
Carbon, resistance, 21 
Cathode, 6 
Cell, 7 
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(^•hunirteristi(\ niagnt'tir, 50 
(‘niemical action in elftlnilytio n»n-* 
duHiaa, d 

('hromimn, 

(^miit with aistrihuttn! haikiigr. im 
inapiiH'ticN 4;i 

("lomxl inagtuait^ fimut, wiivi» tliw* 
tortian, laO 

Cbbalt. iron alloy, tungnotir, 7H 
magnolia proport io?5, H(l 
(Wliciont of hyatoroMH, 01 
(lohoror action of pyrooltairio otni- 
(luoior, Hi 

(k)mponHating vt^ltago balanoing ttn- 
bahmotal power, 320 
(biulermor, oloot ront atir, 0 
power ocpiation, 

tending to instahility, HM. H*’o 
Capacity. 

(kmdnctanoo with o^^oillafitm our- 
ront«i 3411 

Ckmdtu'tion, olcndrio, t 
ConductorH, moohanioid nmgiHiio 
foro(*H, icm 

CouHtant oomptim^nt of ptnvi-r in 
goimriil ftv«t4‘nt, 317 
eammfc are, atiihility ooiiditioiit 
172 

ooiiHiant ptiiontial Initwfor- 
inatkm, 243» 2HII 
nmotf«UH% 134 
tranafonnor ainl rognliitf 
inagnotio, 77, H7, HH 
pot-oniial riirroni 

irinwformatiott, 243, 2Hil 
rt‘a(4un<H% 133 

torni aiul rvf^fi liiintioriira, I5H 
Yoltago are, itahillty ofitiflitinn, 
IhH 

oporatiiifi, 2llT 
Oontinuotw ooiidnol ion, 32 
(kjrona eontluetioii, 211, 42 
(lre<*page, iniigiirllr, 57 
Critical points of rtltietivltf 

m 

Cumulative cwi‘tllat Ion, mitii*, IIHI 
prtHluw»d by arc, IgH 
ill tr&ritformtr, IW 
surgi, lii 


Curmit diMtortod liy inug^ 

itofirtiii, tUti 

l> 

I)iiiii|iing power in i«> iirltroninin 
motor twrilliition, 210 
wimliiig ill syiirliroiioiH rtm* 
rliiiioa, 211 

Diiimer of liiglier liiiriiiotiirH, 121 
rha*rriiiriit of o.mollfiliiig wa\i% 3 'I 3 
l>riiWi|inetijr,iiliiin lyv alteriialing eiir** 
riuit, 7 »'l 

Irmperaluro, 7 H 

Ditliwion nirreiil of |ttiliirii.ation, H 
DirwU riirmit produriiig iw'iut liar- 
iriiuitm, Ifill 

lliwrliurgeti, oiirilliiling, 1152 
Il'ifirontmuouM riiniliirlnin, 23 

of liebi pob'S elitiiiiinl- 
itm 1211 

»»f iMwitioii in syiirliroitotifi iiiio 
rlinon 2111 

ilwrui’ilivr riiiiiliiHioii, 23 * 12 
Ihsliirlmii of It live iiiiproviiig regii- 
bitiiifi $11 pi-riew rireiiili, 3 tl 
Ilf by briflgrd iiiiiaiielic 

giip, I m 

111 riifialfitil |Pil«uilifii con- 
pliitil nifrenl Imfiwforitia* 
tioii, *Mm 

|li«trilililoil loakiigo of rifrnit, 3311 
wiiiiliiiii rliiniiiiiliiii liartnotfieii, 
I Hi 

|.knilitv frrf| 4 i«uiry nrtiinliirr reiif- 
liiiii* 2 -lit 
wttvi% I III 

b: 

Kwinitiiiy, 2 h| 

Eilviftfiry Ilf olortrnifiuglirb 
Ilf fiiiiiniryriir miiiiire, 277 

of ’fimiiifiortlofi, 2 #IH 
Klwtrinlt^, i 
Kiwtnilytie wll, 14 
winliuwr, i 
ouniiitrlur, 412 
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Electromagnet, 91 

constant current^ 93 
potential, 98 
efficiency, 99 

Electronic conduction, 28, 40 
Elimination of harmonics by alter- 
nator design, 116 
Energy of hysteresis, 57 

storage in constant potential 
constant current transfor- 
mation, 280 

Even harmonics, 114, 153, 157 
Excessive very high harmonics in 
distortion by magnetic sat- 
uration, 140 

Exciting current of transformer de- 
pending on wave shape, 137 
Exponent of hysteresis, 66 

F 

Face conductor in alternator, 114 
Faraday’s law of electrolytic con- 
duction, 6 

Ferrites, magnetic, 80 
Ferromagnetic density, 45 
ld(5ld flux of alternator, 232 
Film cutout in series circuits, 298 
Flat top wave, 111 
Fliciker of lamps and wave shape, 124 
Flux distribution of alternator field, 
114 

Fliix(^s, magnetic of alternator, 232 
I^’orces, mca*,hanical magnetic, 91, 107 
Form facitor of magnetic wave dis- 
tortion, 127 

Fractional pitch armature winding 
eliminating harmonics, 119 
Frequency conversion in cumulative 
surge, 166 

of synchronous machine oscil- 
lation, 213 

Friction molecular magnetic, 56 
FrOhlich’s law, 43 

G 

■Gap in magnetic circuit reducing 
wave distortion, 145 


Gas pipes as circuits, 330 

vapor and vacuum conduction 
28, 41 

Geissler tube conduction, 29, 42 
Gem filament incandescent lamp, 22 
Grounded leaky conductor, 333 

H 

Half turn windings, 114 
Hardness, magnetic, coefficient of, 
44 

Harmonics, effect of, 121 
even, 153, 157 

separation by wave screens, 157 
Heusler alloys, magnetic properties, 
81 

High harmonics in alternator, 120 
excessive in wave distortion by 
magnetic saturation, 140 
by slot pitch, 120 
temperature insulators, 26 
Homogeneous magnetic materials, 
55 

Hunting of synchronous machines, 
166, 208 
Hysteresis, 56 

loss and wave shape, 112 

I 

Impedance and admittance with 
oscillating currents, 346 
of line in regulation of series 
circuits, 306 

Induced current in leaky cable 
armor, 336 
Inductance, 1 

and capacity shunting circuit, 
181 

power equation, 316 
as wave screen, 153 
Induction motor magnetic circuits, 
228 

instability, 164, 201 
Inefficiency of magnetic cycle, 60 
Infinitely long leaky conductor, 332 
Instability by capacity shunt, 180 
of circuits, 165 
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liistubility of imludion iuotow» 
of pyroelodric CH^nilucfor* 
of Kynchronotis nu^tor* 
Instantaneous power uf general syii. 

tern, 317 
Inaulaf ors, 23, 42 

as pyro(»leetne conduetor, 25 
Iron col>alt alloy, nuigru'tie, 7B 
magnetic properties, 79 
resistance, 4 

K 

Kennally’s law of reluctivity, 44 
L 

Lag of (lamping power in ayneltrun^ 
oua rmichine, 213 
of aynt^hroni^ing force, 212 
Ijamp circniitB in 297 

equivalent tjf lim^ imiHalaiu’e in 
sorites (4rc«it«, JUKI 
Law of hy8t('r(‘HiH, (12 
Leakage, (iktributecl, of circniits, 339 
flux of alternating current traoH* 
formers, 217 

redueirsig wave diaUirtion, 145 
Leaky conductor, S39, 332, 3311 
Load balance of polypliiiiu nyaterii, 
314 

character determining iliildlily 
in indinttlon motor, *Jlf» 
Loop of hyat eresis, m 
Loss, pcr(;entage, in magnetic cycle, 
(10 

Loxodromic spiral, 345 

Luminescences in gim and viifMir win* 

duction, 2H 

Luminous streak (amduction in pyro* 
electrics conductiir, IB 

M 

Magmdic circuits t*f induction 
motor, 228 
elennmts, 77 
fricthm, 50 

mechanical forces, 107 


Magnetism, 43 

tiildes and diitii, H7, HB 
w^iivt' disforthm by siifurafion, 
I2H 

Magnellle are, :iil 
liysteresis, 02 
tiiiigiietie pnifiertiei®, HO 
pyroelectric ctmdttrfor, M 
Magnet i«iit ton curve* 4H 
l^lagtielkies, tutignelic HO 

I^lfiiigatiese alloyn* niiigmuic |iro|i. 
i‘rtie*i, Hi 

steel, niiignetir properties, 79 
Meehiiiueiil magiielir forces, 91, 107 
Mercury arc clmriicterislic, 39 
l^letiilM, resist iifii’c, 2 
Melidlic curl ton, re«i«tiiiice, 22 
riinductorn, 14*2 
iiiducliou* mfigni4ii\ 47 
iiiiignelic diuwil v, 4?! 
ftlixtures iis pyroelrcfric cundiirlnrs, 
2i 

Miileriiliir lungnelic frirtiwi, ftll 
Muriiicyriic wtuiire, 2tii, 27:i, 2H:|, 
2li:i 

Muliiid inductive ili« uf idlertifilor 
iiriiiiiltire reiirtiiifu 237 


K 

Xegiilive rcjibtiince of iirr, effect iV(% 
nil 

Nwulymiiini, nifignelisiii, 77 
Xernsl liiiiip winiiiirttir, 13, 24 
Nickel, iiiiigimtic pruperlirs, K| 
steid, niiignelie |irti|if^rlief«, 79 
Nniiilnnl indiireil e.iief, of niter- 
imtiir, 2311 


Cl 

cilia m ifistdiitiiw, 

CIptfi eirmitwl leiiky ctiiiiiiirtiir, 332 
iiiftglictie Circuit, wave difipe 
diatiirliiiii, 115 
Clrgaiiie Iwiilfttiiw, 24 
C^illfttifig Mppriiiirli to eiiuilibriuiii 
ftiiidilkiii, 2lti 

3f/i 
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Oscillations of arcing ground on 
transmission line, 197 
in capacity inductance shunt to 
circuit, 181 

cumulative, produced by arc, 
188 

which becomes permanent, 165 
resistance of arc, 196 
Outflowing current in leaky con- 
ductor, 334 

Overshooting of alternator current 
at load change, 238 
Oxygen, magnetism, 77 

P 

Parallel operation of arc on constant 
current, 175 

Ptiak of cnirrent wave by magnetic 
saturation, 126 
reactance, 134 

voltage used in arc starting, 152 
by magnetic saturation, 128 
Peaked wave, 111 
P(*rmanent instability, 165 
magnetism, 43 

I^itcli deficiency of winding eliminat- 
ing harmonics, 120 
1 Polarization c(dl, 8 
volt, age, 7 

Polypliase (tonstant current trans- 
formation, 284, 287 
power equation, unbalanced, 
317 

syskans, load balance, 314 
Position change of synchronous 
motor with load, 209 
Power compom^nt of nuictance with 
oHc.illating curnaits, 347 
(apia.tion of singlephase load, 
315 

of imbalanced polyphase 
load, 317 
Primary cell, 7 

Pulsating currents and wave screens, 
156 

magnetic flux and even har- 
monics, 159 


Pyroelectric conductor, 10, 42 
classification, 20 
resistance increase by high fre- 
quency, 19 

tending to instability, 164 
Pyroelectrolytes, 10, 18 

Q 

Quarterphase system balanced on 
singlephase load, 322 

R 

Rail return circuit, 330 
Railway return circuits, 330, 341 
Rasping arc, 189 

Reactance depending on wave shape, 
132 

on induction apparatus, 216 
inductive, constant current 
regulation, 246, 281 
of line in regulation of series 
circuit, 306 

with oscillating currents, 347 
self inductive and mutual in- 
ductive, of alternator arma- 
ture, 239 

shunt in series circuit, 298 
regulating series circuit by 
saturation, 302 
of synchronous machines, 232 
total, of transformer, 224 
of transformer, measurement, 
227 

and short-circuit stress, 100 
as wave screen, 153 
Reactive power of system, total and 
resultant, 317 

Recovery of induction motor after 
overload, 204 
Rectification by arc, 32 

by electronic conduction, 40 
giving even harmonics, 159 
Rectifying voltage range of alter- 
nating arc, 33 

Reflected current in leaky conductor, 
334 
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Hon(‘(*.tiun at md of loaky rtnuiuotiir, 

:m 

Roj!;ulatiiip; t’onvortor arui \.\iiivo 
Ktiapt\ riii 

liopiulatiun of staaoH hy 

iiuc'o shunt, Mtl! 

Ro{>:ula(or, constant ctirrciih 
Reluctivity, 43 
curve* 4i\ 

R(‘iuan(*ni magnet isnt, 43 
R,(‘sistant'e* 1 

eiTective, of hatky comiuetiir, 
333 

of line in series circuits, 3tMi 
negative etRu'tive* of arc, IIH 
Resistivity, inagnitmic of clillcrent 
conduct 42 

Resonance of transfonner with hiir- 
inoniesid magnetic ftHdgeil 
gap, 151 

Res(>nant wave stTtams, 157 
Resonating circtiit, ctmstant current 
regulatiiui, 255, 251, 2.H2, 
290 

as wave sereeit, 151 
Resultant flux of altt'rnafor, 232 
Rising niagnetie eharactensfie, 51 

8 

Saturation eoeffieuait, magnetic, M 
magmdie, 77 

equation of wiivealiiipe, 137 
shaping wiwcm, 125 
of reactance shunlifig 
circuit, 302 
value, magnetic, 40 
Screcui, wavt*-, 153 
Sf’condary c(4i, H 

Self iudutMive armature flu^ of 

alternator, 234 

Sc^rkm operation, fanwtatil current, 
297 

const, liiii voltage, 2117 
Shape d hy«tt‘ri*HiK curvt*, IIS 
Short circuit stress In tfansforiiier, 
■99 

third hariminw! in iilterniitiir, 
244 

* 


Shtint proterlive device in scries 
eireti its, 29K 

Sdieiiii as |tyroeieeirje eouducittr* 13 

stind* liystt’rcHis, 02 

iiiitgnefic pfiipertiiM, 79 
Sine wave as standard* II I 
Singing fire, im 

Siiighqii'iiim' load, pinver er|iiiitinn, 
3|fi 

Spark rotidiicfirtfu 2.H 

ilwcliiirge producing oHcillatkaw, 
197 

Speed ehaiige of indtirfiim motor 
lUlli lout I, 209 
insfidniitv of iimtor, 2tl2 
Stability cbariicteriwtie of are on 
eofistant nirrctit, |73 
on eoiiiitiinf viiliitgc, mil 
rtindilion of citiiiicily stiiiiiliiig 
lire, I SI 

sliiinling eireiiit, ITS 
of itiduelion tnofor, 201 
of |iarallei operiiiioti of tire, 
ITfi 

of syiirlirnnoiiii iniieliiiie, *ilfi 
curves of lire, 311, IIIH 

Ilf pyroeleetrir riiiiiiiirfor, 
Stiilile iiifigiielic eharipieripfie, 54 
Storage linllery, S 
Slreiik riitiilueliiifi of fiyriadiadfia 
roiidiietor, IH, 12 
Htrmim vnllitge of are, 35 
Ilf Cif4a#ler tube, 2P 
Siwreplmiee witli twcilliitifig cur* 
riaiM, 35<l 

Synimetrieiil wa%*e, IM 
Syiielirtitiiiiiig force fiinl pnwer, 2tCl 
Synetiitintrtw reiirtiifiee of alt«*r- 
iittlfir, SttI 

liiiiitifii, ’JIH 
wiftetntire, 232 

niiitor letnliiig to in»tiilidity, 
1114 

T 

T*«innection of wmataiit eiirriiil 
traiiiforiiuiliiim 25fk 251, 
m2, mil 

m mmvp Ii4 
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Temperature coefficient of insula- 
tors, 24 

of electrolytes, 4 
of pyroelectrics, 10 
of resistance, 2 

Terminal drop of arc, 35 
of Geissler tube, 29 

Third harmonic absent in balanced 
three-phase alternator, 242 
present in unbalanced three- 
phase alternator, 243 
in three-phase winding, 118 

Thr(it^-pluise system balanced on 
three-phase load, 325 
winding and third harmonic, 
118 

Transformer, constant current, 250 
(‘umulativo oscillation, 199 
short-circuit stress, 99 

Transi<mt, 1()5 

are (ffiaracteristic, 192 
|)oljvriz{ition current, 9 
r(ui(!t.ance of alternator arma- 
tures, 240 

Triphi harmonic. See Third har- 
mmde, 

frequency harmonic of single- 
phase load, 241 

I'me S(^lf-inductiv(^ flux of alternator 
armature, 237 

Two frequency alternator, 116 
IT 

Unidirectional conduction of arc, 32 


Unipolar induction, 114 
Unstable electrical equilibrium, 165 
magnetic characteristic, 54 
Unsymmetrical magnetic cycles, 73 

V 

Vacuum arc characteristic, 39 
conduction, 28 
Vapor conduction, 28 
Voltage, wave distortion by bridged 
magnetic gap, 148 
by magnetic saturation, 128, 
143 

W 

Water pipes as circuits, 330 
Wave screens, 153 

separating different harmon- 
ics, 157 

pulsating currents, 156 
distortion in constant current 
transformation, 290 
improving regulation in series 
circuits, 311 

shape distortion by magnetic 
saturation, 137 
shaping of, 111 

transmission in leaky d-c. con- 
ductor, 334 

Z 

Zero impedance circuits with oscil- 
lating currents, 350 


